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Abstract

We establish subdifferential calculus rules for the sum of convex functions defined on
normed spaces. This is achieved by means of a condition relying on the continuity behaviour
of the inf-convolution of their corresponding conjugates, with respect to any given topology
intermediate between the norm and the weak* topologies on the dual space. Such a condition
turns out to be also necessary in Banach spaces. These results extend both the classical
formulas by Hiriart Urruty-Phelps [17] and by Thibault [27].
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1 Introduction

Given two lower semicontinuous (Isc) convex proper functions f,g : X — R U {400}, defined
on a normed space X, we consider two families fi,gr : X — R U {400} of (Isc convex proper)
functions approximating them respectively, in a sense which will be made precise later on. Under
a condition relying on the continuity behaviour of the inf-convolution of their corresponding
Fenchel conjugates, it will be established that the approximate subdifferential of f 4+ g can
be written as the 7-limit of the sum of the approximate subdifferentials of f; and g, at the
reference point, where 7 is any given topology intermediate between the weak* and the norm
topology on the dual space. This extends the classical Hiriart Urruty-Phelps formula [17] (see,
also, [16]). Moreover, when X is Banach, it is shown that the subdifferential of the sum is
written as the 7-limit of the sum of the subdifferentials of f; and g, at nearby points. The
same characterization holds for the approximate subdifferential. This generalizes some results
by Thibault [27], established in reflexive spaces (see, also, Jourani [20]), and others by Attouch-
Baillon-Théra [2] in Hilbert spaces. The condition just mentioned is naturally verified under
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any one of the well-known qualification conditions like those of Moreau-Rockafellar, Robinson,
Attouch-Brézis and so on [29], which guarantee exact calculus rules. However, our condition is
automatically satisfied in reflexive spaces, and also in other frameworks. For instance, it holds
for the inf-convolution of the biconjugates at all points of the primal space. This leads to the
characterization of the subgradients, of the biconjugates sum, living in the dual space.

The problem dealing with the subdifferential of the sum of convex functions can also be
handled from the point of view of the variational convergence theory [1], [8]. This approach
guarantees that the sum f + gx slice (Mosco in the reflexive setting) converges whenever both
fr and g converge in the same sense. These results also require conditions on the continuity of
the inf-convolution of the conjugates together with some constraint qualifications in the spirit
of Moreau-Rockafellar condition (see, e.g., [5], [22], [13], [21], [25], [30]). Consequently, using
results on quantitative stability of the subdifferentials (see, e.g., [1], [8], [28]), it can be deduced
that the subdifferential of fx + gr (but not necessarily the sum of subdifferentials) converges in
the sense of Painlevé-Kuratowski to the subdifferential of f + g. It is important to observe that
the approach in this paper leads to characterizations of the approximate subdifferential of f + ¢
by means of those of each approximating function. This goes into the spirit of subdifferential
calculus where one is interested in decoupling the subdifferential of the involved approximating
functions fx, gx.

This paper is organized as follows. Section 2 is reserved to fix the main notation and present
some preliminary results which shed light on the orientation of this work. Despite their simple
appearance, Theorems B and C should be considered a starting point for other subdifferential
formulas studied in the following sections.

In Section 3, the main result is given in Theorem 1, which provides two different character-
izations of the approximate subdifferential mapping 0-(f + ¢), valid in normed spaces under a
continuity assumption on f*[g* (the inf-convolution of the Fenchel conjugates). In Theorem 3
this condition is shown to be necessary when X is Banach.

In Section 4, it is shown that the inf-convolution of the biconjugates always verifies, for all
points in X, the required continuity assumption of Theorem 1. Consequently, Theorem 7 gives
formulas for characterizing the mapping X*Nd.(f** + ¢**) using approximate subdifferentials of
the approximating sequences fj and gi, without appealing to the continuity condition mentioned
above.

Finally, in section 5 we give the limiting formulas characterizing the approximate subdiffer-
ential of the sum f + g in line with [27], where the approximate subdifferentials of the involved
functions are evaluated at nearby points. For the sake of simplicity, we don’t consider approxi-
mating sequences fi and gy in this section. The main tool toward this objective is an approximate
version of the Ekeland’s variational principle given in Lemma 13.

2 Preliminary results and notation

To motivate this work, we begin by considering the natural and useful role of the Moreau-Yosida
envelopes within the theory of subdifferential calculus of convex functions. This will allow simple
and nice proofs of well-known formulas in line with [17] (see, also, [15]).

Let f: X — RU {400} be a proper Isc convex function defined on a real normed space
(X, |I-l), where proper means that dom f := {z € X | f(z) < oo} is nonempty. For A > 0, we

denote by f the function
. ly — |
faz) = inf {f(y) o (¢



usually known as the Moreau-Yosida envelope of f [23].
The first result expresses the approximate subdifferential of f at a given point x € dom f :=
{r € X | f(z) < oo}, defined for € > 0 by

O:f(x) :=A{z" € X" [ (2" y —a) < f(y) — f(x) +¢ Vye X},

where X* denotes the topological dual of X and (-, -) the duality product on X*x X. When ¢ =
we recover the (Fenchel) subdifferential 0 f(x). Recall that 0. f(z) = {z* € X* | f(z) + f*(z*)
(x*,x) + e}, where f* : X* — RU {400} is the Fenchel conjugate of f given by

fr(@7) = sup{{z”,y) — f(y)}-

yeX

IN =

Theorem A: For f: X — RU {400} proper, convezx, and lsc, we have that

Ofx) =\ U ) %h(@) YozeX, ve>0. (1)

6>en>0Xe(0,n)

Proof. Taking z* € 0. f(x), we get
Fi@) = (@) + Al2*]* < (@*,2) = f@) + A|l2*]]* +& YA > 0.

Then, for all § > 0 and X € (0, ﬁ) we have f5(z*) < (2, 2) — f(z)+d+e < (z*,2) — fa(z)+

6 + ¢ and so a* € Ocysfa(x). Then, 2 € (¢, Oe+sfa(@) for all § > 0 and 7 sufficiently
small, showing that 2* € U (¢ (g, Oe+s/r(2) for all § > 0. Because the converse inclusion is
n>0

straightforward we obtain the desired formula. m

Formula (1) provides a pure algebraic representation of the approximate subdifferential of the
function f. Similar results hold for nonconvex functions in Asplund spaces [19], in terms of upper
limits involving the sequential weak* topology. An interesting question is how to adapt formula
(1) in order to express the approximate subdifferential of the sum of two convex functions in
terms of approximate subdifferentials of their Moreau-Yosida envelopes. For this purpose, one
needs to include a topological operation as we do in the following theorem.

Recall that & and cl”(A) denote the T-closures of a function h : X* — R U {+00} and a set
A C X*, respectively. When 7 is the norm topology, we simply write h and cl(A). Moreover, if
co h denotes the convex envelope of h, then ¢6"h = co h'. We shall use w* to denote the weak*
topology on X* (also denoted by o(X*, X)).
Theorem B: For f,g: X — RU {400} convezx and Isc functions such that dom f Ndom g # 0,
we have that

*

nf (£ +9))° (2)

(f+9) =

and, consequently,

-(f+o)@ =" U N U 0h@) +050(2)| YoeX, ¥Ve>0. (3)

>¢e n>0Xe(0,n) 61,02>0

01+02=0
Proof. Let us prove (2). We denote h(y) := fa + gx. Since f + g = supy-qh(r), we have
(f +9)° < infysohen® and then (f + g)* < @™ (infysg hn*) = clw*(infk>0 h(x*); the last
equality follows from the fact that (h(x)*)x is nonincreasing (as A \, 0) so that infy~oh(y)*



is a convex function. To obtain the converse inequality, we observe that v (infaso hny*) <
infx~o h(y)*. Then, considering X* with its weak™ topology, we get [clw* (infaso by )" >
[infaso h}]* = supysgho)™ = supysoh) = f + ¢ which implies that Clw*(ian>0 hin®) =
[’ (inf x>0 hoy*)I*™ < (f + g)*; for the last equality recall that the function ¥ (infaso hin™)
never takes the value —oo because (f + g)* is proper and infy~ohn)* > (f 4 g)* as was shown
above. The proof of (2) is complete.

To prove (3) we take z* € 0.(f + g)(z) so that for each § > ¢ we have that

(f +9) (") < —(f + 9)(x) + (z*, x) + 6.

Since from (2) there exists a net (%), w*-convergent to z* such that (f+g)*(z*) = lim, infx~o(fx+
gx)* (%), for some o we get

inf (fa +90)"(@3) < ~(f +9)@) + (") +6 ¥y = 0.

So, invoking the fact that (f\ 4+ g»)* is nonincreasing in A for A \, 0, there exists 1, such that

(fx+92)"(23) < =(f +9)(@) + (2%, 2) + 6 YA€ (0,1), v = 0;

that is, 23 € L>Jo Mae(o,n 95(fx +9x)(x). Hence, z* € " ( L>JO Maco.m Os(fr + gﬂ(m)) for all
n n

0 > €. This finishes the proof since the continuity of the Moreau-Yoshida approximation implies

that Os(fx+9x) = U 95 fa(z)+ Js, fr(x), and, on the other hand, the inclusion “D” in (2)
61,02>0
51+02=0

is straightforward. m

The following theorem is a direct consequence of Theorem B.
Theorem C: Let Y be another normed space, h a lsc conver function defined on Y, and A :
X =Y a linear continuous mapping, whose adjoint is denoted A*, satisfying domh N AX # (.
Then, we have that

(hoA)" =cl (igfo(h’\oA) ), (4)
and, consequently,
O=(ho A)(z) = (a1 | | [\ A"0sha(Az)| Vze X, Ve>0. (5)
6>e n>0Xe(0,n)

Proof. It suffices to apply Theorem B with f,g : X x Y — R U {400} being defined by
flx,y) := h(y) and g(z,y) := Igr a (the indicator function of the graph of A). m

Theorems B and C encompass many well-known results of subdifferential calculus.

At this step, our objective in the following sections is to extend the formulas in Theorems
B and C above, by considering general approximating sequences fx, gi, and working with any
topology 7 in X*, which is intermediate between the weak™ and the norm topology.



3 Subdifferential calculus rules

In this section, we first give calculus rules for the subdifferential of the sum of convex functions
defined on a normed space X, not necessarily reflexive, which extend the Hiriart Urruty-Phelps
formula. We recall that 7 is a topology defined on X* which is intermediate between the weak*and
norm topologies.

Given a sequence (Ag)ren of subsets in X*, we define the 7-closed sets

T-likH_l)ngk = ﬂ U ﬂ (A + V), T—hmsupAk m ﬂ U (A + V),

VEN-(8) n>0 k>n VEN,(0) n>0k>n

where N, (6) is the family of neighborhoods of the origin 6. Observe that the following inclusions
always hold,

{T— hlgnxk ‘ T € Ak} C T_likrgiolngh cl” L>JO’€O A | C7- llkl’glol’.}fAk
n>0k>n

with equality in the first inclusion if the topology 7 is metrizable (note that both inclusions may
be strict). Following the notation in [4], we write

o-liminf Ay := {w*-limxy | xp € Ax}.
k—o0 k

When 7 is the norm topology, we omit the reference to it and simply write liminfy_, ., Ay,
lim supy,_, o, Ak, and so on.
We also use the inf-convolution of two functions f,g: X — RU {+oo} defined by

fOg(z) = yig)f({f(y) +g(z—y)}

Theorem 1 Let f,g : X — RU {400} be two Isc convexr functions, with dom f Ndomg # 0,
and let (fx), (gr) be two sequences of lsc convexr functions pointwise converging to f and g,
respectively. We assume that for all 2* € X* there exist two sequences (uy,), (v}), T-convergent
to z* such that

fim sup fi(ug) < fr(@%), lim sup gr(vg) < g (27). (6)
If f and g verify the condition
Oy = oy, (7)
then we have
O:-(f +g)(= ﬂT hmmf U Os, fie(x) + s, g1(x) V€ X, Ve > 0. (8)
k—00
§>e 561+6§2>05

In addition, if the sequences (fx), (gx), are nondecreasing, the last formula is also written as

o +a@ =N | UN U 0ufilo)+onanto) | (9)

5>e kE>n 6y +82=6
61,85>0



Proof. We begin by showing that (8) holds. Pick z* € 0.(f + g)(z) for given € X and £ > 0.
If § > € is fixed we write

d+e

(f +9)(@) +(f+9)"(2") < (&% 2) +e < (2",2) + —

*

Since f + g is proper, it holds (f + ¢)* = f*0Og*  [23] and so, invoking (7),

(F +9)0)+ FOF (7)< (2°,0) 4 & < (a",a) + 2=,

Let (zf) C X* be a T-convergent net to «* such that for all 4,

S 5
fOg"(x7) < f*Og* (%) +

Hence, we obtain (f + g)(z) + f*Og¢*(z}) < (z},x) + 9, and so there are u},v; € X* such that
u; +v; =z} and
(f +9) (@) + 7 (ui) + 97 (v]) < (ui +vi',2) + 0. (10)

. . . . T
Now, using the convergence assumption on the conjugates, for each 7 we find sequences u; , — u}
.

and v}, I, v; such that, for all k sufficiently large,
(i + g1) (@) + fi (u] ) + gr(vig) < (uip + vip. 2) +0. (11)

Whence, taking d1,x = fr(2)+fi (uj ) — <u:‘k, x> and dg  := 0—01 i, we check that 61 g, 02,5 > 0

together with u;, € 05, , fr(v) and v}, € 05, ,gx(z). Consequently, for k sufficiently large we
obtain
Ul V5 € O, Sr(@) + 0, 0k(x) C | 05, fi(@) + D5,90(2),
81+02=5
01,6220

which implies that x} € T-likm inf |J 05 fr(x)+ 95,9x5(x). Thus, to get the direct inclusion it
—00 81+02=6
01,6220

suffices to take the limit on 7 and next make the intersection on § > . This completes the proof
of (8) in view of the straightforwardness of the opposite inclusion.

To establish the last statement (9), we suppose that fi 7 f and gx N g. If 2* € 0-(f +¢g)(x)
is given for fixed € > 0 and = € X, we take § > ¢ and argue as above to conclude that (10)
holds for all i. Then, by the current assumptions (the convergence property of the conjugates
and monotonicity of the functions) we find sequences u; , D uf and v D) v} such that for
sufficiently large k we have that

(fir =+ gi) (@) + f (i) + g (v ) < (ui o + 0] g 2) +0 VK > k.

In other words, uf, +vi, € U (U 0s fw(z)+0s,91 (x) and, so, the desired inclusion is
’ ’ k>0 k'>k 661+662=6
1,620

obtained by taking the limits on k and ¢, consecutively. This finishes the proof since the opposite
inclusion always holds. m

Formula (9) is of algebraic type; in fact, the limit that appears in (8) is replaced in (9)
by intersections and unions of the involved sequence of sets. In addition, we observe that the
equality in (9) is not a consequence of (8), only one inclusion (D) is direct from (8). On the



other hand, as the following inclusion is straightforward, for every x € X and € > 0,

ﬂ 7-lim sup U 05, [r(x) + 05,91 (x) C 0=(f + g)(x),

s> koo 5 i5,—s
01,02>0

relation (8) in Theorem 1 also ensures that

0-(f +9)(x) = () -limsup | 95, fu(2) + D5, 98 ().

5> BT 5i46,=0
01,0220

Moreover, by reading carefully the proof of Theorem 1, the last formula is still valid if, instead
of (6), we suppose in Theorem 1 above that for each z* € X* the sequences (u}), (v}), satisfy
the weaker condition

limkinf falug) < f*(x*), limkinfg;:(v;) < g (z"). (12)

Let us also observe, as it comes out of the same proof of Theorem 1, that (6) (together with (7))
gives rise to the following more explicit characterization of the subdifferential of the sum,

O=(f +g)(x) = [ ¢ 7 Jlm oz, 2 € U 95 fu(@) + 05,08 (2) p - (13)
§>e e 661+662>:63

For instance, if 7 is the weak™ topology on X*, then the last formula reads

O-(f +9)(@) = (V" | o-liminf ] 05, fu(@) +Opgu(e) |

6>e 61+02=0

while for 7 being the norm topology one gets

0=(f +9)(x) =) Jm 2, 7 € U s fr@) + 95,9x(x)

0>e §1+052=4
61,620

Now we are going to specify Theorem 1 for some useful topologies. Let us denote by w; the
topology on X* defined by declaring that a net (z}) converges to «* for w; iff (z}) is bounded
and w*-convergent to z*; this topology may be strictly stronger than the usual bounded weak*
topology (see, e.g., [18]). Then, as a consequence of Banach-Dieudonné Theorem [14, Theorem
3.92], for any convex functions f,g: X — RU {+oo} with dom f Ndom g # §) we have that

*

f*Dg*w (.T*) — f*Dg*w;(Z‘*) Vot c X*,

that is, (7) always holds for 7 = wj. In particular, whenever the closed unit ball in X* is w*-
sequentially compact (which is the case, for instance, when X is separable, weakly compactly



generated, or Asplund, ) we get
FOg*" () = F'Og* (¢*) Va* € X*,
where o refers to the sequential weak* topology in X*, so that

00 («*) = inf liminf f*Og*(2}).

xx W g
Hence, the following corollary is an immediate consequence of Theorem 1.

Corollary 2 Let f, g, (fx), and (gr) be as in Theorem 1. Then,

O:(f+9)(z) = ﬂwg‘-liminf U Os, fr(x) + Os,91(x) Vo e X, Ve >0.
k—o0

>e 61+d2=6
01,0220

Moreover, if the closed unit ball in X* is w*-sequentially compact, then the above formula reduces
to
O-(f +9)(@) = (o-liminf (] 05 fu(@) + Op,gu(2).

6>e 61+02=4
01,6220

Remark 1 Theorem 1 can be stated in an equivalent form without appealing explicitly to (7).

Indeed, for D := {z* € X* | f*Og* " («*) = f*Og* (z*)} we have (assuming that (f3), (gx) are
nondecreasing)

Dﬂag(f—l—g)(x):DﬂﬂclT Uﬂ U 05, fr(x) + Os,9x(x) | Vo € X, Ve > 0.

o>e n>0k>n 61 +52=48
61,6220

Remark 2 The convergence assumptions used in Theorem 1 imply that (fx) and (gx) slice
converge to f and g, respectively; that is, for each (z,z2*) € X x X*, there is a sequence
(xr,x}) C X x X* which converges to (z,z*) such that limy fr(xr) = f(x) and limy fi(2}) =
f*(z*), and the same for (gi). We refer to [8] for more details on this topic. Moreover, the
pointwise convergence assumption ensures also the slice convergence of the sum (fx + gr) to
f+ g (see, e.g., [6, Corollary 2.8]). Hence, by Attouch-Beer Theorem [3, 9] together with
its normed version [28, Theorem 3.4] (see, also [12] or [30]) one concludes that (O:(fr + gx))k
graphically converges in the sense of Painlevé-Kuratowski to 0-(f + ¢g) for all € > 0. In this
line, the approximate subdifferential set 0.(f + g)(z), for z € X and € > 0, is characterized by
means of the mappings O (fr + gx) evaluated at nearby points of z. However, the formulas in
Theorem 1 goes into the spirit of subdifferential calculus where one is interested in decoupling the
subdifferential of the involved approximating functions fx, gx, and considering only the reference
point x rather than nearby ones.

Condition (7) of Theorem 1 is satisfied for any topology 7 (being intermediate between the
weak* and the norm topologies) whenever there exists a point in dom fNdom g where one of these
functions is continuous (Moreau-Rockafellar’s qualification condition). Indeed, in this case, the
function f*g* is w*-lsc so that f*Dg*u} < f*Dg*T < f*Og* = f*Og* . It is worth observing
that condition (7) may hold without requiring such a condition; consider the case f = g, or when
the underlying space is reflexive. The following example shows the existence of functions defined




on a nonreflexive Banach space which satisfy condition (7) and, consequently, formula (8). These
functions are often used in convex analysis [27] (see the proof of Theorem C in Section 2).

Example 1 Let X be a reflexive Banach space, Y a non-reflexive normed space, A : X — Y
a continuous linear operator with adjoint mapping A*, and h : ¥ — R U {+oo} a Isc convex
function such that A=!(domh) # (). We endow the product space X x Y with the box norm and
define the functions f,g: X x Y — RU {400} by

f(xvy) = h<y)7 g(m,y) = IGrA(x’y)'

Then, although the normed space X x Y is not reflexive, the functions f, g satisfy condition (7);

that is, f*Dg*w =f *Dg*T, for any locally convex topology 7 between the weak* and the norm
topology. In other words, the formula in (8) holds for any such a 7. Moreover, if the unit ball of

the dual of X is w*-sequentially compact, then f*Og* = f*Og*  and, so, the formula in (8)
holds with o.

Proof. It is not difficult to check that f*Og*(z*,y*) = (A*h*)(z* + A*y*), where A*h* : X* —
R U {400} is the mapping defined as

AR (u*) == inf{h* (2%) | A*2* = u*). (14)

Observe that the reflexivity assumption entails A*h* = A*h*. Then, for (z*,y*) € X* x Y*
there exists a net (z},y)); w*-convergent to (z*,y*) such that

*

fOg (a%,y") =lim f*Og" (27, y) = lim A*R* (7 + A™y]') = A*h*(a" + A™y").
On the other hand, if A*h*(z* + A*y*) = lim; A*h*(u}) for some sequence u; — z* + A*y*, then
ui — A*y* — 2" and we get
A*h* (2" + A%y") = lim A*h* (uj — A"y" + A™y") = lim f*Og" (u] — A%y, y*) > f*Og* (2", y").
J J

*

Whence, f*Og* (x*,y*) > f*Og*(x*,y*) and, so, the desired equality follows. m
The next theorem gives the converse of Theorem 1.

Theorem 3 Let f,g : X — RU {400} be two lsc convexr functions, with dom f N domg # (),
and let (fr), (gx) be two nondecreasing sequences of lsc convex functions pointwise converging
to f and g, respectively. We assume that for all x* € X* there exist two sequences (uj,), (v}),
T-convergent to x* such that

limsup fi (u}) < *(z"). limsupgi(v}) < " (a").

Then, (7) <= (8) <= (9) < (15), where

O:(f +g)(x) = [l U 9. fu(2) + O5,06(x) | Yz e X, Ve>0. (15)
o>¢e n>0k>n %1+§52>:06



If, in addition, X is a Banach space, then (7) <= (8) < (9) < (15) < (16) < (17),
where

O(f +9)(x) = () 7-liminf 95 fi(x) + Dsgr(x) Vo € X; (16)
6>0 )
f+9)(x) = ﬂ cl” U ﬂ Os fre(x) + Osgr(x) | Vx e X. (17)
5>0 n>0k>n

Proof. According to Theorem 1, the following implications hold true,
(7) = (9) = (8) and (9) = (15).

Thus, it remains to prove that (15) = (7) because the proof of the implication (8) = (7)
is similar. Since f*Dg*LU < f*Dg*T and (f + g)* = f*Dg*w , we only need to prove that
FOg* (2*) < (f + g)*(2*) for any given z* € dom(f +g¢)*. Fix € > 0. Since X N0.(f + g)* (z*)
is always nonempty, we pick x € X N J.(f + ¢g)*(z*) so that z* € X* N O(f + g)**(z) =
O-(f + g)(x). Given § > ¢, by applying the current assumption (15) we find a net (z}) C

U N U s, fulx)+ 05,9k (x) which T-converges to «*. Fix then v and let n, € N and the
n20 k2n 1+62=0
1,020

vectors u?, ;. € Os fi(z) and v ;. € Osgk(x), k > n, be such that 2% = u? ;, +v7 ;. Hence, invoking
the monotonicity assumption, for all k¥ > n, we get

(fi + gr)(2) + [ Og*(a) < fu@) + gr(@) + [*(ud ) + g7 (03 1)
< fr(@) + ge(@) + fr(ulp) + g5 (03 ) < (22, ) + 20.

Therefore, taking the limits as k — oo, § — ¢ and € — 0, consecutively, we get the desired
inequality.

Now we suppose that X is a Banach space. Because (9) = (17) = (16) we only have to
prove that (16) = (7). Indeed, it suffices as above to establish the inequality f*Og* (z*) <
(f+9)*(z*) for any given z* € dom(f+g)*. Indeed, according to [29, Theorem 3.1.4], there exists
(x}, ) C O(f + g)* such that (z7), (norm-)converges to z* and (f +¢g)*(z}) — (f +g)*(z*).
Moreover, by Rockafellar’s Theorem [26, Proposition 1] for each n there exist bounded nets (z.,) C
X w*-converging to x;;* and (z3) C X* (norm-)converging to z;, such that x% € 9(f + g)(z,)
for all . Let us fix v and & > 0, and choose a T-neighborhood U of the origin such that, for all
u € U,

FOg% (2% +u) > FOg" (23) — 6 and (u,z,) < 0. (18)

Applying the current assumption (16), there exist sequences w7 ; € 05 fr(zy) and 03 ). € 059 ()
such that v’ , + v, € 2] +U for each sufficiently large k. Hence, with the argument above, we
get

(fie + g (@) + [ Og" () + 03 1) < (Ul + 03 g 24) + 20
Then, by the choice of U in (18) we get (fx +gx)(z+)+ f*0g* (%) < (@, x)+46, which implies

¥
that f*Dg*T(mfy) < <xi‘;, x,y> —(f+g9g)(xy) as k and J go to co and 0, consecutively. Finally, since

(z7) (norm-)converges to z;, and (z,) is bounded, by taking the limit on v we get

PO (@) < (ah,a3") = (F+9)" (@37) < (f +9)7(2}) = (f + 9)"(a},).

Therefore, the required inequality follows when n — oo (recall that (f+¢)*(zf) — (f+g9)*(z*)).
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Using the same arguments of the proof above, under the weaker assumption (12) instead of
(6), condition (7) is also equivalent to the following characterization

D:(f +9)(z ﬂ 7-lim sup U 05, fr(x) + 05,91 ().
5>e k—o0 01+02=0
51,65>0

In particular, when (fx) and (gx) are the constant sequences (f) and (g), respectively, we obtain
the following generalization of Hiriart Urruty-Phelps Theorem [17].

Corollary 4 Let f,g : X — RU {+oo} be two lsc convex functions with dom f N domg # 0.
Then, condition (7) is equivalent to

O(f+g)x) =" | |J 0sf@)+0s9(x)| VoeX, e>0. (19)
6>e 561 +652>06

If, in addition, X is a Banach space, then each one of the relationships (7) and (19) is equivalent
to

A(f +g)(x) = ()l (Bsf(x) + Dsg(x)) Yz € X.

6>0

In the following result we apply the previous theorems to the Moreau-Yoshida envelope, which
is a reference example for the approximating sequences (f;) and (gi) used before. This result
has already been established in the reflexive case in [20] (see, also, [2] for the Hilbert setting).
Its proof is straightforward from the previous Theorem 3, taking into account that for A \, 0
we have

7-lim inf U Os, fr(x) + Os,ga(x) = 7- likrginf U 05, [, (2) + 05,00, () Yz e X, § >0,

A0 1 ea=s 51 40,=5
01,020 01,0220
where 7-lim irif By:= (1 U N (Br+YV) for any family (Bx)rso of subsets in X*.
A—0

VeN-(0) 1>0 \e(0,n)

Corollary 5 Let f,g : X — RU {+oo} be two lsc convex functions with dom f N domg # 0.
Then, the following assertions are equivalent:

. w™ T

(i) f+Og = fOg*;

(i) for every x € X and € > 0 we have that

(f+9)@ = U N U 9h@) +050@) |;

I>¢e n>0Xe(0,n) 61+062=46
01,6220

(iii) for every x € X and ¢ > 0 we have that

:(f + 9)( m T- hm mf U Os, a(x) + 05,97 ().
5>e 81+92=0
§1,05>0

11



In addition, if X is a Banach space, each one of the above statements is equivalent to
(iv) for every x € X we have that

O(f +9)() = [ 7-liminf 95 f(x) + s ().

6>0

Examples of useful topologies on X* which are included within our analysis are the weak*, the
sequential weak*, and the norm topology. For instance, when 7 is the weak* topology, then the
formulas above (7), (8), (9), (15), (16), and (17) always holds. The same conclusion follows for 7
being the norm topology when X is reflexive. Moreover, when 7 is the norm topology in X*, if one
of the assertions (i)—(iv) in Corollary 5 holds for every lsc convex functions f,g: X — RU{+o0}
with dom fNdom g # ), then X is necessarily reflexive. Indeed, based on the proof of [7, Theorem
3.8], it has been proved in [30] that in every nonreflexive Banach space there exist lsc convex
functions, with dom f N dom g # (J, which violate condition (i) of Corollary 5.

4 Calculus in the bidual setting

The main stream of this section is devoted to the characterization of the approximate subd-
ifferential of the sum of the biconjugates f** + ¢**, by means of strong limits involving the
subdifferential of the approximating functions. The reason for considering the bidual setting
is that the analysis in this case does not require supplementary conditions as in the previous
section. This will also make clear the nature of the sets

m lim inf U s, fr(x) + Ds, g1 (), € >0, z € X,
k—o0

6>e 01+02=0
01,02>0

which indeed are nothing else but the part of d.(f** + ¢**)(z) living in X* (Theorem 7).
We will need the following Lemma, which may also be of independent interest.

Lemma 6 Let f,g: X — RU{+o0} be two Isc convex functions such that dom f Ndom g # (.
Then, we have that

5

709" (z) = f=Og™(z) Yz e X.

Proof. We denote A := epi f, B := epi g so that epi f** and epi g** coincide with the w*-closures
of A and B in X** x R, respectively. Then, taking into account Mazur’s Theorem we write

*

w

A7 B — AT B = (X xR)NATB" = (X xR)nA" +B"
_ e —— L e —c
Thus, since A+ B (XxR)NA” +B C(XxRNA +B , we infer that
o —a =
(XxR)NA~ +B =(XxR)nA~ +B , which in turn implies the desired equality in

view of the relationships epi f*0g™ = epi f**Llg** = epi [** + epig** (the same holds
for the norm topology). ®
Now, we state our main results of this section.

Theorem 7 Let f,g: X — RU{+o0} be two lsc convexr functions with dom f N domg # 0,
and let (fr), (gr) be two nondecreasing sequences of lsc convex functions converging to f and g,
respectively. We assume that for every z* € X* there exist two sequences (u},), (v}), convergent

12



to x* such that
limsup £ (uf) < f*(2), limsup g; (vf) < g (z°).

k—o0 k—o0

Then, for all x** € X** and € > 0 we have

X o+ =x N |UN U @) +omgi @)
5>e n k>n 8y +8,=6
51,65>0

Consequently, for x € X the last formula reads

X no.(f"+g@) = |UN U 0 fule)+ 05,91 )

5>e n k>n 8 4+02=0
61,620

Proof. The first formula follows by combining Lemma 6 and Remark 1. To establish the second
one we suppose that x € X and take z* on the right-hand-side. Fix y** € X**. Then, for every
d > ¢ there exist sequences xj, € 05, , fx(2), yj; € 05, .9k (), With 0p.1,0x,2 > 0 and dg 1 +0k2 = 9,
such that xz} 4+ y; — x*. Then, for all y € X we write

fe(y) > fr(@) + {2k, y — @) = 0k1, gk (y) > gr(z) + (Y y — ) — Sk 2. (20)

By using Rockafellar’s Theorem, for each k there exist (bounded) nets (z;),(y;) C X, w*-
converging in X** to y**, such that

Te(ws) = 77 W), gr(ys) — gi™ (y™).

Thus, evaluating at x; and y; the first and second inequality in (20), respectively, taking the
limits on , j, and next summing the resulting inequalities we obtain

w W)+ (W) = (@) + gr(z) + (2] + Yy —x) — 0.

Now, by appealing to the pointwise convergence assumption and the fact that fi = f;* and

gr = g;" on X, we get

and so taking the limit when 6 — & we obtain z* € X* N 0. (f** + ¢**)(x).
It remains to establish the direct inclusion in the last statement. For this aim, we pick
¥ € X* NO(f* + g**)(x) so that, according to the first formula, for each p > 0 we find

y*** € pBx+«+ and n such that «* +y*** € U 0Os, fi*(x) + 0s,9;" (x) for all k& > n; hence,

51+02=5
61,62>0

with ¢* the adjoint of the canonical injection i : X — X** we write

iy e | 0 @) (095 (@) = | 06 k(@) + Osugu(x)

01+02=6 81+62=0
01,02>0 01,02>0
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so that z* +i*(y***) € U N U Os, fx(x) + Os,gk (). Since i*(y***) € pBx- and i* is
n k2n +82=0
1,0220

continuous, with p small enough we obtain the desired conclusion. m

By comparing both Theorems 1 and 7, it follows under condition (7) that

X NO(f*+g)(x) = 0:-(f + 9)(z).

On the other hand, Theorem 1 can be obtained from Theorem 7 in view of the relationship
X*NO(f**+g**)(z) = X*NO-(f +9g)**(x), which is a consequence of the equality (f** +¢**) =
(f + g)**, that follows from condition (7) (see, e.g., [29]).

The following result is a direct consequence of Theorem 7.

Corollary 8 Let f,g: X — RU{+00} be two lsc convex functions such that dom fNdom g # (.
Then, we have that

X*No(f"+¢")(x) = ﬂcl U Os, f(z) + 0s,9(x) | Vre X, Ve >0.
5>e 51+62=6
01,6220
The Moreau-Yoshida envelope satisfies the assumptions in Theorem 7, and so we get

Corollary 9 Let f,g: X — RU{+00} be two Isc convex functions such that dom f Ndom g # (.
Then, we have that

* k% 3k k — L] L] > .
X N0:(f* +g™)(x) Qllgrl;gf U 9s./a(@) + 0s,01(x) Vo eX, >0

In the following result, we use conditions which ensures subdifferential sum rules similar to
those obtained under usual qualification conditions.

Corollary 10 Let f,g: X — RU{+o00} be two lsc convez functions such that dom fNdom g # 0.
(i) If epi f*** + epi g*™** is (norm-)closed, then we have that

X* N as(f** +g**)($**) - X* N U 5slf**($**) +aszg**(x**) VIZ?** c X**, c Z 0.
81,8220
£1+e2=¢
(ii) If epi f* + epig* is (norm-)closed, then we have that
X N0(f"+g") @)= |J 0-,f(x)+0.,9() VreX, e>0;
51,6220

e1tea=e
in particular, for e =0 we write

X*No(f™ +97)(x) = 9f(x) + dg(x).
Proof. (i) We fix ** € X** and € > 0. Pick z* € X* NI (f** + ¢**)(«™*) and take § > €. By
Corollary 8, there exist ay,, 8, > 0 with ay, + 8, =9, (p € O, f**(2**), and ¥, € 03, ¢** (z**)
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such that
¥ = lim ¢, + ¥,.
n— oo

Observe that ((, (Cn, ) — F**(2**)+ay,) € epi f*** and (Yn, (Vn, 2**)—g** (2**)+5,) € epig**
so that (Cn + Yn, (G + Y, %) — (™) — ¢**(y**) + &) € epi f*** + epig***. Hence, taking
the limit on n and making § — ¢, by the closedness assumption we infer that (a*, (z*,2**) —
@) — g7 (27) + €) € epi f* + epig™™. Let (€1, 4u1) € epi [ and (€, p2) € epig™ be
such that

ot = 51 _’_52, <IE*7£L'**> _ f**(ac**) _g**(x**) 4e= m +//42

Writing (&1 4 &, 2™*) — f**(&**) — ¢ (a™) + & = p1 + p2 > (&) + g***(&2), we deduce that
0< f7 (&) + 7 (™) = (61, 2™) + 977 (&) + 97 (&™) — (&2, 2™") <,

and so there are €1,e9 > 0 with €1 + €5 = ¢ such that f**(&) + f**(2**) — (&1, 2**) < &1 and
7 (&) + g (&™) — (G2,2™) < ez In other words, & € d., f**(¢*) and & € Oe,g** (&™),
showing that z* = & + &2 € O, f** (™) + 0z, g™ (x**). This finishes the proof of (i) since the
opposite inclusion always holds.

(ii) The proof of this statement follows similarly as above by taking into account the last
formula in Theorem 7. =

The following two corollaries interpret the previous limiting formulas, namely Corollary 8, in
the context of the classical convex duality theory [23].

Corollary 11 Let f,g: X — RU{+400} be two lsc convex functions such that dom fNdom g # 0.
Then, there exist sequences (Ci), (§x) C X*** with (i, + & — 0 such that

;{Qf*f +g =11]£n—f (Ck) — """ (&k)-

*

In particular, if epi f*** + epi g**

;{ng +g zfgl)ggg*—f (&) — g (=9).

is (norm-)closed, then

Proof. Let us first observe that the inequality 7 > ” always holds. To prove the other inequality,
we may assume that inf x« f** 4+ ¢** = —(f** + ¢**)*(0) € R. Then, for every € > 0 there exists
z** € X** such that z** € 9.(f** + ¢**)*() or, equivalently, 8 € X** N 0. (f** + ¢g**)**(«**) =
O (f** + ¢g**)(«™). Thus, using Theorem 7, we find sequences ((x), () C X*** such that
G € 0 (2™), & € Dg"*(a™*), and Cx + & — 0; hence,

F7HGR) + f7 (@) < (G ™) + e, g7 (8) + 97 (@) < {6y ) F e

The addition of these two inequalities gives, for sufficiently large k,

so that the conclusion follows when ¢ — 0F.
Finally, the last statement follows similarly as above by invoking, instead of Theorem 7,
Corollary 10(i) which guarantees that the sequences ((x), (£x) may be taken fixed. m

Corollary 12 Let f,g: X — RU{+00} be two lsc convex functions such that dom fNdom g #
and inf y« f**+¢** =infx f+g. Then, there exist sequences (x}), (yx) C X* with x} +y; — 0
such that

1£1(ff +g9= 11]?1 —f () — 9" (vg)-
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While, in case the set epi f* + epig* is (norm-)closed it holds that

inf _ opw k) kK )
inf f +9= max —f*(z") —g"(~2")
Proof. With the arguments in the proof of Corollary 11, and taking into account the current
assumption, for every € > 0 we find « € X such that 6 € 0.(f** 4+ ¢g**)(x). Thus, using Corollary
10, we find sequences z}, € 0. f(z) and y; € 0.¢(x) such that z} + y; — 0 together with

f(@) +g(x) < —f*(x}) — 9" (yi) + (x} + yi, ) + 26 < —f*(2}) — 9" (yy,) + 3e.

Thus, the conclusion follows when € — 07. m

5 Subdifferential limiting calculus

In this section, we give the limiting formulas characterizing the approximate subdifferential of the
sum, in terms of only the approximate subdifferentials at nearby points of the involved functions.
The involved approximate subdifferentials are of the same order of ¢; that is, the intersection
over > &, that appears in formulas of previous sections, here will disappear. For the sake of
simplicity, we don’t consider approximating sequences f; and gi. In fact, given ¢ > 0 we deal
with the following set

7-lim sup U Oaf(u) + 0sg(v) |, (21)

ulm:, v35z O‘+ﬁ>:€
(u—g), (v—z)—=0 \*BZ0

of elements of the form 7-lim; u} + v} where u} € 0y, f (u;) and v] € 9g,9(v;), for some u;,v; € X,
a;, B >0, and o; + ; = € verifying

S g . .
u; =, v; =z, Im(u),u, — ) = lim{v),v; — ) =0,
K3 K2

where u; 4y 2 means that u; — x and f(u;) — f(z). Fore = 0, we simply write ~ 7-limsup  9f(u)+

uihr, v
(-, u—zy, (,v—x)—0

dg(v).

We begin by establishing an approximate variational principle in line with [28]-[11]-[12], where
the original Ekeland’s variational principle have been adapted to general normed spaces for
approximate subdifferentials. The quantities which appear in the following lemma have been
established in the Banach setting for £ = 0 by many authors, including [10, Theorem 4.3.12],
[24], [27]. The following lemma, which is necessary for our purpose, is a slight refinement of these
results in normed spaces.

Lemma 13 Let f : X — R U {oco} be a proper lsc convex function, xy € X, and § > 0. For
e >0 (resp., € > 0 and X is a Banach space) and x§ € O.15f(x0), there exist (z,2*) € O.f and
A € [—1,1] such that

| <V,

Iz = 2ol + {5, = — 0)| < V3,

25— (14+VoNzh
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(2%, 2 — z0)| < 6 + V5,
f(Z)—f(ﬂUo)§<5-i-\/57 andf(xo)—f(z)§5+\/g+5.

Proof. Suppose § > 0. If ¢ = 0 and X is Banach, the conclusion is known (see, e.g., [29,
Theorem 3.1.1]). So, let € > 0 and z{j € Oz45f (o). Consider the function ¢ : X — RU {+o0}
defined by ¢(z) == f(z) — (3, 2) + Vo(||x — o] + |{xf, x — z0)|). We denote

A:={zx e X | o) <pxy) — e}

If A is empty, we get ¢(zg) < p(z) + ¢ for all x € X and so (by the approximate chain rule [29,
Theorem 3.1.1])

x5 € Op(wo) C O-f (x0) + V8O- (||- — zo| + (x5, - — wo)|)(0) C 8- f(wo) + V(Bx- + [-1,1]a).

Therefore, there exist A € [~1,1] and u* € Bx~ such that z* := (1 + Vo\)z§ + Vou* € 9. f(xo).
Thus, the pair (xq, 2*) yields the desired conclusion.
From now on, we suppose that A # (). Observe that since z§ € 9etsf(x0) it follows

o) > flx) — (z5,2) > p(xg) —e— 0 forall x € X, (22)
implying that inf 4 ¢ € R. Then, there exists z € A such that
p(z) < p(x)+e foral z e A (23)
Observe that for « ¢ A it holds (recall that z € A)
p(x) > @(xo) — €
> () = f(2) = (a5, 2) + V(|2 = zoll + (a5, 2 — z0)))-
In other words, (23) holds for every x € X and, hence,
0 € 0-0(2) C O-f(2) — x§ + V6(Bx+ + [~1,1]af).

Pick A € [-1,1] and u* € By~ such that z* := (1 4+ V0\)z} + Vou* € 9.f(z). In particular,

2 — (1 +VoN)zg|| < V0 so that the first two required properties of the lemma

we have that ‘

follow.
Now, by replacing x by xg in (23) and using the definition of A we get (by taking = x5 in

(22))
F(2) = (@5, 2) + Vo(llz — woll + {5, 2 — z0)|) < f(x0) — (25, 0) — € < f(2) — (25, 2) +6, (24)

which implies that ||z — zo| + |(z — 20, 25)| < V/J; that is, the second inequality of the lemma
holds. On the other hand, invoking the definition of z* we obtain

(2" — a5, 2 — 2o)| = VB |{u” + Aaf, z — o)
< Vo(llz — ol + (= — zo,25)|) < 6

and, hence |(z*, z — 20)| < § + V4, yielding the third inequality of the lemma. Finally, by using

17



(24) we get
F(2) = flwo) < (2%, 2 —mg) —e <0+ Vo —e, and f(zo) — f(2) <5+ Vi +e,
yielding the last property. m

We give now the main theorem of this section, which directly follows from Theorem 3 and
Lemma 15 below. It extends the results of [27] without assuming the reflexivity of the underlying
space.

Theorem 14 Let f,g: X — RU{+o0} be two lsc convex functions such that dom fNdom g # ().
If X is a Banach space, the following assertions are equivalent:

() FOg¢"" = FOg;

(ii) O(f + g)(z) =  7-limsup U Oaf(u)+0gg(v) | Ve X, e>0;
uimc, vz a+§;()€

(r,u—zx), (-,v—x)—0

(iii) O (f +g)(z) =  7-limsup U Oaf(u) +03g(v) | Vz e X, € >0;
u z, v5o a+f=¢
(-,ufa;i (»7vi>a:)—>0 @,f>0
(iii) O(f + g)(z) =  7-limsup  (9f(u) + dg(v)) Vz € X.

£ g,
uUST, VT

(,u—z), (-,v—x)—0

Lemma 15 Let f,g: X — RU{+400} be two Isc convez functions such that dom f Ndom g # 0.
Then, for every x € X and e > 0 (resp., € > 0 and X is a Banach space) the following equality
holds,

7-lim sup U Oof(u) +0sg(v) | = ﬂ cl” U 0s, f(x) + 0s,9(x)
£, 9, a+pB= =
0 Nz

Proof. We fix z € X and € > 0 (resp., ¢ > 0 and X is Banach).
To prove the inclusion “C” we pick 2* in the left-hand side and take the nets (u;, u}) C O, f

and (v;,v}) € Op, g such that u} +v 5oa*,u,; EN z,v; 5 z, and lim; (uf,uj—x) = lim; (v}, v;—x) =
0, where «;,3; > 0 and «; + B; = €. Let 6 > ¢ and denote

0=y + fx) — fu) + (uj,u; —x) and da; := 6 — 01,43

we may suppose that for all 7 it holds 62 ; > 8; +g(z) — g(v;) + (v}, v; — ). So, since u} € dq, f(u;)
and v} € 93,9(v;) we have, for every y € X,

(ui,y—x) < f(y) — flo) + i + f(x) = fwi) + (uj,u; —x) < fly) — f(@) + 014,

iy —x) < gy) —g(x) + Bi + g(x) — glui) + (vi, v — ) < g(y) — g(x) + 2.

g
Whence, uj € 05, , f(x) and v; € 0, ,9(x), showing that 2* belongs to the right-hand side of the
desired inclusion.
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For the opposite inclusion we consider a net of positive integer numbers (ny )y ecar(g) converg-
ing to oo, where N, (6) is the set of closed convex symmetric neighborhoods of § endowed with
the usual partial order given by the reverse inclusion. We take x* on the right-hand side and,
for a given V € N;(0), choose ny such that for all n > ny it holds

1 1 1 1 1 1\1 1
24/ —Bx+ C = (" + =V -V, |1 - =< -
\/;XC3V7\/; (x+n )C3V <+\/;>n 3

We fix n > max{ny, 3}. Then, we find 81 5,02, > 0, with 1 ,, + 02, = % +e, xy € 05, f(x),
and y € 05, , g(x) such that

1
—ay —yr € =V. (25)
n

So, (z3,yr) € 0s,,f(x) x 05,,9(x) C 0., 1p(x,x), where ¢ : X x X — RU {400} is the
proper lsc convex function defined by p(u,v) := f(u) + g(v). We endow X x X with the norm
[[(w, )| := |||l + [Jv]| whose dual norm is ||(u*,v*)|| = max{||u*||,||[v*||}. Then, by Lemma 13,
there exist ((un,vn), (uf,v})) € O-¢ and A, € [—1,1] such that
1
<y/-— 26
<% (26)

un<1+\/;)\n>xn S\/;, vn(1+,/nn)\n)yn
« 1 . 1
= ]| + [un =2, @70 < A= o =2l +[{on =2, 5001 <4/

L1 1 o1 1
|<un_xaun>|§g+ ) ‘<U7’L_x7vn>‘§g+ E?

n

1 1
_ _ < = -
Flun) +g(vn) = f(2) —g(z) < — 414/~
Consequently, in view of the Isc of f and g, the last inequality implies that
lin f () = F(2), Tmg(vn, ) = o(a).

Moreover, by using the triangle inequality we get
* * * * * 1 * * [ 1 * 1 * *
n n n
n n

1 1 1 1
Ex*+2\/>BX* /=A@ + =V)+ =V Ca"+ V.
n n n n

This shows that u,,  +wv;,,, —; 2. To conclude the proof, it suffices to observe that

(uivaviv) € 0:9(Uny , Vny ) = U Oz, f(Uny ) X Oy g(vny, )
g1+e2=¢
€1,622>20

19



The following combines the last theorem and Corollary 2.

Corollary 16 Let f,g: X — RU{+4o00} be two lsc convez functions such that dom fNdom g # 0.
If X is a Banach space such that the closed unit ball of its dual is w*-sequentially compact, then
for every x € X and £ > 0 we have that

O=(f +g)(x) =  o-limsup U 0af@) +0s9(0) |;
ul)z, v Q+BB>:0€

(u—z), (v—z)—=0

that is, x* € 0.(f + g)(x) if and only if there are sequences (u))n, (vi)n C X* such that
x* = w*-lim; uf + v} for uf € Oy, f(un) and v} € 9p, g(vy,), where uy, v, € X, ay, Bn, > 0 satisfy
Qn + Bn = ¢,

f g . .
Up =z, vy = 2, lim(u),u, —2) = lim(v}, v, —x) = 0.
n n

The following result gives the counterpart of the previous theorem in the bidual setting,
without requiring the closure condition (7). Its proof follows from Theorem 7 and Lemma 15.

Theorem 17 Let f,g: X — RU{+o0} be two lsc convex functions such that dom fNdom g # 0.
Then, for all x** € X** and ¢ > 0 we have

X Na.( 4@ = X () Tmsup U 9f™ () + 0397 ()
w5 2 , oy o at+p=¢
(u—a**), (o—z**)—0 \ B0

*

Moreover, when x € X and € > 0 (resp., € > 0 if X is a Banach space) this formula reads

X*NO(f* 4+ g")(x) = lim sup U Oaf(u) + dgg(v)

uimc, vz a+p=¢e

(yu—z), (,v—z)—0 \ ,B>0
In what follows, we use the set
h

7-lim sup {A*y* |25 —y" =0, 2" € O:h(v), v — Az, (z*,v— Az) — 0} ,
-

of elements of the form 7-lim; A*y} where y; — zF — 6 for some zf € J.h(v;), v; LN Az, and
(zF,v; — Az) — 0. When 7 is the norm topology, we omit the reference to 7.

Corollary 18 Let X be a reflexive Banach space, Y a Banach space, A : X — Y a continu-
ous linear operator with adjoint A*, and h : Y — RU {+o0} a lsc convex function such that
A~Y(domh) # 0. Then, for every x € X and € > 0 it holds

Oe(ho A)(x) = limsup{A*y* | 2" —y* =0, z* € 0.h(v), v N Az, (z*,v— Az) — O} .
-

Proof. We endow the product space X x Y with the box norm and define the functions f,g :

20



X xY = RU {400} by
f(z,y) = Nh(y), g(z,y):=leralz,y).

According to Example 1, we have that f*Dg*UJ = f*Og*, and so the desired conclusion follows
by Theorem 14, in view of the following straightforward relationships

2" € Oc(ho A)(x) <= (2",0) € O.(f + g)(, Ax),
(u*,v") € Oslgr a(u, Au) <= u* = —A™v*, and 95 f(u,v) = {0} x Osh(v).

Remark 3 The corollary above can be stated without assuming the reflexivity assumption in
terms of any topology 7 := Tx+ X Ty~, being intermediate between the weak* and norm topology

on X* x Y*. Indeed, it suffices to observe that A*h*w* = AR i f*Dg*w* = f*Dg*T (see
(14) for the definition of A*h*), thus, according to Theorem 3 and Lemma 15, iff

Oz(h o A)(z) = 7-limsup {A*y* | 2" —y* =0, 2" € 0:h(v), v I Aa, (z",v— Ax) — 0} .

yreEY*

On the other hand, if instead of the reflexivity assumption in the previous corollary we assume
that the dual of X has a w*-sequentially compact unit ball, then for every x € X and € > 0 we
obtain that
Oz(h o A)(z) = o-limsup {A*y* | 2" —y* =0, 2" € 0:h(v), v M Ag, (z",v— Ax) — O}.
y*EY*
In general, when no extra assumption is used, according to Theorem 17 the subdifferential
formulas are given in the bidual setting:

Corollary 19 Let X andY be two Banach spaces, A : X — Y a continuous linear operator, and
h:Y — RU{+o00} a lsc convex function such that A=1(dom h) # (. Then, for every z** € X**
and € > 0 we have that

X*N8.(h™ 0 A™) (&™) = limsup {A™€ | ¢ — € = 0, ¢ € D.h™(v™),
gey***

’U** }g A**x**7 <<-7 U** _ A**m**> % 0} .
In particular, when x € X we get
X*No(h" o A*)(x) =limsup {A*y" | 2" —y* — 0, 2" € O-h(v),

y* cYy *

v B Ag, (z*,v—Ax>—>0}.
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