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Abstract

Our basic object in this paper is to show that for a given bornology 3
on a Banach space X the following “liminf” formula holds true

lim inf Ts(C;2') C Te(C; )

z/ Sz
for every closed set C C X, and x € C, provided that the space X x X is
Op-trusted. Here T3 (C; z) and T.(C; z) denote the S-tangent cone and the
Clarke tangent cone to C' at x. The trustworthiness includes spaces with
an equivalent S-differentiable norm or more generally with a Lipschitz
[B-differentiable bump function. As a consequence, we show that for the
Fréchet bornology, this “lim inf” formula characterizes in fact the Asplund
property of X. We use our results to obtain new characterizations of Tj-
pseudoconvexity of X.
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1 Introduction

Let X be a real Banach space and X* be its topological dual with pairing (-, ).
A bornology 8 on X is a family of bounded and centrally symmetric subsets of
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X whose union is X, which is closed under multiplication by positive scalars
and is directed upwards (i.e., the union of any two members of § is contained
in some member of 3). The most important bornologies are Gateaux bornology
consisting of all finite subset of X, Hadamard bornology consisting of all norm
compact sets, weak Hadamard bornology consisting of all weakly compact sets
and Fréchet bornology consisting of all bounded sets.

Each bornology g generates a S-subdifferential which in turn gives rise to the
[B-normal cone, and hence by making polars to the S-tangent cone.

In this paper, we are concerned with sufficient conditions on a Banach space X
satisfying the following “liminf” formula

lirncinfTB(C; x') C T.(C;x) (1.1)
' =S
for each closed set C' C X, and for each x € C. Here T3(C;z) and T.(C; )
denote the S-tangent cone and the Clarke tangent cone to C' at .
This kind of formulas has been studied by many authors in special situations.
They started with the work by Cornet [6] who found a topological connection

between the Clarke tangent cone and the contingent cone K (C;z) to C at z.
He has shown that if C' C R™, then

T.(C;x) = liminf K(C;z').

w'&w

Using his new characterization of Clarke tangent cone, Treiman [20]-[21](see
also [8] for an independent proof) showed that the inclusion

limcinf K(C;x') C T.(C;x)

' —x
is true in any Banach space and equality holds whenever C' is epi-Lipschitzian
at x in the sense of Rockafellar [19]. But this result does not include the finite
dimensional case where this formula holds true for any closed set. In [4],[5],
Borwein and Strojwas introduced the concept of compactly epi-Lipschitz sets to
show that the previous equality holds for C' in this class unifying the finite and
infinite dimensional situations. In the case when the space is reflexive, these
authors obtained the following equality

T.(C,z) = limcinf WK(C,z')
=z
where WK (C, x) denotes the weak-contingent cone to C' at . They generalize
the results of Penot [16] for finite dimensional and reflexive Banach spaces and
of Cornet [6] for finite dimensional spaces. Aubin-Frankowska [2] obtained the
following formula

T.(C;z) = liminf WK (C;2') = liminf co( WK (C; z"))
'Sz oSz

in the case when the space X is uniformly smooth and the norm of X* is Fréchet
differentiable off the origin.



In their paper [5], Borwein and Strojwas gave a characterization of reflexive
Banach spaces. They showed that the following assertions are equivalent :

(i) T.(C;2) C liminf coW K(C;x'), for all closed sets C C X, and all x € C;
g

(it) X is reflexive.

The validity of the “lim inf” formula (1.1) has been accomplished in Borwein and

Toffe [3] in the case when the space X admits a S-differentiable equivalent norm.

Our aim in this paper is to show that if the space X x X is Jg-trusted or equiv-
alently basic fuzzy principle is satisfied on X x X (this includes spaces with
equivalent ([-smooth norm or more generaly spaces with Lipschitz S-smooth
bump function) then the “liminf” formula (1.1) holds. As a consequence, we
show that for the Fréchet bornology, the formula (1.1) characterizes in fact the
Asplund property of X. We then use our results to obtain new characterizations
of B-pseudoconvexity.

The plan of the present paper is as follows: After recalling some tools of nons-
mooth analysis in the second section, we establish in the third one a connection
between Gateaux (Fréchet) differentiability of the norm and the regularity of
the set D = B¢ = {z € X : ||z|| > 1}. For 2 € D, with ||z|| = 1, Borwein and
Strojwas [5] showed that Gateaux differentiability of the norm at Z is equivalent
to coK(C;z) # X. We prove that Gateaux differentiability of the norm at z is
equivalent to K (D;Z) equal to a half space which in turn is equivalent to the
Clarke tangential regularity of D at Z. Similar results are obtained for Fréchet
differentiability by means of the Fréchet normal cone to D. In the fourth section,
we prove our main theorem and some of its consequences. In the fifth section,
we give some corollaries, namely a new characterization of Asplund spaces: A
Banach space is Asplund space if and only if the “liminf” formula holds true
with the Fréchet bornology for any closed set C' C X. The last section concerns
characterizations of Tz-pseudoconvex sets.

2 Notation and Preliminaries

Let X be a Banach space with a given norm || - ||, X* be its topological dual
space and (-, -) be the duality pairing between X and X*. The sphere of X and
the open ball in X centered at z and of radius ¢ are defined by Sx = {h € X :
Ih]| =1} and B(z,8) ={h € X : |h —z|| < §}.

Let C be a closed subset of X. The contingent cone K(C;x) (resp. weak-
contingent cone WK (C;x)) to C at x is the set of all A € X for which there are
a sequence (h,) in X converging strongly (resp. weakly) to h and a sequence of
positive numbers (t,,) converging to zero such that

T+ tyh, € C,

for all n € N. A vector h € X belongs to the Clarke tangent cone T.(C;z) of C



at x provided that for any real € > 0 there exists a real § > 0 such that
(u+tB(h,e)) NC # 0,

for all w € C N B(z,d) and t €]0,4[. It is known that h € T.(C;z) if and only
if for any sequences (z,) € C converging to = and (t,) of positive numbers
converging to zero there is a sequence (h,,) in X converging to h such that

Ty + tphy, € C,

for all n € N. Tt is obvious that T.(C;z) C K(C;x). The Clarke normal cone
is defined as the negative polar cone of the Clarke tangent cone, that is,

N(Ciz):={z" € X*: (z*,h) <0 forall h € T.(C;z)}.
Let us recall that the (negative) polar cone of a convex cone K is given by
K°={z*c X*: (2*,h) <0 Vhe K}.

Definition 2.1 Let f : X — R U {£o0} be a function finite at x and S be a
bornology on X.

(a) f is said to be B-differentiable (or B-smooth) at x if it is Gdteaux differen-
tiable at x uniformly on members of 3, that is, there is x* € X* such that for
each set S € f8

lim ¢~ sup |f(z +th) — f(x) — (x*,th) | =0,
t—o00 heS

(b) x* € X* is a B-subgradient of f at x, if for each € > 0 and each set S €
there is § > 0 such that for all0 <t < and allh € S

EL (S th) — f(@) — @ h) > e
We denote by 0gf(x) the set of all B-subgradient of f at x.
It follows from this definition that if 51 C B2, then 9s, f(x) C 95, f(x).

Applying Definition 2.1(a) to the bounded bornology, Gateaux bornology and
Hadamard bornology, we obtain the following classical definitions of:

e Fréchet differentiability: There is 2* € X* such that

lim |2~ (£ + B) = £(2) = (&, 1)) = 0.

o Gateaux differentiability: There is z* € X* such that

Vhe X, lim t7'(f(xz+th) — f(z)) = (=¥, h).

t—0+



e Hadamard differentiability: There is * € X* such that
Vh e X, m 7 f(x + tu) — f(x)) = (z*,h).

li
t—0",
u—h

While Definition 2.1(b) leads ([14]) in the case of the bounded bornology, Gateaux

bornology and Hadamard bornology, to the following classical definitions of :

e Fréchet-subdifferential of f at x:

_ = d ot e x*  qiming L W) = f(@) — @y —z)
dsf(z) = O f(x) { € X" : lim inf 2 >0}.

e Gateaux-subdifferential of f at z:

t—0+ t

Opf(x) =0gf(x) = {x* € X" : liminf fla+th) = /() > (z*,h), Vhe X}.

e Hadamard-subdifferential (or Dini-Hadamard-subdifferential) of f at x:

9pf(x) =Onf(z) = {x* e X" limigf f(fl)—f—tl;) — f(@)

u—h

> (2*,h), VheX}.

We denote by 0 the Fenchel (or Moreau-Rockafeller) subdifferential that is
Of(x) ={z* € X" : f(x+h) — f(x) > (z,h),Vh € X}.

It is important to note that in case of lower semicontinuous convex function f,
we have

Opf(x) =0f(x).
We will denote by Ng(C';x) the S-normal cone of C' at x which is defined by
Ng(C; m) = 85’1/)0(%)
where ¥ is the indicator fonction of C, that is,

0 if x € C,
1/10(30)—{ —+o00 ife¢gC

and by T3(C; x) the B-tangent cone which is defined as the negative polar cone
of the S-normal cone intersected with X, that is

T3(C,z) = (Ng(C,2))° N X.
For any bornology 8 the following inclusions hold:
Np(C;z) C Ng(Cix) C Na(Csz), Ta(Cix) CTp(Ciz) C Tr(C;x).

When g is the Hadamard (resp. Fréchet) bornology, then ([1],[17]) we obtain
that

Ty (C;z) =K (C;x), (resp. Np(C;z) = {x* e X" limsup@’u_gc> < 0})
c u—x
u—rx



Definition 2.2 Let X be a Banach space and let B be a bornology on it, we say
that X is Og trusted, if the following fuzzy minimization rule holds: let f be a
lower semicontinuous function on X finite at T € X, and let g be a Lipschitz
continuous function on X. Assume that f + g attains a local minimum at x.
Then for any € > 0 there are z,u € X and «* € 0sf(z), u* € 0zg(u) such that

[z -zl <€ flu—zll <€ [|f(z)—f(@)| <€ and [z"+y"[| <e
We recall that a bump function on X is a real-valued function ¢ which has
bounded nonempty support supp(¢) = {z € X : ¢(z) # 0}.

Proposition 2.3 [14] If there is on X a (B-differentiable Lipschitz bump func-
tion, then X is Og—trusted,

Proposition 2.4 [9] A Banach space is trusted for the Fréchet subdifferential
if and only if it is Asplund.

3 Characterizations of Gateaux and Fréchet dif-
ferentiability of the norm

In this section, we study the connection between differentiability of the norm
|- |l on X and some property of the subset D := B¢ = {x € X : ||z|| > 1}. In [5]
Borwein and Srojwas showed several properties of D in various Banach spaces.
In particular they showed that if ||Z]] = 1 then Gateaux differentiability of the
norm at Z is equivalent to the P-properness of D et Z, i.e., coK(D;x) # X. In
this section we will show furthur properties for various norms. We denote by
P (x) the set of projections of x on the subset C of X, i.e.,

Pe(r) ={y € C: [z —y|l = do(z)}.

Proposition 3.1 Assume that X is a Banach space with a given norm || - ||.
Let & € D with ||Z|| = 1. Then

(a) K(D;Z) contains at least a one half space,

(b) z+ K(D;z) C D,

(c) K(D;#) £ X,

(d) VA €]0,1[, DN B(Z,1 —\)+tB(z,\) C D, forall t>0,
(e) B(z,1) C T.(D;x),

(f) Hi—” € Pp(z) and dp(x) =1—||z|| for all z € B\{0}.



Proof. (a) Since B is convex and ||Z|| = 1, Hahn-Banach Theorem ensures the
existence of x* € X*, with ||z*|| = 1, such that

Bc{heX: (z*h—x) <0}.
Thus

{he X :(z*,h—T) >0} C D,

Z+{heX:(z*,h) >0} CD,

{he X :{(z*,h) >0} CD—1z.

Therefore we receive that
{heX:(z* h) >0} C K(D;z).

(b) Suppose that there is h € K(D;Z) such that Z + h € intB. Then there is
0 > 0 such that  + B(h,d) C B. Since B is convex for any ¢ €]0, 1]

Z+tB(h,d) CB.

Therefore for any sequences (h,,) converging to h and any ¢, — 0 there isng € N
such that
T+ tphy, € intB, VYn > ng.

This is in contradiction with h € K(D, ), therefore Z + h € D.
(c) It is a direct consequence of (b).
(d) Forany x € D, z € X and ¢t > 0

[z =+t <t = A4zl -zl <t = 1<z

Therefore B((1+t)x,t) C D or equivalently z+¢B(z,1) C D. Let A €]0,1] and
pick z € B(Z,1 — \) N D, then B(Z,\) C B(z,1) and hence = + tB(Z,\) C D.
Finally we receive that

DnNnB(z,1—-X)+tB(z,\) CD.

(e) Let (z,), be a sequence in D converging to T, (t,), be a sequence of
positive numbers converging to 0 and h € B(Z,1). Then there exist A > 0 and
ng > 0 such that for all n > ng, z, € DNB(Z,1— \). The property (d) ensures
that x, +t,h € D for all n > ng. By the definition of the Clarke tangent cone,
we get h € T,.(D; T).

(f) Suppose that x € Bx and z € D, then

x
o= 20 2 2l = lloll = 1=l = ||o = - |
o

therefore ﬁ € Pp(z).00
x

The following proposition contains several characterizations of the Gateaux dif-
ferentiability of the norm.



Proposition 3.2 Let X be a Banach space with a given norm || -|. Assume
that ||Z|| = 1. Then the following assertions are equivalent:

(a) || || is Géteauz differentiable at Z,
(b) there is x* € X*, ||z*|| = 1 such that K(D;Z) = {h € X : (z*, h) > 0},
(¢c) T.(D;z) = K(D;Z).

Proof. (a) = (b). Suppose that || - || is Géateaux differentiable at Z with
derivative x*. Then for any h € X

R

t—0 t <$ 7h>:0

By (a) of Proposition 3.1 the cone K (D;Z) contains at least one half space. If
we show that K(D;z) C {h € X : (x*,h) > 0} then this inclusion will become
equality. Take h € K(D;Z) and find (h,), C X converging strongly to h and
a sequence (t, ), of positive numbers converging to zero such that for all n € N
large enough

Z +tphy, € D.

Thus, as ||Z + t,ha|| > 1,

&+ tahll — 2], . 2+ tahall = 2], .
N Gl : (@ By = [Ih = Bl
= — (@ h) = [|h = Bl
Therefore i n B
lim Iz + tahll — |zl (z*,h) > — (z*, h),
n—o0 tn
0 Z *<f£*,h>,
(x*,h) > 0.

(b)=(a) Assume that K(D;z) = {h : (z*,h) > 0} for some z* € X*. Let
z* € 9| (). Then ||z*|| =1 and

o R = izl

* > 0.
lim ” (z",hy >0
= thll — Iz
Suppose that (z*, h) > 0. Then }iH[l) w > 0 and thus there is tg > 0
—
such that — ~
w > 0’ Y 0<t< t07

and hence for all ¢ €]0,ty[,  + th € D, which asserts that h € K(D;z). We
receive, because of the closedness of K (D;x), that

{h:{z*,h) >0} C K(D;z) C {h:(z",h) > 0}.



By Farkas Lemma ([11]), we conclude that z* = Az* with A > 0. Thus

A= ||z*|| =1 and z*=2".
[Ea
(a) = (c) Suppose that the norm || - || is Gateaux differentiable at Z. It suffices
to show that there exists a unique z* € X*, with ||z*|| = 1 such that

T.(D;z)={h € X : (z*,h) > 0}.

Assertions (c) and (d) of Proposition 3.1 ensure that 0 is a boundary point of
T.(D; %) and intT.(D,Z) # 0. So the separation theorem produces z* € X*,
with ||z*|| = 1 such that

T.(D;z) c{h e X : (z*,h) >0}

and as B(z,1) C T.(D; ) (by (d) of Proposition 3.1), the assumption (a) implies
that z* is exactly the Gateaux derivative of the norm || - || at Z. It remains to
establish the reverse inclusion

T.(D;z7) > {he X : (x*,h) > 0}.

Suppose that there exists v € X satisfying (z*,v) > 0 and v ¢ T.(D;Z). Once
again, the separation theorem yields u* € X*, with ||u*|| = 1, such that

T.(D;z) c{h€ X :{(u*,h) >0} and (u*,v)<O.

As before we show that u* is also a Gateaux derivative of the norm || - || at z,
and by (a), 2* = u* and this contradicts the relations

(z*,v)y >0 and (u*,v) <O0.

(¢) = (b) Suppose that T.(D;Z) = K(D;Z). Then T.(D; Z) contains at least one
half space. By Proposition 3.1, T.(D,Z) # X and by the separation Theorem
(recall that the Clarke cone is convex and closed) there is z* € X*, ||z*|| = 1
such that

T.(D;z) c{h € X :{z*,h) > 0}.

By the Farkas lemma we have
T.(D;x)={h € X : (z* h) > 0}.

O
The following corollary on the density of points of Gateaux differentiability of
the norm is a consequence of Propositions 3.1 and 3.2.

Corollary 3.3 Let (X, |-||) be a Banach space and put D = {u € X : |Ju| > 1}.
The following assertions are equivalent:

(1) For each x € Sx, liminf coK (D;z’) # X.
D

' =z



(2) The norm || - || is Gateauz differentiable on a dense subset of X.
Proof. First, we remark that
liminf coK (D;2') # X <= liminf coK(D;x") # X
o' Bz w’s—);a:
(1) = (2): It suffices to show that || - || is Gateaux differentiable on dense subset
of Sx. Let x € Sx. Then
liminf coK (D;z") # X.
' Ba
Therefore for any € > 0 there is z € B(x,€) N D such that
coK(D;z) # X.

That is the convex cone coK (D;z) belongs to a half space, thus K(D;z) also
belongs to a half space. Since by (a) of Proposition 3.1 we know that K (D; z)
contains at least one half space, then by Farkas Lemma we deduce that K (D; z)
is equal to the half space and || - || is Gateaux differentiable at z according to
the Proposition 3.2.

(2) = (1): Let x € Sx and =z, 5% 2 such that the norm | - | is Gateaux
differentiable. Proposition 3.2 asserts that there exists x) € X*, ||zf| = 1,
such that K(D,z,) = {h € X : (z},h < 0}, and hence coK(D;x,) =
K(D;z,). Applying Proposition 3.1 (b), we get coK(D;x,) C D — x,. Thus
liminf  p_ coK(D;z'") C D — x, and the proof is completed.(]

Proposition 3.4 Let X be a Banach space with a given norm || - ||. Assume
that ||Z|| = 1. Then the following assertions are equivalent:

(a) || || is Fréchet differentiable at Z,
(b) Nr(D;z) # {0},
Proof. (a) = (b) If (a) holds then there is some z* € X*, ||z*|| = 1 which is
the Fréchet derivative of || - || at Z, that is, for any € > 0 there is 6 > 0 such that
Iyl = Izl = (=", y — 7)
lly — x|l
for all y € B(Z,6). If y € DN B(Z,6) then |ly|| > 1 =||Z| and so

—e <

<e

)

<*'I*,y - j>
ly — ||

This implies that —z* € Np(D;Z).
(b) = (a) Suppose that * € Np(D;z) with ||z*|| = 1. Since Np(D;Z) C
(K(D; x))o then, by polarity, we get

K(D;z) c {he X : (z*,h) <0}.

10



As K(D; )" contains at least one half space, we deduce by Farkas Lemma that
K (D;Z) is a half space and therefore Proposition 3.2 asserts that —z* is a
Géteaux derivative of || - || at Z and (—z*,Z) = 1. By the definition of Np(D;Z),
for any € > 0 there is 6 > 0 (with 6 < 1) such that

(.2 — ) < ¢z —Z (3.1)

for all x € D N B(Z,d). We note that

I ==l = aglle = vetell < g e = vt + e = gt
— — T|| = 77— ||T — ||T||T S T T — ||T||T Z||T — ||T||T
] ] o

= |lzll =1+ ||z — ]
< 20z—a|.

d
) 5), then ﬁ € B(z,0) N D and therefore by inequality (3.1)

< Tl > anc*n‘j
b (ot ) S

]l + {27, ﬂr> < 2ef|zf|= — =[],

Thus if © € B(Z

)

[z] = 1+ (2", 2 — T) < 4el|z — 7|,
[z = |lz]| 4+ (z*, 2 — &) < 4el|z — Z|.

As —z* is the Gateaux derivative of || - || at & we receive finally that

0 < flofl = [12[] + (2%, 2 — 7) < def|lz -z,

J
for all x € B(z, 7) Therefore || - || is Fréchet differentiable at z.0J

The following corollary on the density of points of Fréchet differentiability of
the norm is a consequence of Propositions 3.1 and 3.4. Its proof is similar to
that of Corollary 3.3.

Corollary 3.5 Let (X, ||-]|) be a Banach space and put D = {u € X : ||Ju|| > 1}.
The following assertions are equivalent:

(1) For each x € Sx, hmmeF(D ') # X.

CE*)ZL’

(2) The norm || - || is Fréchet differentiable on a dense subset of X.

11



4 The validity of the “liminf” formula

Theorem 4.1 Let (X,| - ||) be a Banach space and § a bornology on X such
that X x X is Og-trusted. Then for any closed subset C of X and x € C

liminf T3(C; z) C To(C; T).
mgi
Proof. Pick w € liminf Ts(C, ). We want to show that w € T.(C; z). Suppose
C

T—T

that w ¢ T.(C,x). Then by Lemma 1.2.1 in [20] there are a sequence z,, in C'
converging to x, a sequence () in (0, %) of real positive numbers converging
to zero, € > 0 and ng € N such that

(2n+]0, Ap]B(w,€)) NC =0, Vn > ny.

Let us fix an integer n > ng and put D := z, + [0, ’\7} B(w,€). Then (D +
Adw) N C = (. Define the function f by

fla.y) = o —y = Awll, V(z,y) € X x X.
Thus f(xn,z,) = A} and

A\ inf > f(@n, Tn)-
n+($7y)lgcwf(w7y) > f(wn, xn)

The well-known Ekeland’s variational principle assures the existence of (u,, v,) €
C x D satisfying
[un — xp |l + lvn — 2l < /\Ew

and
Yu € C, Yo €D, f(un,vn) < flu,v) + X2 (J|u— un || + [ — val]).
Thus
Flun,vn) < flu,0) + X5 (lu = unl + o = val) + e (w) +¢p(v),  (41)

for all u,v € X. Since (D + Ahw) NC =0, we get

ltn — v — M| >0
and so there is §,, > 0 such that

[t —7 = Apwl|| >0,

for all t € B(up,d,) and 7 € B(vy, dy).

Since X x X is dg-trusted, 4.1 provides there are u),uZ,v},v2 € X and

1,2 %l %2 e
* * * * *
uys, U unt e € X* such that

=l + [z, = wnll + llvn = vall + o7 — vall < 0 = min{d,, Ay},

12



[t +ur?l + og! + 2l < o = min{d,, Ay} (4.2)

and
(st 0it) € 0 (£ + A2 (1 =unll + 11 =vall) ) (wh0),

(uy?,v3%) € 95 (Ve + ¥p) (up, vp).
By the convexity of separate summands
O (1 + X2 (- —unl + 11 - —vall) ) (k)
= O(F+22( —wall + - —val) ) (wh 0h)
c 8f( Ups n)+)‘2(BX* XBX*)

Since ||ul — vl — Aw]| # 0 we receive that Of (ul,vl) is included in {(x*, —2*) :
la*|| = 1}. That is there is 2, € X* with ||z} | = 1 such that

Jufl — || < A2 and |vit + 2% < A2

By the inequality (4.2) we receive that

g, + w2l < A%+ Ay and [lop? — 2| < A2+ A (4.3)
and thus
[ur? 4+ w32 (] < 2(A% 4+ A7) (4.4)

It is evident that

9s(tc () + ¥p()(up, vy) = Optbe (up) x Ostp(vy,).

Thus
<v*2u—v2>§0 Yu € D,

<v;§2,xn—|—>\;(w+b)—vi> <0 Vbe B(0,¢),

An A
;2 2 <x N 2w> <0,

(.. A
1_ 2 4 < *2 2 " — n .
5 = Al =) < <vn Vs — X > w>

Using (4.3) and (4.4), we get

A An An

¢ (17)\2 My < <v:2+u;§2,v,2lxn2w>+<u:‘f,vixn2w
2 4 2 An w2 2 An

An A An

62 (1-)\2 - )\fl)+< 2 02— xn> <2 )\2—1—)\4)(”11 —xn—fw”) > <u22,w>,
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A ) A A, L
- (1=X% =X%) = v — | < 2()\i+>\ﬁ)(||?f%*xn*§w||)+? (up?, wy,
€An 2 44 2 y4y/\2 14 2 14 2 An An /oo

An N
(12— X8 =224 N (A € A XD (e = ) (52 )

Now remember that u}? € dgbc(u?) = NP(C,u2), {u?}, converges strongly
to Z, (An)n converges to zero and w € liminfTg(C;x). Therefore there is
C _
Tr—T
wy, € T3(C, u2) converging strongly to w. Thus we receive that

A
e— (28N, < A + A2 (vh — 2 — 7"10”) + (u? w — wi) + (Ui, wy)
A
< A+ A (o — 20 = Frwll) + [[uz? e — wnl
as u*? € Ng(C;u?). Passing to the limit on n and taking into account that
w2 <14+ M2 + A% and v2 — 2, — %"w converges to 0 we receive € < 0 which

is contradiction.[d

We know that if there is on X a S-differentiable Lipschitz bump function then
there is also on X x X a p-differentiable Lipschitz bump function, therefore
according to Proposition 2.3, X x X is dg-trusted. So the following corollary is
a direct consequence of Theorem 4.1.

Corollary 4.2 Assume that there is on X a [-differentiable Lipschitz bump
function. Then for any closed subset C' of X containing x

liminf T3(C;2") C T.(C; z).
C

' =z

We recall that if X admits an equivalent S-differentiable norm (at all nonzero
points), then there is on X a f-differentiable Lipschitz bump function [18]. Note
that the reverse is not true. Haydon [12] constructed a nonseparable Banach
space that has Fréchet differentiable Lipschitz bump function but doesn’t admit
an equivalent Gateaux differentiable norm.

Corollary 4.3 (/3]) Let X be a Banach space with a norm which is B-differentiable
away from the origin. Let C' be a closed subset of X. Then for any x € C we
have

liminf T3(C; 2") C T.(C; ).

x’gm

The following corollary is an extention of Theorem 3.4 in [4] from spaces with
equivalent Fréchet differentiable norm away from the origin to Asplund spaces
and without the weak compcatness assumption on the set C. We recall that
W K(C;z) denotes the weak-contingent cone to C' at x.

14



Corollary 4.4 ([15]) Let X be Asplund space and C be a closed subset of X.
Then for any x € C' we have

lim inf co(W K (C; 2")) C T.(C; x).

z’gz

Proof. Borwein and Strojwas [4] proved that for any closed subset C' of X and
xelC
Np(Ciz) C (WK(C;z))°.

Therefore
co(WK(C;x)) C Tr(C;x).

On the other hand since X is Asplund thus X x X is also Asplund and therefore
according to the Proposition 2.3 trusted for the Fréchet subdifferetnial. By
Theorem 4.1 we receive that

liminf Tr(C;z) C T.(C; z),

az’gx

and therefore
liminf co(WK (C;z)) C T.(C; x).

'S
The proof is completed.[]
To end up this section, we give an extention of Theorem 5.4 in [5] where

lower semicontinuity (LSC) of a multivalued mapping is involved. A multivalued
mapping F': C' = X is said to be lower semicontinuous at x € C' if

F(x) C liminf F(z')
'Sz
and is LSC on C'if it is LSC at each point z in C.
Theorem 4.5 Let (X, ||-||) be a Banach space, (8 be a bornology on X containing
the Hadamard bornology such that X x X is 0g-trusted and C' be a closed subset

of X. Suppose that F : C = X is LSC on C. Then the following statements
are equivalent:

(1) F(x) C T.(C;x), for allz € C,
(i1) F(x) C Tg(C;x), for all x € C.

Proof (ii) = (i) Follows from the lower semicontinuity of F' and Theorem 4.1.
(1) = (i4) : Since T.(C;x) C Ty(C;z), our hypothesis on the bornology
ensures that T.(C;z) C 0K (C;z) = Ty(Ci;x) C Tp(C;z) and so (i) implies
(i). O

15



Remark 4.6

o Statement (2) in Theorem 5.4 in [5] is extended from refelexive Banach
spaces to Asplund spaces.

o The weak compactness assumptions and the smoothness of an equivalent
norm (resp. the Fréchet differentiability of an equivalent norm) off zero
assumed in the statement (4) (resp. (5)) of Theorem 5.4 in [5] are weak-
ened by assuming that the space admits a Gateaux differentiable lipschitz
bump function (resp. the space is Asplund) and the set is closed.

5 The ”liminf” formula as a characterization of
Asplund spaces

We begin by recalling that X is an Asplund space if every continuous convex
function on any open convex subset U of X is Fréchet differentiable at the points
of a dense G subset of U.

A well known theorem of Fabian and Mordukhovich [10] affirms that the space
X is Asplund if and only if for every closed set C' C X and every T € C one has
the limiting representation

N(C;z) = limsup N (C; z)
r—x

where N(z;C) denotes the limiting normal cone of C' at z. Here, we give a
characterization of Asplund spaces by mean of the ”liminf” formula.

Theorem 5.1 A Banach space X is Asplund if and only if for every closed set
C in it and every x € C, the following inclusion holds

lim inf Tw(C;2') C To(C; x).
oS

Proof. (a) = (b): We know that if X is Asplund space then X x X is also
Asplund space. According to (c) of Proposition 2.4 X x X is trusted for Fréchet
subdifferential. Theorem 4.1 asserts that

liminf Tr(C;2') C T.(C; x),
'Sz

for any set C' C X and z € C.

(b) = (a): Suppose that X is not Asplund space then it is known [7] that there is
an equivalent norm on X which is nowhere Fréchet differentiable. Therefore by
Proposition 3.4 Np(Cy;x) = {0} for all x € Cy, where Cy = {z € X : ||z]| > 1}.
Thus Tr(Ch;x) = X for all z € Cy and
X =liminf Tr(Cy;2") C To(Cy; ).
x/c;}w
This is in contradiction with T.(Cy;z) C K(Ci,z) # X (see Proposition 3.1

(¢).00
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6 Convexity of Pseudoconvex sets

Let C be a set in a Banach space X and let € C. Let R(C;z) denotes one of
the cones T.(C;z), Tp(C;z), K(C;z), .... We say that C is R-pseudoconver

at x if
C —xz C R(C;x).

We say that C'is R-pseudoconvex if the last inclusion holds for every x € C.
Concerning this notion, Borwein and Strojwas [5] established the following result
concerning the equivalence between convexity and R-pseudoconvexity. For the
sake of completeness, we include its proof which is slightly different than that
given in [5].

Theorem 6.1 [5] For a closed set C' in a Banach space X TFAE : (i) C is
convez; (i) C is Te-pseudoconvex; (iii) C is K-pseudoconver.

Proof. (i) = (i7) and (i4) = (ii¢) are obvious.

(#it) = (i) : By Treiman Theorem ([20]-[21]) we receive that T.-pseudoconvexity
coincide with K-pseudoconvexity. Suppose that C' is T.-pseudoconvex, that is
C —z C T, (C;z) for all z € C. If C is not convex, then there exist distinct
u,v € C such that Ju,v[NC = 0. Let w €Ju,v| and consider the function
f(z) = |Jx — w]||. For every n € N find u,, € C such that

1
— < inf — —. 6.1
i = w] < inf o — w] + — (6.1)
By Ekeland’s variational principle, there exists x,, € C' such that
1
[2n — un| < o (6.2)

and 1
flan) < f@) + ~llz —2nll Vel

This later one ensures that z,, is a local minimum of the function
1 1
e (1+ —)de(z) + [lz — w| + —[lz — z, |
n n
and hence

1 1
0e(1+ 5)3dc(xn) + 0| - —w|(z,) + 5(9” c =y ||(xh).

Since x,, # w, there exists x, € || - —w||(xy,) and b}, € L] - —xy | (zy) such
that
Han =1, <l’n,l‘n - w> = ||xn - w||7 _H_il € 8dC(xn) = NC(C; xn)

n

By T.-pseudoconvexity, we get

(

a4 b
1+1

n

,x—Tp) <0 Vxel
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or equivalently

xy + by,

( 151 W — ) < 151 ,x—w) VreC. (6.3)
Remark that
<_a:i;:?’w_xn> - 1i}1[<—xj‘l,w—xn> + (b, w — zy,)]
= prllen el + (b =)
2 o)+ e )

and, by (6.1) and (6.2), (=b},w

assume that z*“x*, with ||z* ||

dc(w) S

— &) — 0. Thus extracting subnet, we may

< 1, and, by relation (6.3), we obtain

Ve e C.

<I*,I - w>

In particular this later one holds for x = u and x = v, and hence on all the
segment [u, v] and particularly for z = w. Thus de(w) < 0 and the closeness of
C ensures that w € C and this is in contradiction with Ju, w[NC' = (.0

Here we give another result in terms of the Tz-pseudoconvexity.

Theorem 6.2 Let (X,| ||) be a Banach space and B be a bornology on X. If

X x X is Og-trusted then

a closed set C C X is Ip

-pseudoconvex if and only if it is convex.

Proof. If C is Ts-pseudoconvex then

C—zxC Tg(C;x),

and hence

Vx € C,

liminf T3(C;2") C T.(C; z).

w’gw

By Theorem 4.1 we obtain that

C—z= lim(C—-

T/ —x

z') C liminf T3(C;2") C T.(C; x),

m’gm

and therefore by Theorem 6.1 C' is convex.[J

Using Proposition 2.3, we obtain the following corollaries.

Corollary 6.3 Let (X,|| ||) be a Banach space and (3 be a bornology on X. If

there is on X a B-differentiable

Lipschitz bump function then

C is Tg-pseudoconvez if and only if C is convez.

18



Corollary 6.4 Assume that X is an Asplund space and C is a closed subset of
X. Then

C is coW K -pseudoconvez if and only if C' is conver.

Proof. It is direct from Theorem 6.2 and Proposition 2.3.00
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