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Abstract The paper deals with the problem of locating new facilities in presence of attract-
ing and repulsive demand points in a continuous location space. When an arbitrary norm is
used to measure distances and with closed convex constraints, we develop necessary condi-
tions of efficiency. In the unconstrained case and if the norm derives from a scalar product,
we completely characterize strict and weak efficiency and prove that the efficient set co-
incides with the strictly efficient set and/or coincides with the weakly efficient set. When
the convex hulls of the attracting and repulsive demand points do not meet, we show that
the three sets coincide with a closed convex set for which we give a complete geometrical
description. We establish that the convex hulls of the attracting and repulsive demand points
overlap iff the weakly efficient set is the whole space and a similar result holds for the ef-
ficient set when we replace the convex hulls by their relative interiors. We also provide a
procedure which computes, in the plane and with a finite number of demand points, the ef-
ficient sets in polynomial time. Concerning constrained efficiency, we show that the process
of projecting unconstrained weakly efficient points on the feasible set provides constrained
weakly efficient points.
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1 Introduction

The problem of locating desirable facilities such as schools, hospitals, fire stations has been
extensively studied. A large overview on this question can be found in Plastria (1993, 1995),
Love et al. (1988).

However with people getting more and more concerned about their living environment
and its impact on health and safety, the undesirable effects of certain types of facilities can-
not be left aside. Placing a factory, an airport, hazardous facilities, power plants, chemical
factories, dump sites, etc, close by users may cause damages to the quality of their life due
to noise, traffic, risk and pollution. At the same time one cannot afford to select certain sites
too far away from the population zones. Unfortunately, the objectives of locating a facility
close to certain demand points and far from others are conflicting. The difficulties in se-
lecting unanimously approved sites are commonly raised (see Erkut and Neuman 1989) and
leads to consider models which combine attraction and repulsion forces. For the last twenty
years a lot of such models have been studied in a variety of metric spaces. Concerning one-
objective continuous location problems, see e.g. Brimberg and Juel (1998a, 1998b), Carri-
zosa and Plastria (1999), Chen et al. (1992), Drezner and Wesolowsky (1990), Hansen et
al. (1981), Melachrinoudis and Cullinane (1985), Melachrinoudis and Xanthopulos (2003),
Muiioz-Pérez and Saameno-Rodriguez (1999), Plastria (1991, 1996), Plastria and Carrizosa
(1999), Ratick and White (1988), Romero-Morales et al. (1997), Saamefio-Rodriguez et al.
(to appear), Tamir (2006), Tellier and Polanski (1989).

Only a limited number of papers deal with multiple criteria in a continuous setting. Most
of them addressed a bi-criteria problem which is to locate a semi-obnoxious facility with
the two objectives of maximizing a utility function which measures the benefits provided by
the facility and of minimizing the undesirable effects induced, see Blanquero and Carrizosa
(2002), Brimberg and Juel (1998c), Carrizosa et al. (1997), Carrizosa and Plastria (2000),
Melachrinoudis (1999), Melachrinoudis and Xanthopulos (2003), Ohsawa (2000), Ohsawa
et al. (to appear), Ohsawa and Tamura (2003), Skriver and Andersen (2003), Yapicioglu et al.
(2004, 2006). These authors propose different solution methods as heuristic and/or branch
and bound based approaches, solutions methods using Voronoi diagrams, or scalarization
based techniques which consist in transforming the problem in a single-objective one. All
the approaches followed exploit the bi-criteria aspect of the problem.

In this paper we focus on the problem of locating a facility in presence of attracting
and repulsive demand points. We consider a multiple criteria framework where the objec-
tives consist in simultaneously minimizing the distance to the attracting demand points and
maximizing the distance to the repulsive ones. We assume that the distances to the demand
points are measured by a unique norm function. The paper addresses the case of a regional
demand. We are thus, a priori, faced with an infinite number of criteria except if the demand
is concentrated on a finite number of points. Regional constraints can also be imposed on
the location of the facility. We study the properties of the classical concepts of non domi-
nated solutions, referred to in the literature as weakly efficient, efficient and strictly efficient
solutions. Our approach is not based on scalarization techniques. As in Durier (1987, 1990),
Durier and Michelot (1986), Ndiaye and Michelot (1998), Ndiaye (1996), we follow a com-
pletely different way which consists in exploiting in depth the geometrical properties of the
norm.

With an arbitrary norm and in presence of closed convex constraints, we give necessary
conditions of strict efficiency, efficiency and weak efficiency. These conditions involve the
geometry of the unit ball of the norm and clearly show that for a facility to be efficient it is
required that the attracting and repulsive demand points are conveniently dispatched around
it in a certain sense revealed by the geometry of the unit ball of the norm.
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In the unconstrained case and if the norm derives from a scalar product, we develop
specific and additional properties. In particular, we completely characterize strict and weak
efficiency. This result was somewhat unexpected because, in general, the non convexities
induced by the repulsive demand points prevent from obtaining necessary and sufficient
optimality conditions. We show that the efficient set coincides with the strictly efficient
set and/or coincides with the weakly efficient set. As a consequence, we obtain that the
three sets of efficiency are closed and convex. When the convex hulls of the attracting and
repulsive demand points do not meet, we show that, as in the pure attracting setting, the
three sets of efficiency coincide with a closed convex set for which we give a complete
geometrical description. This common set is unbounded provided that there is at least one
repulsive demand point. In the pure attractive setting, we rediscover that the strictly efficient,
efficient, and weakly efficient sets coincide with the convex hull of the demand points. We
establish that the convex hulls of the attracting and repulsive demand points overlap iff the
weakly efficient set is the whole space and that a similar result holds for the efficient set
when we replace the convex hulls by their relative interiors. We also show that the process
of projecting (unconstrained) weakly efficient points on the feasible set provides constrained
weakly efficient points. We terminate by providing a procedure which generates, for a finite
set of demand points in the plane, the efficient sets in polynomial time.

Definitions, notations and first properties of efficiency are given in Sect. 2. In Sect. 3, we
consider the general case where distances are measured by an arbitrary norm. We provide
necessary conditions for efficiency in presence of (closed convex) regional constraints. Sec-
tion 4 is devoted to the particular case where the norm used to measure the distances derives
from a scalar product. The paper ends with a conclusion in Sect. 5.

2 Notations, definitions and first properties

Throughout the paper, (X, y) is a real normed space. Though a part of the results obtained
remain valid in infinite dimension, we assume that X is a finite dimensional space. For
convenience the reader may assume that X = R".

For a subset 2 C X we denote respectively by int(2), ri(€2), cl(2) and by co(£2), the
interior, the relative interior, the closure and the convex hull of 2. The cone generated by
the origin and 2 is defined by

cone(2) :={ix: x e 2,1 >0}.
If Q@ is closed and convex and if x € 2, we denote by
Fo(x):={5§ #0: x + A8 € Q for some A > 0}
the set of feasible directions at x € Q2. For § € Fq(x), we set
As =sup{r > 0: x + A € Q}.

In the sequel we will consider two sets AT and A~ of attracting and repulsive demand points
respectively. For technical convenience we will assume that A*™ and A~ are compact and non
simultaneously empty sets.

According to our aim which is to simultaneously minimize distances to attracting de-
mand points and maximize the distances to the repulsive demand points, we introduce the
following concepts of dominance.
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Definition 2.1 We say that a point y # x dominates a point x when y (y —a™) < y(x —a™)
forallat € At andy(y—a~) > y(x—a~) foralla~ € A™. In case where at least one of the
previous inequalities is strict the dominance is called strict. If all the inequalities involved
are strict, we say that y strongly dominates x.

Each of these dominance notions induces a set of non dominated solutions known as the
set of weakly efficient, efficient and strictly efficient points. We recall the formal definitions.

Definition 2.2 Let 2 C X be a nonempty set of constraints. A point x €  is said to be
strictly efficient (with respect to AT, A~ and ) if there is no feasible point y # x which
dominates x. Similarly we say that a feasible point x is efficient (resp. weakly efficient) if
there is no y € € which strictly (resp. strongly) dominates x.

The sets of strictly efficient, efficient and weakly efficient points will be respectively
denoted by SE(A1, A™,Q), E(AT, A7, Q) and WE(A', A~, Q).

In absence of constraint, we use the simplified notation SE(A', A™), E(A*, A7)
and WE(A™, A™). We also set SE(A") :=SE(A*, ), SE(A™) :=SE(@,A™), E(A") :=
E(AT, %), E(A7):=E@, A™), WE(A") := WE(A", () and WE(A™) :== WE(J, A™).

Below we give without proof a list of straightforward properties, direct consequence of
the definitions.

Proposition 2.1 Let @ C Q' C X be two nonempty sets of constraints. Then the following
properties hold:

. SE(AY) C SE(AT, A7), E(AT) C E(AT, A™) WE(AT) C WE(A™, A™).

CIfATN A # () then WE(AT, A=, Q) = Q.

. ATNQCSEAY, A-, Q) CEAY, A", Q) C WE(AT, A, Q).

. SE(AT,A,Q) N Q C SE(AT,A™,Q), E(AT,A",Q) N Q C E(A",A~,Q),
WEAtT, A=, Q)NQ C WEAT, A~, Q).

5. SE(A*,A")NQ C SE(AT, A, Q), E(At,A")NQ C E(A*, A=, Q) WE(A*, A7) N

QC WEAY, A~, Q).

RN O R

Note that in a pure repulsive setting without constraint, i.e. if AT =@ and Q = X,
the efficient points are, let say, “pushed to infinity” so that we have SE(A™) = E(A™) =
WE(A™) = (. In presence of constraints, the repulsive demand points, contrary to the feasi-
ble attracting ones, may not be strictly efficient, efficient or weakly efficient. As illustration,
consider one attracting demand point @, one repulsive demand point b and the set of con-
straint 2 :=[a, b].

3 Necessary conditions for efficiency in terms of Q; sets

In pure attracting models, characterizations of strict efficient, efficient and weak efficient
solutions have been obtained in terms of Qj sets (Durier 1990; Durier and Michelot 1986;
Ndiaye and Michelot 1998; Ndiaye 1996). These sets, induced by a norm (see Durier and
Michelot 1986) and closely related to the geometry of the unitball B := {x € X: y(x) <1},
play also an important role to give necessary conditions for efficiency in presence of repul-
sive demand points.
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Definition 3.1 (Durier and Michelot 1986) For any § € X, § # 0, we consider the two
complementary sets

Qs:={z€X:YA>0, y(z—18) >y (@)},
Pyi={zeX: >0, y(z—218) <y (@)}

It can be easily shown that Qs and Ps are cones. For a given direction § # 0, Qj is
exactly the cone generated by the points x of the unit sphere S :={x € X: y(x) =1} such
that we leave the unit ball B when moving from x in the direction —§. Note that several sets
Qs may overlap and that the whole family of Q; sets cover the whole space. Topological
and geometrical properties of the sets Q5 have been studied in detail in Durier and Michelot
(1986). Let us recall the main results.

When the norm derives from a scalar product denoted by (-, -), we have Q5 =cl(P_;) =
{x; (x,68) <0} and Ps = {x; (x,8) > 0}. Thus the family of Qs sets (resp. Ps sets) is made
up of the closed (resp. open) half-spaces passing through the origin.

In dimension two, the Qj sets are closed convex cones:

e If the norm is polyhedral, its unit ball generates two types of Qj sets. If the direction § is
not parallel to a one-dimensional face (a one-face in short) of the unit ball, Q; is a half-
plane generated by two opposite extreme points. If the unit ball has 2p extreme points,
the pairs of two opposite extreme points generate 2p sets Qs. When the direction § is
parallel to a one-face of the unit ball, Qj is a closed pointed cone generated by the origin
and p — 1 consecutive one-faces of the unit ball. We have thus 2p such sets Q.

e With the rectilinear norm we get eight Qs sets, the four quarter of planes R* x R™,
R* x R7, R™ x R™, and R~ x R, and the four half-planes R x R*, R x R™, R* x R
and R™ x R.

e With the £*°-norm we get again four quarter of plane and four half-planes obtained by
rotating the Qj sets of the £! norm counterclockwise through a 7 /4 angle.

In dimension n > 2, some Q; sets may not be convex as those associated to the ¢! and
£% norms for which a complete description can be found in Durier and Michelot (1986).
With exotic norms, the Qs sets may also not be closed. An example is given in Durier and
Michelot (1986). The closure is guaranteed when the norm is B-regular.

Definition 3.2 A norm y is called B-regular (i.e. regular in the sense of Brown 1964) if for
each direction § # 0 and for each x such that y (x — §) < y(x), there exists some A > 0 and
a neighborhood W of x such that y (y — A8) < y(y) forevery y € W.

The B-regularity property is not very restrictive. It is satisfied by strictly convex norms,
by polyhedral norms in any dimension, and by any norm in dimension two (Durier and
Michelot 1986).

We terminate by several topological properties. Due to the symmetry of the unit ball of
a norm we have a relationship between each Q; set and the set P_;. More precisely we
have int(Qs) C P_s, and the inclusion may be strict. For a given direction § # 0, if the unit
sphere S does not contain a line segment parallel to §, as for strictly convex norms, then
Qs = cl(P_s). The following result provides several useful characterizations of the interior
of a Qs set. A proof can be found in Durier (1987, 1990), Durier and Michelot (1986) or
Ndiaye and Michelot (1998).

Proposition 3.1 For each § € X, § # 0, we have the following equivalences:
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(i) x €int(Q_s);
(i) x ¢ cl(P_y);
(i) IA >0, y(x —Ad) <y (x).

Let us now give necessary conditions for weak efficiency, efficiency and strict efficiency.

Proposition 3.2 Let Q C X be a nonempty closed convex set of constraints and x €
WE(A™, A=, Q). Then, for each feasible direction 8§ € Fq(x) at least one of the two fol-
lowing properties is satisfied:

i) AT N (x +cl(Py)) #9;
(i) A~N(x + Ps) £ 0.

Proof Suppose that there exists a feasible direction § € Fq(x) such that AT N (x +
cl(P_s)) =0 and A~ N (x + Ps) = @. By Proposition 3.1, for each attracting demand point
a € A" there exists some A, > 0 such that y (@ — x) > y(a — x — A,8). The norm y being
continuous, this strict inequality still holds in a neighborhood, say V (a), of a. Using the con-
vexity of the norm, we deduce that y (¢’ — x) > y (@’ —x — A8) for each a’ € V (a) and each
A such that 0 < A < A,. The set A" being compact, one can select a finite subset Ay C A"
of attracting demand points such that A" is covered by the neighborhoods V(a), a € A,.
Putting A = min{min{A,, a € A,}, As}, it follows that

Yaec AT, y(a—x)>yla—x—2rd).

Since it is assumed that the set A~ of repulsive demand points does not meet x + Ps, by
definition of Ps we also have

YacA™, yla—x—i8)>y(a—x).

Thus, x is strongly dominated by the point y := x + A8 which is feasible by construction,
and we conclude that x ¢ WE(A', A~, Q). O

Proposition 3.2 shows that, for a point x € 2 to be weakly efficient, it is necessary that
the attracting and repulsive demand points are conveniently dispatched around x relative
to the constraints in the sense that each cl(P_s) generated by a feasible direction should
contain at least one attractive demand point and each Ps should contain at least one repulsive
demand point. Unfortunately, and contrary to the pure attracting setting, the conditions are
not sufficient.

When the norm y is strictly convex, the sets cl(P_s) and Qs coincide as already men-
tioned (see Durier and Michelot 1986, Corollary 1.2). So Proposition 3.2 can be rewritten in
a more simple way as follows.

Corollary 3.1 Let y be a strictly convex norm, Q2 C X be a nonempty closed convex set of
constraints and x € WE(A™, A=, Q). Then, for each feasible direction § € Fq(x) at least
one of the two following properties is satisfied:

1) AT N (x+ Q) #0;
(i) A~N(x + Ps) £ 0.

In the case of non constrained problems involving the Euclidean norm, and as a conse-
quence of Proposition 3.2, we see that the points belonging to an hyperplane which strictly
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separates A* and A~ cannot be weakly efficient because the attracting (resp. repulsive) de-
mand points are all located in a half-space passing through x, and thus are not conveniently
dispatched around x. This observation will be developed in the next section to give a com-
plete characterization of weak efficiency when distances are measured by the norm induced
by a scalar product.

Proposition 3.2 provides necessary conditions which are not sufficient as illustrated by
the following example. Consider in the plane X = R? the sets A* :={a*} and A~ :={a~}
witha™ = (—1,0), a” = (1, 0) and assume that the distances are measured by the Euclidean
norm. The Q; sets are thus the half-planes limited by a line passing through the origin. If
no constraint is involved, the point xo = (2, 0) is strongly dominated by yy = (—2, 0). Then
xo ¢ WE(AT, A~, Q). However any half-plane limited by a line passing through x, cannot
strictly separate a™ and a~ because xg, a* and a™~ are aligned. Note that a point x which is
located outside the x-axis is not weakly efficient because the half-planes containing a~ and
limited by a line passing through x and a point y situated between a™ and a~ neither satisfy
condition (i) nor condition (ii).

The two next results give similar necessary conditions for efficiency and strict efficiency.
Their justifications being very close, we only give a proof for efficient points. According
to the characterizations of efficiency and strict efficiency in a pure attracting setting, as
developed in Durier and Michelot (1986), Ndiaye and Michelot (1998), Ndiaye (1996), these
results require the norm be B-regular.

Proposition 3.3 Let Q C X be a nonempty closed convex set of constraints and assume
that the norm y is B-regular. If x € SE(AY, A™, Q) and § € Fo(x), at least one of the two
following properties is satisfied:

() AN (x+ Q) #0;
(i) A= N (x +int(Q_s)) £ 9.

Again, these conditions mean that the attracting and repulsive demand points should be
well dispatched around x. Note however that the conditions are more demanding than the
conditions for weak efficiency because for a given direction § # 0 we have Qs C cl(P—s)
and int(Q_;5) C P_s.

Proposition 3.4 Let Q C X be a nonempty closed convex set of constraints and assume that
the norm y is B-regular. For x € E(A™, A=, Q) and a feasible direction § € Fo(x) at least
one of the three following properties is satisfied:

() ATN(x+ Qs) #0;
(i) A7 N (x +int(Q_5)) # ¥;
(i) ATN(x +int(Q_s)) =W and A~ N (x + Qs) =0.

Proof Suppose there exists a feasible direction § € Fq(x) for which none of the three con-
ditions (i), (ii) and (iii) are satisfied and let us prove that x is strictly dominated by some
feasible point of the form y, := x + Aé with A > 0.

Condition (ii) being not satisfied, by Proposition 3.1 we already have
YVacA™, VA>0, y(a—x—2A8)>y(a—x).
Since (i) does not hold, for each a € A™, there exists some p, > 0 such that

y(@a—x— pu8) <yla—x).
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By the B-regularity of the norm , for each a € A™ it follows that y (@’ —x — 1,8) < y(a’ —x)
for some A, > 0 and all @’ in a neighborhood V (a) of a. Then, due to the convexity the norm,
we have y (@’ — x — A8) < y(a’ — x) for any a’ € V(a) and any A such that 0 < A < A,.
Since AT is compact, one can select a finite subset A, C A™ such that A* is covered by the
neighborhoods V (a), a € A,. With A := min{}A,, a € A}, one gets

ya@—x—A8)<y(a—x) VaeAT, Va €10, AL

Thus x is already dominated by all the y, for which 0 < A < A.

Since condition (iii) is not satisfied, either y(a — x — A8) > y(a — x) for some a € A~
and any A >0 or y(a —x — ud) < y(a — x) for some a € A* and some p > 0. In the first
case y; strictly dominates x for any A such that 0 < A < A. In the second case, due to the
convexity of the norm we also have y(a — x — A8) < y(a — x) for 0 < A < u, and thus
y;, strictly dominates x as soon as 0 < A < min{X, u}. Since the y, becomes feasible when
A < As, the result follows. O

4 The case of a norm induced by a scalar product

In this section we assume that the norm y derives from a scalar product denoted by (-, -).
The (bi)linearity properties of the scalar product provide an extra tool which will be deeply
exploited.

4.1 Unconstrained strict efficiency

Theorem 4.1 The following properties hold:

(i) co(AM) Nri(co({x}UAT))#WP = x e SE(AT, A7);
(ii) SE(A*, A7) =co(A™) + cl[cone[co(AT) — co(AT)]].

Proof Let K be the closed convex set defined by
K :=co(A") + clcone[co(A™) — co(A7)]].
Suppose that x ¢ SE(A™, A™). Then, x is dominated, i.e. there exists y € X, y # x, such
that A" C H= and A~ C HS with H= ={z € X; (p,z) >a}, HS={ze€ X; (p,z) <a},
p=y—xanda=(|y|*> = |x]|*)/2. It follows that
KCH? and co(A7)C H=.
Indeed, the first inclusion occurs because a point z € co(A™) + cone [co(A*) — co(A*)]
can be written as z =a" + A(at —a~) witha™,a* € co(A"),a” €co(A™) and A > 0. It
follows that
(p.2)=(p.a")+Mp,a*) —ip,a”)za+ra—ra=«
and thus z € H=. The second inclusion is clear. Next, since x € H<:={z € X; (p,z) <a}

we deduce that x ¢ K and that the sets co(A™) and ri(co({x} U A™)) are disjoint. This
simultaneously proves (i) and the inclusion K C SE(A™, A™).
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Now let us establish the reverse inclusion SE(A*, A7) C K. Let x ¢ K. We can separate
strictly x and K. Thus there exist p € X, p # 0, and « € R such that

(p,x) <«
Mp,at —a™)+{(p,a")>a Vat, at €co(A'"), Va~ €co(A™), VA >D0.

Dividing the last inequality by A and making A — 400, we obtain
(p,a™ —a”)>0 Va* eco(A"), Ya~ eco(A7).
Now, observe that we can take a = inf{{p, a*); a™ € co(A™)} so that

(p,x) <a,
(p,at)y>a VaT €co(AT),

(p,a”)<a VYa~ €co(A”).

It is then clear that the symmetric y of x with respectto H := {z € X; (p, z) = o} dominates
x and thus x is not strictly efficient. a

The following example shows that the sufficient condition of strict efficiency (i) is, un-
fortunately, not necessary. Consider in the Euclidean space R? the sets A" :={a;", a; , af},
and A :={a;,a; } with a] = (—1,0,0), @i = (0,0,—1), a = (0,0, 1), a; = (1,0,0),
ay, =(0,1,0) and look at X = (0, —1, 0). The relative interior of co({x} U A7) does not meet
co(A™"). However x is strictly efficient. If X was not strictly efficient it would be dominated,
i.e. there would exist a point y € R, ¥ # ¥ such that

v =% =y -y Vi=1,2,3,

ya —D <yl -y Vi=12.
The plane H (x, y) made up of the points which are equidistant to x and y would then sepa-
rate co(A™) and co({x} U A™). Observing that X ¢ H (x, y), that there is a unique plane de-
fined by H := {(x, y, z); x =0} which separates co(A™) and co({x} U A7) and that X € H,

we get a contradiction.

Corollary 4.1 The set SE(A™, A7) is closed and convex. Moreover if AT and A~ are finite
sets or if co(A™) and co(A™) are polyhedral sets, then

SE(A*, A7) =co(A™) 4 cone [ co(A™) — co(A7)].
Corollary 4.2 If co(A™) Nri(co(A™)) # @ then co(A™) C SE(A™, A™).
Proof A direct consequence of Theorem 4.1(1). O
The following result yields another characterization of strict efficiency.
Theorem 4.2 We have the following equivalence:

x €N(SE(AY,A7)) < ri(co(A™)) Nri(co({x} U A7) #0.
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Proof Since the relative interior of a convex set coincides with the relative interior of its
closure and the relative interior of a sum of convex sets is the sum of their relative interiors
(Rockafellar 1970), the result is a direct consequence of Theorem 4.1 and of the following
technical result. O

Lemma 4.1 Let C C X and D C X be two convex sets. Then
ri(C) Nrifco(DU{x})]#0 <= x €ri(C) +ri[cone(C — D)].

Proof Assume that ri(C) Nri[co(D U {x})] # ?. According to Theorem 6.9 of Rockafellar
(1970), there exist ¢ € 1i(C), d € ri(D) and 0 < A < 1 such that ¢ = (1 — A)d + Ax. Since
. 1—A
x=c+ ulc—4d) w1thu::T,

we conclude by Corollary 6.6.2 and the remark following Corollary 6.8.1 of Rockafellar
(1970) that u(c — d) € ri(cone(C — D)) and hence x € ri(C) + ri[cone(C — D)].

Conversely, if x € ri(C) +ri(cone(C — D)), there exist ¢c; € ri(C) and £ € ri(cone(C — D))
such that x = ¢; + &. Again, according to Corollary 6.6.2 and the remark following Corol-
lary 6.8.1 of Rockafellar (1970), we see that & is of the form & = A(c, — d) with ¢; € ri(C),
d eri(D) and A > 0. Then

Aoy ] Lo
X = [ C
A1 a1l a1 T A

2.

By Theorem 6.9 of Rockafellar (1970) the left-hand side of this equality belongs to
ri(co(D U {x})) while the right-hand side is in ri(C) because the relative interior of C is
convex. Thus ri(C) Nri(co(D U {x})) # @ and the proof is complete. O

4.2 Unconstrained efficiency

Proposition 4.1 A condition under which the efficient set coincides with the whole space is
given by:

ri(co(AT)) Nri(co(A7)) #0 <= E(AT, A7) = X.

Proof Let x be a point which is not efficient. Then x is strictly dominated by some y # x. Set
H> :={z;y(z—x) >y —y)}and H= :={z; y(z—x) <y(z— y)}. We have A" C H=,
A~ C H= and, as the dominance is strict, there exists ao+ € int(H?) or a, €int(H~). It
follows that ri(co(A™*)) Nri(co(A™)) = @ and the implication = is proved.

Conversely, if ri(co(A1)) Nri(co(A™)) = @ then the convex sets co(A™) and co(A™) can
be properly separated (Rockafellar 1970). That implies there exist some p € X, p # 0, and
a € R such that

co(ATYCH=:={z€X: (p,z) >
co(AT)CH=:={zeX: (p,2) <
sup{{p, z): z€co(AM)} > inf{{p, z): z € co(A)}.

}

The last condition implies the existence of some aj € A™ such that aj € int(H=) or the ex-
istence of some a, € A~ such that a; € int(H~). Then, consider the point x which is sym-
metric to ag (resp. to a, ) with respect to the hyperplane H = {z, (p, z) = &}. The point x
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(resp. ay )is not efficient because strictly dominated by ag (resp. x). Thus there exists a point
which is not efficient and the proof is complete. ]

Theorem 4.3 We have the following properties:

(1) If both sets AT and A~ are not contained in a same hyperplane then SE(AT, A7) =
E(AT,A7).
(ii) If AT and A~ are contained in a same hyperplane H , then

ri(co(AT)) Nri(co(A™) =0 < E(AT,A7)CH.
(iii) ri(co(A1)) Nri(co(A™)) =0 & SE(AT,A")=E(A", A7) #X.

Proof (i) Assume that there exists a point x which is efficient without being strictly efficient.
This point is then dominated but not strictly dominated. Since the norm is induced by a scalar
product, that exactly means all the attracting and repulsive demand points are contained in
a same hyperplane and the result follows.

(ii) Now, assume that ri(co(A™")) Nri(co(A™)) = @ and let us start by proving that, if
x ¢ H, thenthere exist p€ X, p#0,anda € R

At CHZ:={zeX; (p,2) >a},
A-CcH=:={zeX; (p.z) <a},
A*UA- ¢ H,

(p.x) <«

Indeed, since ri(co(A™)) Nri(co(A™)) = @, the sets co(A™) and co(A™) can be properly
separated (Rockafellar 1970). That means there exist some g € X, ¢ # 0, and B8 € R such
that

(g,at)>B Va™ € co(A™),

(g, a”)y<B Ya~ € co(A7),

Ja € At UA™  suchthat (q,a) # B.
If (g, x) < B then we can take p := p and @ := . If (g, x) > B then, any p and @ of the
form p=g + Ap and @ = B8 + A, with H :={z € X; (p, z) = a}, and A satisfying

AM(p.x) —a] <(g.x) =B,

work because we have

(poaty=(q,a"y+Mp,a")y>B+ra=a Va'eAT,
(p,a~y={q,a )+ AMp,a)<B+ra=a Va €A,
(p.a)={q,a) +r(p,a) #7,

(P, x)={(q,x)+Ap,x) < B+ra=0.

Note that the sign of A depends on the position of x relative to H. Next, consider the point
y which is symmetric to x with respect to H. It is clear that y strictly dominates x and
thus x ¢ E(A*, A™). We finally have proved that E(A*, A™) C H. The reverse implication
directly follows from Proposition 4.1.

@ Springer



54 Ann Oper Res (2009) 167: 43-60

(iii) Assume that x ¢ SE(A™, A™). Then x is dominated by some y # x. Set H= :=
{ziy(z —x) 2 y(z — y)} and H* := {z;¥(z — x) > y(z — y)}. We have A" C H=,
AT CH=IMATUA™ ¢ H:={z; y(z—x) = y(z— )} then y strictly dominates x and thus
x¢ E(AT,A7). If AT U A~ C H then assertion (ii) shows that E(A', A™) C H. However,
since x ¢ H, we deduce that x ¢ E(AT, A™). Consequently E(AT,A™) C SE(AT,A™)
and these two sets coincide. The proof ends by observing that Proposition 4.1 implies that
E(A*, A7) #X. 0

4.3 Unconstrained weak efficiency

Theorem 4.4 A characterization of weakly efficient points is given by
xeWEAT, A7) <= co(A")Nco({x}UA)#Q.

Proof Suppose that co(A™) Nco({x} U A~) = @. The sets co(A™) and co({x} U A™) are
convex and compact. Thus, by a classical separation theorem they can be strictly separated
by an hyperplane. Thus there exists some p € X, p #0, and o € R such that

co(AYYCH” :={z€X; (p,z) >a} and
co((x}UAT)CH=:={zeX; (p,z) <a}

Now consider the point y which is symmetric to x with respectto H :={z € X, (p,z) =«}.
Since y derives from a scalar product, H~ and H = can be equivalently redefined via x and
vaa H  ={zeX;, yz—x)>y@z—y)land H-={ze X; y(z—x) <y —y)}. It
immediately follows that y strongly dominates x and thus x ¢ WE(A™', A™).

Conversely suppose that x ¢ WE(A', A7). Then x is strongly dominated, i.e., there ex-
ists y € X, y # x, such that

Vat € AT, y(a® —x)>y(@" —y) and
Ya- €A™, y(a —x)<y(a —y).

Thus ATC H” :={z€X; yz—x)>yGz—y}land A~ CH=~:={z€X; y(z—x) <
y(z — y)}. It follows that co(A™) C H>, co({x}U A™) C H= and consequently co(A") and
co({x} U A7) are disjoint. (I

As already mentioned in the introduction, this very simple characterization of weak effi-
ciency is somewhat surprising due to the non-convexity induced by the presence of repulsive
demand points. Unfortunately this result, the proof of which is completely based on the spe-
cific properties induced by the scalar product, cannot be extended to arbitrary norms or in
presence of constraints. A major difficulty consists in finding a convenient substitute for
co(A™) and co({x} U A7) due to the lack of nice properties of the set of points equidistant
to two points (which is the bisector in the Euclidean plane).

Note that in the pure attracting case, i.e. if A~ =, the efficiency condition merely re-
duces to co(A1) N {x} # @. We rediscover the well known property asserting that the set of
weakly efficient points coincides with the convex hull of the demand points.

We also should indicate that, in presence of repulsive demand points, the set of weakly
efficient points is never bounded. More precisely, we have the following results which are
direct consequences of Theorem 4.4 and the proofs of which are omitted.

@ Springer



Ann Oper Res (2009) 167: 43-60 55

Corollary 4.3 The following assertions are equivalent:

(1) WE(A™, A7) is compact,
(i) A~ is empty;
(iii) WE(A*, A™) = co(A™).

Proposition 4.2 A condition under which the weakly efficient set coincides with the whole
space is given by

co(AHNco(A)#0 < WEA' A)=X.
Now, we can give a complete geometrical description of the efficient sets.

Theorem 4.5 Assume that A* and A~ are both non empty and consider the set K :=
co(A™) 4+ cone[co(AT) — co(A7)]. Then:

(i) E(A*,A") = WE(A*, A™) or E(A*, A~) = SE(A™, A™).
(ii) If co(AY) Nco(A™) = then

SE(A*,AT)=E(A*, A7) =WE(A*, A7) =K.
The proof of Theorem 4.5 requires the following technical result.

Lemmad4.2 Let C C X and D C X be two nonempty convex sets such that C N\ D = (. Then

CNeco(DU{x})#0 <<= xeC+cone(C— D).

Proof The justification is very similar to the proof of Lemma 4.1. Assume that C N co(D U
{x}) # @. Then there exist c € C, d € D and 0 < A <1 such that c = (1 — A)d + Ax. Since
C N D=, wehave A > 0. Then

1—A
A

xX=c+ (c—d)
and this asserts that x € C 4 cone(C — D).

Conversely, if x € C + cone(C — D), there exist ¢;,c; € C, d € D and A > 0 such that
x =c; + A(c; —d). Then

2 Lo, *
X = C C
A+l a1l a1 T A

2.

The left-hand side of this equality is in co(D U {x}) while the right-hand side is in C. Thus
C Nco(D U {x}) # @ and the proof is complete. O

Proof of Theorem 4.5 Let us start by proving (i) and assume that E(A™, A7) #
WE(A', A7). According to Proposition 4.1, we have

ri(co(AT)) Nri(co(A™)) =0

and we conclude by Theorem 4.3(iii).
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Now let us prove (ii). Consider some x ¢ SE(A*, A™). Then, by Theorem 4.1, x ¢ K.
Since co(A1T) Nco(A™) = @, Lemma 4.2 shows that co(A*) Nco({x} U A7) = @. By The-
orem 4.4 we conclude that x ¢ WE(A™, A™). Thus WE(At, A7) C SE(A™, A7) and finally
the sets SE(A*, A7), E(A*, A™) and WE(A™, A7) coincide with K. d

In presence of attracting and repulsive demand points it should be noted that the sets
SE(A*, A7), E(AT, A”) and WE(A*, A~) may no longer coincide as in the pure attract-
ing case. As example consider in the plane X = R? the sets AT = {a]",aS} and A~ =
{a;,a;, a5} with al+ =(0,0), a; =(0,-1D,a; =(-1,0),a, =(1,0) and a; =(—1,1)
and take x = (1, 1). We have co(A*) Nco(A™) # @ and thus WE(A™, A™) = R?. However,
x, which is weakly efficient, is strictly dominated by y = (1, —1) and hence is not efficient.

Corollary 4.4 The sets E(A", A™) and WE(A™, A™) are closed and convex.
4.4 Constrained efficiency

The following very simple example gives an idea of the difficulty to obtain sufficient condi-
tions for efficiency in presence of constraints. Consider in the plane X = R? the attracting
demand point a* = (0, 1) and the repulsive demand point a~ = (0, 0). If we consider as set
of constraints the set Q := co{by, by, b3}, with by = (=2,0), b, = (-1, 3) and b3 = (0, —3),
the feasible point x = (—2, 0) if weakly efficient. However if we slightly move b5 in the
direction § = (0, —1), e.g. if we consider the set of constraint Q2 := co{by, by, by} with
bs = (0, —1), the point x becomes not weakly efficient because strongly dominated by by.
Note that b, is, among the feasible points, the one which is the farthest from x. The condi-
tion of weak efficiency hence does not only depend on the geometry of 2 at x. This is due to
the non convexity induced by the repulsive demand point. Note also that x remains locally
weakly efficient.

The following relationship between WE(A™', A™) and WE(A™, A~, Q) provides a suffi-
cient condition for weak efficiency. However this condition just allows to reach a small part
of the constrained weakly efficient points as will be illustrated.

Proposition 4.3 If Q2 C X is a nonempty closed convex set of constraints, then
Proj, WE(AT, A™) C WE(A™, A™, Q).

Proof Consider some x of the form x = Proj, (x) with x € WE(A', A7) and assume that x
is not weakly efficient. Then, there exists y € €2 such that

AYCH” :={z; y(z—x)>y(z—y)} and
ATCH :={z; ye—x)<y—y)}

The norm being strictly convex, x is the unique feasible point minimizing the distance be-
tween X and €. It follows that X € H= and co({x} U A~) C H~=. Since co(A") C H> we
deduce that

co({x}UA)Nco(AN) =0

and we get a contradiction with Theorem 4.4. O
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The following example shows that, in general, there may exist constrained weakly ef-
ficient points which cannot be obtained as projection of an unconstrained weakly efficient
point. Consider in the plane X = R? the sets A* = {a* = (0,0)} and A~ = {a~ = (0, 1)}
and take as set of constraints 2 the line segment [b, ¢] with b = (—1,0) and ¢ = (-3, 0).
The set of weakly efficient points is the negative half line on the y-axis. The projection of
the set WE(A™, A™) onto  is then reduced to the single point . But one can easily see that
all points in 2 are weakly efficient.

Note that all the points of €2 satisfy the necessary conditions of Corollary 3.1. At a point
x €ri(£2) we have two feasible directions, §; = (1, 0) and §, = (—1, 0) and these directions
generate the sets Q5, =R~ x R and 05, = R" x R. One can easily verify thata™ € x + Q;,
and a~ € x + P;,. At the point c (resp. b) we have one feasible direction §; (resp. &,) and
a” €c+ P, (resp.at €b+ Qs,).

4.5 Computing the efficient sets in the plane

In this section we show how to compute the efficient sets in dimension two. According to
the results of the previous section, we just need to consider the case co(A™) Nco(A™) =0
for which all the efficient sets SE(A™T, A=, E(A™, A7) and WE(A™, A™) coincide.

Theorem 4.6 Assume that AT C R? and A~ C R? are finite sets containing n and m de-
mand points respectively, and that co(A*) Nco(A™) = 0. Then, SE(AT, A7) can be com-
puted in O(nm) + O (nlogn) time.

Proof According to Theorem 4.5 we have
SE(AT, A7) =co(A™) + cone[co(B)] with B=A"T — A",

It is well known that we can compute co(A™) in O (nlogn) time. A procedure which pro-
vides a list £ containing the extreme points of co(A™) in clockwise order in O (nlogn) time
can be found e.g. in De Berg et al. (1998). This procedure needs to test whether a point r
lies left or right of the directed line through two other points p and g. Let p = (py, p,),
q = (gx, qy) and r = (7«,1,),. This can be done by testing the sign of the scalar product

A(p,q,r):=(u,r) withu:=(p, —qy,q: — po).

Clearly, r lies left of the line when A(p,q,r) > 0 and lies right of the line when
A(p,q,r) > 0. This primitive operation required in most geometrical algorithms will also
be used below.

Consider the computation of the convex cone C := cone[co(B)] generated by the set B.
The sets AT and A~ are compact and we have co(A1) Nco(A™) = @. Thus C is closed and
pointed. Since we are in dimension two, C is polyhedral. Moreover either C has a nonempty
interior, in which case it has two extreme rays, or C has an empty interior, in which case C
is a half-line and it has only one extreme ray. The problem is then to determine, among the
elements of B a pair of them, say b’ and b/, for which the angle Zb'0b/ is maximal. This
can be done by the following procedure described in a style of pseudocode
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Algorithm 1

Input. A set B ={b',b?, ..., b*} of € points contained in an open halfplane passing through
the origin.

Output. Two extreme rays r* and r~.

1. rt<blandr= < b!

2. for all points &', i # 1

3 do compute At := A0, rt, b)
4. if AT > 0thenrt < b

5 do compute A~ := A(0, 7, b)
6 if AT <Othenr™ <« b

7. returnrt and r~.

Applying the procedure with B = {¢ — a™;e € Ext(co(A™)),a” € A~} where
Ext(co(A")) = {e!, €2, ..., "} is the set of k < n extreme points of co(A*) and £ = km,
clearly the total time required for computing the extreme rays r* and r~ is O(nm). Once
these rays are obtained it remains to generate the extreme points of SE(AY, A™). The proce-
dure used to compute the extreme rays can be adapted for computing the two extreme points
e(r™) and e(r~) which are adjacent to the two extreme directions {e(r™) + Ar*; A > 0} and
{e(r™) +Ar ;A >0} of SE(A™, A™). We recall that an extreme direction of a convex set is
a half-line face. We can proceed as follows.

Algorithm 2

Input. The list £ = {e!, €2, ..., e} of the extreme points of co(A™) in clockwise order and
the two extreme rays » ™ and .

Output. The list £,,, containing the extreme points of WE(A', A™).

L et «—el.

kw1, kt«<1,e «<e
for all points ¢’ € £, i # 1
do compute At := Alet, et +rt, e/]

if AT>0thene™ < ¢ and kt «i
do compute A~ :=Ale",e” +r7,¢e’]

if At <Othene <« ¢ and k™ «i
return the list £, = {ek, K™+, ... e ).

NNk

Clearly the total time required for computing & and e is O(k). Finally the total time
to compute SE(A™, A7) is O(nlogn) + O (nm). O

5 Conclusion

In this paper, we have developed sufficient and/or necessary conditions of efficiency for the
problem of locating a facility in presence of attracting and repulsive interactions.

In the absence of constraint, we have completely clarified the case of a norm induced by
a scalar product. The efficient set coincides with the strictly efficient set and/or coincides
with the weakly efficient set. When the convex hull of the attracting demand points does not
meet the convex hull of the repulsive demand points, the three sets coincide. The weakly
efficient set is the whole space iff these convex hulls overlap and a similar result holds for
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the efficient set when we replace the convex hulls by their relative interiors. We also have
shown that, in the plane and with a finite set of demand points, the efficient sets can be
computed in polynomial time.

With closed convex constraints and when an arbitrary norm is used, we have provided
necessary conditions for efficiency in terms of Qs sets. An open question is clearly to char-
acterize efficiency with an £, norm, the £, norm, or more generally with a polyhedral norm.
Some results could be expected in the polyhedral case in presence of only one repulsive
demand point.

It may also be possible to derive properties of efficiency via duality arguments as in
Durier and Michelot (1986), Ndiaye and Michelot (1998). All these questions are presently
under investigation.

Acknowledgement We would like to thank the anonymous referees for their remarks and valuable sugges-
tions in reviewing this paper.

References

Blanquero, R., & Carrizosa, E. (2002). A D.C. biobjective location model. Journal of Global Optimization,
23, 139-154.

Brimberg, J., & Juel, H. (1998a). A minisum model with forbidden regions for location a semi-desirable
facility in the plane. Location Science, 6, 109—120.

Brimberg, J., & Juel, H. (1998b). On locating a semi-desirable facility on the continuous plane. International
Transactions in Operational Research, 5, 59-66.

Brimberg, J., & Juel, H. (1998c). A bi-criteria model for locating a semi-desirable facility in the plane.
European journal of operational research, 106, 144—151.

Brown, A. L. (1964). Best n-dimensional approximation to sets of functions. Proceedings of the London
Mathematical Society, 14, 577-594.

Carrizosa, E., & Plastria, F. (1999). Location of semi-obnoxious facilities. Studies in Locational Analysis, 12,
1-27.

Carrizosa, E., & Plastria, F. (2000). Dominators for multiple-objective quasiconvex maximization problems.
Journal of Global Optimization, 18, 35-58.

Carrizosa, E., Conde, E., & Romero-Morales, D. (1997). Location of a semiobnoxious facility. A biobjective
approach. In Lecture notes in economics and mathematical systems: Vol. 455. Advances in multiple and
goal programming (pp. 274-281). New York: Springer.

Chen, P. C., Hansen, P., Jaumard, B., & Tuy, H. (1992). Weber’s problem with attraction and repulsion.
Journal of Regional Science, 32, 467-485.

De Berg, M., Van Kreveld, M., Overmars, M., & Schwarzkopf, O. (1998). Computational geometry. Berlin:
Springer.

Drezner, Z., & Wesolowsky, G. O. (1983). The Location of an obnoxious facility with rectangular distances.
Journal of Regional Science, 23, 241-248.

Drezner, Z., & Wesolowsky, G. O. (1985). Location of multiple obnoxious facilities. Transportation Science,
19, 193-202.

Drezner, Z., & Wesolowsky, G. O. (1990). The Weber problem on the plane with some negative weights.
INFOR, 29, 87-99. Toronto, November 1988.

Durier, R. (1987). Sets of efficiency in a normed space and inner product. In J. Jahn & W. Krabs (Eds.),
Lecture notes in economics and mathematical systems. Recent advances and historical development of
vector optimization (pp. 114—-128). New York: Springer.

Durier, R. (1990). On Pareto optima, the Fermat—Weber problem and polyhedral gauges. Mathematical Pro-
gramming, 47, 65-79.

Durier, R., & Michelot, C. (1986). Set of efficients points in a normed space. Journal of Mathematical Analy-
sis and Applications, 117, 506-528.

Erkut, E., & Neuman, S. (1989). Analytical models for locating undesirable facilities. European Journal of
Operational Research, 40, 275-291.

Hansen, P., Peeters, D., & Thisse, J. F. (1981). On the location of an obnoxious facility. Sistemi Urbani, 3,
299-317.

Love, R. F, Morris, J. G., & Wesolowsky, G. O. (1988). Facility locations: models and methods. Amsterdam:
North-Holland.

@ Springer



60 Ann Oper Res (2009) 167: 43-60

Melachrinoudis, E. (1999). Bicriteria location of a semi-obnoxious facility. Computers and Industrial Engi-
neering, 37, 581-593.

Melachrinoudis, E., & Cullinane, T. P. (1985). Locating an undesirable facility within a geographical region
using the maximin criterion. Journal of Regional Science, 25, 115-127.

Melachrinoudis, E., & Xanthopulos, Z. (2003). Semi-obnoxious single facility location in the Euclidean
space. Computers and Operations Research, 30, 2191-2209.

Mufioz-Pérez, J., & Saameno-Rodriguez, J. J. (1999). Location of an undesirable facility in a polygonal region
with forbidden zones. European Journal of Operational Research, 114, 372-379.

Ndiaye, M. (1996). Efficiency sous constraints et théorie de la localisation. These de Doctorat de I’ Université
de Bourgogne, Dijon.

Ndiaye, M., & Michelot, C. (1998). Efficiency in constrained continuous location. European Journal of Op-
erational Research, 104, 288-298.

Ohsawa, Y. (2000). Bicriteria Euclidean location associated with maximin and minimax criteria. Naval Re-
search Logistics, 47, 581-592.

Ohsawa, Y., & Tamura, K. (2003). Efficient location for a semi-obnoxious facility. Annals of Operations
Research, 123, 173-188.

Ohsawa, Y., Plastria, F., & Tamura, K. Euclidean push-pull partial covering problems. Computers and Oper-
ations Research, to appear.

Plastria, F. (1991). The effects of majority in Fermat-Weber problems with attraction and repulsion in a
pseudometric space. Yugoslav Journal of Operations Research, 1, 141-146.

Plastria, F. (1993). Continuous location anno 92, Isolde VI survey paper. Studies in Location Analysis, 5,
85-127.

Plastria, F. (1995). Continuous location problems: research, results and questions. In Z. Drezner (Ed.), Facility
location: a survey of applications and methods (pp. 225-262). New York: Springer.

Plastria, F. (1996). Optimal location of undesirable facilities: A selective overview. Belgium Journal of Op-
erations Research, Statistics and Computer Science, 36, 109—127.

Plastria, F., & Carrizosa, E. (1999). Undesirable facility location with minimal covering objectives. European
Journal of Operational Research, 119, 158—180.

Ratick, S. J., & White, A. C. (1988). A risk-sharing model for locating noxious facilities. Environment and
Planning B: Planning and Design, 15, 165-179.

Rockafellar, R. T. (1970). Convex analysis. Princeton: Princeton University Press.

Romero-Morales, D., Carrizosa, E., & Conde, E. (1997). Semi-obnoxious location models: A global opti-
mization approach. European Journal of Operational Research, 102, 295-301.

Saamefio-Rodriguez, J. J., Guerrero-Garcia, C., Muiloz-Pérez, J., & Mérida-Casermeiro, E. A general model
for the undesirable single facility location problem. Operations Research Letters, to appear.

Skriver, A. V. J., & Andersen, K. A. (2003). The bicriterion semi-obnoxious location problem (BSLP) solved
by an e-approximation. European Journal of Operational Research, 146, 517-528.

Tamir, A. (2006). Locating two obnoxious facilities using the weighted maximin criterion. Operations Re-
search Letters, 34, 97-105.

Tellier, L. N., & Polanski, B. (1989). The Weber problem: frequency of different solution types and extension
to repulsive forces and dynamic processes. Journal of Regional Science, 29, 387-405.

Yapicioglu, H., Dozier, G., & Smith, A. E. (2004). Bi-criteria model for locating a semi-desirable facility
on a plane using particle swarm optimization. In Proceedings of the 2004 congress on evolutionary
computation (pp. 2328-2334).

Yapicioglu, H., Smith, A. E., & Dozier, G. Solving the semi-desirable facility location problem using bi-
objective particle swarm, European Journal of Operational Research, 2006, to appear.

@ Springer



	Efficiency for continuous facility location problems with attraction and repulsion
	Abstract
	Introduction
	Notations, definitions and first properties
	Necessary conditions for efficiency in terms of Qdelta sets
	The case of a norm induced by a scalar product
	Unconstrained strict efficiency
	Unconstrained efficiency
	Unconstrained weak efficiency
	Constrained efficiency
	Computing the efficient sets in the plane

	Conclusion
	Acknowledgement
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


