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Abstract A notion called norm subdifferential local uniform convexity (NSLUC)
is introduced and studied. It is shown that the property holds for all subsets
of a Banach space whenever the norm is either locally uniformly convex or
k-fully convex. The property is also valid for all subsets of the Banach space
if the norm is Kadec-Klee and its dual norm is Gateaux differentiable off zero.
The NSLUC concept allows us to obtain new properties of the Klee envelope,
for example a connection between attainment sets of the Klee envelope of a
function and its convex hull. It is also proved that the Klee envelope with
unit power plus an appropriate distance function is equal to some constant
on an open convex subset as large as we need. As a consequence of obtained
results, the subdifferential properties of the Klee envelope can be inherited
from subdifferential properties of the opposite of the distance function to the
complement of the bounded convex open set. Moreover the problem of single-
ton property of sets with unique farthest point is reduced to the problem of
convexity of Chebyshev sets.
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1 Introduction

Let (X, || - ||) be a real normed vector space. At the beginning of thirties of 20
century S. Mazur considered the following property:

FEvery closed bounded convex subset of X, say D, is the intersection of
closed balls containing it,
see Mazur (1933). There are several papers where this is investigated. We refer
to Bandyopadhyay (1992); Chen and Lin (1998) for surveys on achievements
and historical information of the property, which is called nowadays the Mazur
Intersection Property, MIP for short. In other words, denoting by Blz, r] (resp.
B(z,7)) the closed (resp. open) ball centered at x with radius r > 0, we can
express the Mazur Intersection Property as follows

D= ﬂ Bz, r].

z€X,r>0,DCB|z,r]

Moreover we expect that D N (B[xz,r] \ B(z,7)) # @ for every ball with the
smallest radius in the right-hand side of the equality. With this geometry we
can relate an analytic reasoning. Namely, for every bounded subset S C X we
can define the farthest distance function from the set S (also called antidistance
function)
As(z) = sup|lz -y
yeSs

and the set Qg(x) of farthest points from S to z, that is,
Qs(x) :=={y € S:llz —yll = As(z)}.

Using the notions defined above the Mazur Intersection Property can be
rewritten in the form
D= (1 Blz, Ap()].
zeX

The nonemptiness of the intersection DN(B[x,7]\B(x,7)) # 0 withr = Ap(x)
is in fact a question on nonemptiness of the set of farthest points. The above
consideration can be embedded into a more general set up. Namely we can use
the Klee envelope instead of the farthest distance function, that is, for A > 0,
p > 1 and an extended real-valued function f: X — R U {400} we put

1
kapf (@) = sup (= —yl? = f(y)). (1)
yeX p)‘
Then the associated attainment set is denoted by Qx ,f(x), that is,

Qapf(z):={ye X: ]%le —yll” = f(y) = rapf (@)} (2)
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Of course, the Klee function with p =1 and A = 1 coincides with the farthest
distance function, that is, k11(¢s)(z) = Ag(z) and Qi p(¢s)(z) coincides
with Qg(x), whenever f is the indicator function ¥g of a subset S of X, that
is, ¥s(x) =0 if x € S and g(z) = +o0o0 otherwise.

We shall see that results on the Klee envelope add new knowledge to the
old problems recalled below concerning sets of farthest points. Let us also
point out that using this set up we do not take care about the convexity
of the set S, more generally about the convexity of the function f that we
transform through the Klee envelope. However, it is worth considering whether
the convexity is important or not in Definitions (1) and (2). On the one hand,
we show that it does not matter if we take f or cof in (1), we get the same
value, see Proposition 7. On the other hand, in some spaces we have also the
following implication

4 € Qxp( f) (@) = d € co(Qupf(w) N (w+span(d —x))),
which entails the inclusions

Q)x,pf(x) C Q)\,p (@f) (.’t) Cco Q)\,pf(x)a (3)

see Theorem 2. Thus the convex hull of the associated attainment set for ¢o f
can be recovered as the convex hull from the associated attainment set for f.
When f is the indicator function g, we obtain the equality

Qs(r) = Qws (),

in several important cases increasing the range of its use, see Section 5 and
Theorem 2. Of course, if Qg(x) is single-valued, then Qs () is single-valued
too in this case. So, natural is the question: Which sets and points have this
property? There is also the old question posed by V. Klee (see Klee (1961) or
Hiriart-Urruty (2007)), closely related to this question, namely:

Klee’s question: Suppose that Qg(x) is a singleton for every x € X. Must
S consist of a single point?

In fact, if we look carefully at (Klee 1961, Theorem 1.2) we notice that
an affirmative answer to the above question by V. Klee implies the convexity
of Chebyshev sets and vice versa, whenever X is a real Hilbert space; we
recall that a set S is called Chebyshev provided that every point of the space
X admits a unique nearest point in S. So far, both questions are unsolved in
Hilbert spaces, see for example Hiriart-Urruty (2007). Let us also point out
that not always investigating farthest points from a set S can be changed into
finding farthest points from its closed convex hull. For example, if X := ¢g, z :=
(1,271,371 .., 8, := (i71,0,...,0,1,0,...) with 1 being the i-th component
for every i = 2,3,..., S := {s2,53,...}, then Qs(z) = 0 but Qes(z) = {0}
since 0 € cly(c,1)S C €0S. This example realizes the need of finding a large
class of spaces and sets for which (3) holds true. For this reason we propose
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a new notion, called norm subdifferential local uniform convexity (NSLUC),
see Definition 1, which allows us to get in particular (3) in several cases, for
example:

(i) the norm of X has the LUR property (that is, the local uniform rotun-

dity /convexity property);

(ii) the norm of X is fully k—convex;

(iii) the norm of X is strictly convex and has the Kadec-Klee property, and S
is relatively weakly sequentially compact;

(iv) X is a Banach space whose norm has the Kadec-Klee property and the
dual norm is Gateaux differentiable off the origin;

(v) the norm of X is strictly convex and S is relatively norm-compact,

see Section 5 for details on relations among NSLUC properties and properties
of the norm, and Theorem 3 where (3) is established in the listed cases. As
an example of application of obtained results we relate the Klee envelope
with a distance function, namely the sum of these two functions is constant
on some open convex set, see Theorem 4. The two obvious consequence of
the relationship between the Klee envelope and the distance functions are: 1.
Subdifferential properties of one function can be inherited from subdifferential
properties of the other one; 2. Another proof of the Klee idea (that is, the Klee
question is in fact a question on the convexity of Chebyshev sets) is obtained,
see Theorem 5 and Remark 10.

For some results concerning differential properties of Klee envelopes we re-
fer to the paper Wang (2010) in the finite dimensional setting, and to Cibulka
and Fabian (2012) under the strong attainment.

2 Background

Throughout we shall assume that (X, ||-]|) is a (real) normed vector space, X*
is its topological dual and (-,-) is the pairing between X and X*. We denote
by Bx, Sx and Blz,r] (resp. B(x,r)) the closed unit ball, the unit sphere and
the closed (resp. open) ball of X centered at z with radius r > 0. By co and
¢o, we denote the convex hull and the closed convex hull.

The metric projection mapping on a subset S of X is defined by

Ps(z):={se S :d(z,S)=|z—s|}, VrelX, (4)
where d(-, S) is the distance function from the set S, that is,

d(z,5) = inf [l — y]|

Let f: X — RU{+00} be an extended real-valued function. We recall that
the Legendre-Fenchel conjugate of f is the function f*: X* — RU{—o0, +oo}
with

f*(x*) = sup ((J;*,y} - f(y)) for all * € X™.
yeX
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The subdifferential in the sense of convex analysis of f at a point x € X
where f is finite is defined by

Of (@) :={a" € X*: (z%,y — ) < fy) — f(x), Yy € X}.

If f is finite at z, then z* € 9f(z) if and only if

fl@) + [7(27) = (@7, z);

so if the function f : X — RU {+o0} is convex and lower semicontinuous, one
has

o € Of(z) = x € Df* (), (5)

since under that condition f coincides with the restriction of (f*)* to X. If f
is convex, the nonvacuity of 0f(z) at any point  where f is both finite and
continuous is well known and this will be frequently used in the paper.

The Fréchet subdifferential of f at the point x where f is finite is given by

Fa+h) = () — @, h)
1Al >0}

Opf(z):={z" € X" : liminf
h—0

We adopt the convention O f(x) = 0 when f(z) = +oco. Again with f(z)
finite, the lower Dini directional derivative of f at x is given by

d” f(z;h) = z};iglhi;?ifo 7 (flz + tw) — f(z))

and when f is Lipschitz continuous near = we obviously have for all h € X
d”f(z;h) = lilg%nftfl (f(z +th) — f(z)).
The Dini subdifferential of f at x is then the set
0~ f(z) ={z" € X*: (" h) <d” f(x;h), Vh e X}

for z € dom f and 9~ f(z) =0 if z ¢ dom f, where dom f :={u € X : f(u) <
+o0} denotes the effective domain of f. When the set dom f is nonempty, one
says that the function f is proper.

Given any set-valued mapping M : X = Y (which can be Ps,0f,0r f,0 f),
it will be convenient as usual to denote by Dom M its (effective) domain and
by Rge M its range, that is,

DomM :={x € X : M(z)#0} and RgeM := U M (x).
reX

The graph of M is the set

gph M = {(z,y) e X xY :y € M(z)}.
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3 Properties of the Klee envelope

Let f: X — RU{+o0} be an extended real-valued function. We recall that
for any reals A > 0 and p > 1, the Klee envelope of f with index A and power
p was defined in (1) and the associated attainment set Q»,f(z) in (2). If
Kxpf = 400 the study of k), f and @), f is trivial. It is also worth pointing

out that if k) , f(x0) is finite for some x¢, then there is some real 3 such that
1
Wllyllp—ﬁsf(y) for all y € X. (6)

1
Indeed, putting p = kx p f(z0) (s0, —)\Hy —xzo||” — 1 < f(y)) and noting that
b

IylIP < (lly = zoll + llzoll)” < 277 ly — wol[” + 2P~ [lzo |7,
we see that for all y € X

1 1 1
]DQTU\HZJHP - a\lxollp —u< p—)\llyfonp — < fy).

The Klee envelope is a particular important case of supremal convolutions.
Given functions g; : X —» RU{—o0} with ¢ = 1,--- ,n, the (Moreau) supre-
mal convolution (or sup-convolution) of g1, - - , g, is the function (see Moreau
(1970))

x> p(x) = sup{g1(z1) + - + gn(on) s 21 + - + 20 = 2},

where the supremum is taken over all n- tuples (n-vectors) (xy,---,x,) in
X" such that 1 + -+ 4+ =, = x; so the Klee envelope k) ,f is the supremal
convolution of —f with the kernel function p%\|| - ||P. If at least one of the
functions g1, - , gn, say g1, is convex, then ¢ is convex since the equality

o(x) = sup (91($—U2—"'—un)+92(u2)+"'+gn(un))
(ug, - unp)eXn—1

ensures that ¢ is the pointwise supremum of a family of convex functions. In
particular, the Klee envelope k3 , f is always convez.
For every real € > 0, it will be convenient to put

Q5 /(@) = {y € X rapf(z) — < ]%n:c P — )

so Q5 ,f(x) # 0 whenever ki, f() is finite and & > 0.
If f is finite at some point, say 7, then the inequality p%\Hx —glP = f(y) <
kxpf () tells us that k) ,f is coercive in the sense that

kxpf(z) = 400 as|z|| — +oo. (7)

In addition to that coercivity property, the next proposition establishes the
local boundedness of the set-valued mapping Q‘i’p f and some Lipschitz prop-
erty of the function k), f. In view of the proof of the proposition, we must
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recall (and this is not difficult to verify) that the subdifferential of the convex
function (1/p)|| - ||P is described for any = € X by

1 * * * * * — :
O(=|-I") (@) = {2* € X* : (", 2) = ||o"|| 2] and [|l"|| = =[P~"} ifp > 1,

p
(8)
and with p =1

O - [I() = {=" € X*: [2"|| < 1 and (2", 2) = ||=[|}. 9)

The latter means that 9| - ||(0) = Bx« and 9|| - ||(z) = {a* € Sx~ : (z*,2) =
||z||} for all = # 0.

Proposition 1 Let (X, ||||) be a normed vector space and f : X — RU{+o0}
be a proper function for which there exist two real numbers a, 8 with o > 0
such that

allz||P — B < f(x) forallx € X. (10)

The following hold:

(a) Withp =1 and A > 1/« the function kx1f is finite-valued and globally
Lipschitz on X with 1/\ as a Lipschitz constant.

(b) If p > 1 and A > 1/(pc), the function kx,f is finite-valued on X and
Lipschitz continuous on each ball rBx of X with some Lipschitz contant L >
P~/ X therein.

(c) With p > 1 and A > 1/(pa), for each pair of reals € > 0 and r > 0, the
set-valued mapping Qi,p(') 18 bounded over the ball TBx.

Proof Let a, 8 be as given in the statement.
First, assume that p =1 and A > 1/a. Fixing € X, we have for all y € X,

1 1 1 1
Slle =yl = 1) < Slall + 1yl - allyll + 8 < 5l + 8,

s0 kx1f(x) is finite. Further, with z, 2’ € X taking the supremum over y € X
in the inequality

=yl = 7)< slle =2l + (51" ~ ol - £)

gives ka1 f(z) < ka1 f(2') + A7z — 2'||, hence 1 f is Lipschitz on X with
A~! as a Lipschitz constant.

Now assume that p > 1 and A > 1/(pa). Take any = € X and write, for
every y € X,

1 1
— |z —y|P - < —|lz — y|]” — aly||” + B 11
pAHx yllP = fly) < pAHx ylI” —allyl|” + B (11)

On the one hand, observing that p%\”x—y”p—aHpr—i—B — —oo as ||y|| = +oo

since p%\ —a < 0, it results that p%H:r —|I” —«|| - ||” + B is bounded from above

over X. From (11) the function ||z — || — f(-) is also bounded from above
p



8 Jourani, Thibault,Zagrodny

over X and finite at some point according to the properness of f, hence &y , f
is finite-valued over X.

On the other hand, fixing any reals e > 0 and r > 0, we note by (11) that,
forall z € X and y € Q5 , f(),

1
fapf(2) =& < Rz = y[” = allyl” + 6

Choose some element yg € X with f(yo) finite and consider any x € rBx and
y € Q5 ,f(), that is, ky , f(z) —e < p%\Hx —y||” — f(y). We have

—f(wo) < = llz—yoll” = f(yo) < rapf(z) < ]%le —yll” —allyl” + B+,

E
DA
so choosing some y* € 8(%” -[[?)(y — x) we obtain by (8)

1 1
—f(yo) < (— —)llyl” + pj\(lly — P = lyll") + B +e

PA

<(1 i ||”+1<* )+B+e
— —« — —x

<5 Yy S

1 1
= Oy~ vl + 3y - alP~ ]l + B + e,

and this entails

~fw) < G5 =yl + Syl + 17 + 5+

or equivalently

(o= ) yll” = 5yl + )7~ < B+ Flyo) +e,

1

DA
with a — p%\ > 0. It ensues that there exists some real v > 0 depending only
on A,7,¢e such that [ly[| <~ for all y € Q5 ,(¥) (since otherwise for a sequence
(yi)i of elements of Q5 ,(x) with |[|ly;|| — +o0 as i — +o0, the first member
of the latter inequality would tend to oo, contradicting the inequality). This
means that Q5 ,(z) C 7By, and the set-valued mapping Q5 ,f(-) is bounded
on rBx as desired.

Finally, assume that p > 1 and A > 1/(pa). Fix e > 0 and r > 0, and let
~ > 0 given as above. Take any z,z’ € rBy. Considering any y € yBx and
choosing z* € (5| - [|P) (z — y) we see from (8) again that
(x*,x — )

1 1
I —llP — || — P <
o=yl = <l =yl <

< <l " — 2]

e i e

= sllz =yl 2’ — =]
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Consequently,

(r+y)7!
X

1 1
oxle = wll” =l —yll” < lz = 2"l

then for every y € 7By,

(r+yr !
y

Taking the supremum over all y € yBx and noting by what precedes that

]%Hx P - f(w) < e — | + (I%Hw' —ylP — f(w)).

1
kapf(u) = sup (—llu—yl” — f(y)) foralluec rBx,
yevBx p)‘

we obtain ky ,f(x) < kxpf(2’) + %Hx — 2'||. This finishes the proof. O

Remark 1 (a) If Ky, pf(x0) is finite for some \g > 0 and xy € X, then by (6)
there is some real § such that
1
p2P~1)g

so the inequality assumption (10) in the proposition is fulfilled.

In particular, the Klee envelope ky 1 f is finite-valued and (1/\)-Lipschitz
on X if and only it is finite at some point in X.
(b) If dom f is bounded and f is bounded from below, then for any real a > 0
there exists some § € R such that (10) is satisfied. Indeed, considering a lower
bound v of f and putting x4 := sup ||lu||, we see that

uEdom f

allz||P 4+ v —ap? < v+ Ygom f(x) < f(z) forallz e X.

lyl” =B < f(y) forallye X,

(¢) For a nonempty subset S of the normed space (X, | - ||), the existence of
a > 0 and B € R such that ofz||P — 8 < ¢¥g(z) for all x € X amounts to
requiring that the set S is bounded, which in turn is equivalent the property
that, for each real o > 0, there exists some 8 € R such that (10) holds true
with f = tg. Indeed, under the minorization assumption (10) for f = g
with some o > 0 and 3 € R, for all z € S we have ||z < fa~?!, hence S is
bounded. On the other hand, by (b) the boundedness of S is equivalent to the
fact that, for each real o > 0, there exists 8 € R such that a||z||? — 5 < ¢¥s(x)
for all z € X.

The set-valued mapping Q&?p f () satisfies a closedness property.

Proposition 2 Let (X, || - ||) be a normed vector space and f : X — RU
{+o0} be a proper lower semicontinuous function for which there exist two real
numbers o, B with « > 0 such that (10) is fulfilled. Assume either p =1 and
A>1/a orp>1 and A > 1/(pc). Then the graph

gth(A',)pf(-) ={(g,z,y) € [0,400[xX x X :y € Qi,pf(a:)}

in [0,+00[xX x X of the set-valued mapping (e, z) — inpf(x) defined on
[0, +oo[x X is closed in [0, +oo[x X x X.
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Proof Let (g;,2;,y;); be a sequence of elements of [0, +00[xX x X converging
to (e,2,y) with y; € QY f(x;). Then for every i € N,

1
Kapf(wi) —&i < ];H% —yill? — f(yi)s

so from the lower semicontinuity of f and the continuity of Ky ,f (see the
previous proposition) we obtain

1
apf(r) —€ < pj\llx —ylI” = f(y).
This means that y € Q5 ,f(z) as required. O

The following lemma prepares the next result related to the behavior of
Qx,pf when both the norm || - || and its dual norm are differentiable.

Lemma 1 Let (X,| - ||) be a normed space, let g; : X — RU{—o0}, i =
1, ,n, be extended real-valued functions and let ¢ be their supremal convo-
lution, that is,

o(x) = sup{g1(w1) + -+ gn(wn) 1 01 + - + 2, = T}

Assume that p(Z) is finite and attained at (T1,--- ,Ty), that is, p(T) = g1(T1)+
o+ gn(Zn) with Ty + -+ 2, = 2. Then

co(dpg1(z1) U---Udpgn(Zn)) C dpp(Z),
and
0 (0pg1(Z1) U -+ Udpgn(Tn)) C Opep(T),

where T denotes the norm-closure in X™* of the convex hull.

Proof Fix any «* € Org1(Z1) and consider any real € > 0. There exists some
real 6 > 0 such that (z*,u) — ¢||ul| < g1(Z1 + u) — g1(Z1), for all u € 6Bx.
Since p(Z) = g1(Z1) + - - + gn(Zn), it follows that

(@

Juy —ellu|l < (@ 4+ u) — o(Z) Vu € 0By,
thus z* € dpe(Z). It results that (repeating the reasoning with i = 2,--- ,n)

Org1(Z1) U+ UOrgn(Z,) C Ope(T),

and the latter entails the required inclusion since the Fréchet subdifferential
of a function at any point of X is known to be convex and norm closed in X*
(see, e.g., (Mordukhovich 2006, Definition 1.83 and comments)).

The inclusion concerning the Dini subdifferential is obtained in a similar
and easier way. |

Remark 2 With the same arguments, the first inclusion also holds with sev-
eral other subdifferentials, for example with proximal subdifferential (see, e.g.,
(Schirotzek 2007, Definition 9.1.1 (b))) in place of the Dini subdifferential. [J
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Below Lemma 1 is applied to get relations between subdifferentials of the
norm in power p > 1 and the Klee envelope at points where the Klee envelope
is attained. The assertions (b)-(c) involve the Gateaux derivative Dy of a
function, see, e.g., (Deville, Godefroy and Zizler 1993, page 2) for the definition
and properties. The case p = 2 was first obtained in ( Cibulka and Fabian 2012,
Proposition 8).

Proposition 3 Let (X, ]|-]|) be a normed vector space and f : X — RU{+oc0}
be a proper function, and let p € [1,4o00[. For any v € X such that Ky ,f(x)
is finite, the following hold:

(a) For every y € Qx pf(x), one has

OG- 17) @ =) € O (@)

(b) If kxpf is Gateaux differentiable at x and Qxpf(z) # 0, then for all
Y€ Qxpf(x)

(D(srp ) (@), —9) = 3 Iz~ 1"

(c) If ka1 f is Gateaux differentiable at x and Qx1f(z) # 0, then

1D (ka1 f) (@)l = 1/A.

(d) If p > 1 and both the norm ||-|| and its dual norm are Gateauz differentiable
off zero, then at any x € X where k), f is Gateaux differentiable, the set
Qxpf(z) is at most a singleton.

Proof The inclusion in (a) follows directly from the above lemma and (b) is a
consequence of (a) and the descriptions (8) and (9).

Concerning (c) with p = 1, the assumption on Q» 1 f(x) allows us to choose
some y € Qx1f(x). It follows from (9) and the Géteaux differentiability of
kxaf at x that y # z. Using this in the equality in (b) and noting that
[D(kx1f) ()] < 1/X because of the (1/X)-Lipschitz property of kx1f, see
Proposition 1 and Remark 1, we see that |[D(kx,1f)(z)| = 1/ as required.

Now to justify (d), suppose that both the norm || - || and its dual norm
are Gateaux differentiable off zero. Then 3(%” -|I?) () is a singleton for every
x € X, say {J,(z)} = 8(%” -||?) (), and the mapping J, : X — X* is one-to-
one. Consequently at any x € X where k) , f is Gateaux differentiable, we have
A1 (z —y) = D(kapf)(z) whenever y € Qx,f(z). Since J, is one-to-one,
Qxpf(z) is at most a singleton. a

The result of (Fitzpatrick 1980, Theorem 2.9) says that the differentiability
of the farthest distance function at a point x entails the same differentiability
of the norm at an appropriate point. The next proposition extends the result
to the function k ,f. We refer also to Montesinos, Zizler and Zizler (2011) for
some results on differentiability of the farthest distance function.
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Proposition 4 Let (X,| - ||) be a normed space and f : X — R U {+o0}
be a proper function with kx,f finite at some point. Assume that x € X is
a point where kxpf is Gdteaux (resp. Fréchet) differentiable. Then for any
y € Qapf(x), the function | - ||P is Gdteaux (resp. Fréchet) differentiable at
x —y with pAD (kxpf)(z) as derivative at x —y.

Proof Suppose that ky,f is Gateaux (resp. Fréchet) differentiable at = and
denote ¢* := D(ka,,f)(x). Suppose also that Q,,f(z) is nonempty. Put ¢ :=
(1/pA)]| - ||IP. Fix any y € Qi f(z) and take z* € dg(x —y). For any real ¢t > 0
and any h € X, we have

gz —y+th) —qlz —y) = (¢t —y +th) — f(v)) — (a(z —y) — f(v))
< kapf(x+th) —kxpf(o),

hence we see through the inclusion z* € 9¢(z — y) that

(@ h) <t g(w—y+th) —qlz—y)) <t (m,pf(:r +ih) — m,pf(m). (12)

Since the last member tends to ((*, k) as t | 0, it ensues that (z*, h) < (C*, h),
for all h € X, thus z* = (*. Replacing «* by ¢* in the first member of (12)
yields

0 <t gz —y+th) — qlz —y) — t{C*, h))
<t (g @+ th) — rap flw) = HC, 1) ).

Since the last member tends to zero (resp. tends to zero uniformly with respect
to h € Bx), we conclude that ¢ is Gateaux (resp. Fréchet) differentiable at
x —y with D(ky,f) () as derivative there. 0

Our next aim is to show that the set Dom Q1 is quite large. We then
start with the analysis of the nonemptiness of @ 1 f(x), by noting that such
a nonemptiness implies the equalities

mal@) = s (Ve -2~ f(2) = A et e ) - ()
zeX,y*ESx*
for all y € Qx1f(x) and z* € 9| - ||(x — y). Moreover if (10) is fulfilled with
a > A7! and the space X is finite dimensional, then the emptiness of Qx 1 f(z)
implies the inequality

aaf@) > s (A —2) - f(2),

ze€X,y*ESx*

whenever f is proper and lower semicontinuous. Indeed, if the equality holds
true, then

maaf@) = tim (Al ==l - £(=0))

1—>+00
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for some sequence (z;); in X, then it follows from Proposition 1(c) that the
sequence (z;); is bounded, thus we may assume that it converges to a certain
y. It results that

panf(@) = lim (Alz =z = £z0)) = Az =5l = £@) < i f(a),

so ka1 f(z) = A7z — g|| — f(¥), which means that § € Qx1f(z), a contra-
diction. This indicates the role of the set

{reX 3" € Onraf(@), swp (A Ha" e —y) = fy) < maaf(2)}
y

in investigating the set of points for which the attainment set is nonempty.
Below it is shown that this set is not too large, namely it is of first category.
Let us also recall that the Gs density property of Dom @ 2 f was studied in (
Cibulka and Fabian 2012, Theorem 5) with p = 2, in fact the strong attainment
on a dense Gy subset was proved. We consider in the foregoing theorem the
case p = 1. The proof of the theorem as well as that of the following lemma
use the main ideas of (Lau 1975, Lemma 2.2, Theorem 2.3).

Lemma 2 Let (X, ||-||) be a normed space and f : X — RU{+oc0} be a proper
function for which there are reals « > 0 and f € R such that

allzl]| — B < f(x) foradlx e X.
Then for any real A > 1/« the set

{z € X : 32" € Orxa f(a), sup ((z%, 2 —y) — f(y)) < ra1fl(a)}
yeX
is a countable union of closed sets with empty interior, so it is a set of first
category in the space X.

Proof For each integer i € N denote

* * 1
A ={x e X :3x" € Orr1f(x), sug ((m , T — YY) — f(y)) < kaa1f(z) — Z}’
ye
so clearly the set of the lemma coincides with (J;cx Ai-
Let us first fix ¢ € N and show that A; is closed. Consider any sequence
(2n)n of elements of A; converging to some x € X, and for each n € N choose
by definition of A; some z, € 9k 1f(z,) satisfying

sup (25,00 — ) — F(y)) < Axaf(aa) — T
yeX ?

The (1/\)-Lipschitz property of k1 f ensures that ||z}| < 1/), so extracting
a subnet we may suppose that (z7), converges weakly* to some x* in X*.
The normxweak® closedness of gphOky 1 f guarantees that z* € Ok 1f(x).
Further, for every y € X, since

(ot~ 9) — F(0) < f o) — -
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and k1 f is continuous, we also have (z*,x — y) — f(y) < ka1 f(x) —1/i. It
ensues that x € A;, justifying the closedness of A;.

It remains to prove that all A; have empty interior. Suppose, for some
i € N, that int A; # 0 and take some T € X and r > 0 such that B[z, r] C A;.
We know by Proposition 1 that the set Q}\J f(z) is nonempty and bounded,

hence we can define the real v := sup{[|Z—yl| : y € Q} , f(Z)}. For e := (2i(y+

7"))717", there exists by definition of xy1f some § € Q5 ,f(Z) C Q}\If(f) C
dom f satisfying

- 1, _ _
a1 f(@) —e < Sz =gl = £(9) < ma1 f(2). (13)

Define t ;= r/y and v := T+ t(z — §) € B[z,r], so u € A;. From the definition
of A; there is some u* € 9k 1 f(u) such that

N 1
sup ((u”,u—y) — f(y)) < raaflu) — = (14)
yeX ?
On the other hand, by (13) and the equality u — § = (1 + ¢)(Z — §) we also
have

a1 f(T) = raaf(u) < *le—yll f@) +e—raaf(u)

1
= m”u =yl = f(@) +e—rx1f(uw)
1 1
< (=91 - 10)) - T s @)+ e - maafi)
which ensures by the definition of s 1 f and by (14)
() = o f() < T f () - mf( §) +e — i f(u)
1_|_tt ka1 f(u )_mf@)
t t
STt (g =0+ 1@) - L)
L) e
T4t z(’y+r)

hence taking the equality 7 — u = + (Z — u) into account we obtain

K/)\,lf(j) — I{)\71f(u) < <U*,f — U> +e— m

Since e < (i(y + T))flr, we deduce that

kan f(Z) — kaaflu) < (U, z —u),

which contradicts the inclusion u* € Ok 1 f(u), completing the proof. O
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Theorem 1 Let (X,]| -||) be a Banach space and f : X — RU {+o0} be a
proper function for which there are reals a > 0 and 8 € R such that

allzl| = 8 < f(x) forallz € X,

and let X\ > 1/a. Assume that, for each x* € A\ 'Bx-, the infimum of the
function f + (x*,-) is attained. Then the set Dom Qx1f contains a dense Gy
subset of X.

Proof Denote by M the set of first category in the statement of Lemma 2
above. Fix any © € X \ M and by Lemma 2 choose some z* € 9k, 1 f(z) such
that

sup ((¢", 2 —y) = f(y)) = ka1 f(2).

yeX
Since dry1f(r) € A !By« (according to the (1/))-Lipschitz property of
kx1f), we can take thanks to the attainement assumption some § € X satis-
fying

@ 3) + 1) = il (@"9) + 1),
or equivalently

(@ 2 =) — f(g) = sup ((z", 2 —y) — f(y)).

yey

It results that
o f(@) < (@2 =)~ 1) < e — gl - F(@) < maa (@),

and this justifies the inclusion § € Qx1f(z), concluding the proof of the the-
orem. ([l

Let us notice that, assuming that the effective domain of f is a compact set
and f is lower semicontinuous, we guarantee the assumption that the infimum
of the function f + (z*,-) is attained for every x* € A™1Bx-. It is also worth
observing that if f is constant on its effective domain dom f which is addition-
ally assumed to be weakly closed and bounded, then (by James theorem, see
Holmes (1975)) the attainment assumption in Theorem 1 means that dom f
is weakly compact. In particular, if the effective domain of f is Bx, then X
has to be a reflexive Banach space, whenever the attainement assumption in
Theorem 1 is satisfied.

The next corollary is a direct consequence of Theorem 1. Before stating
the corollary, let us recall that, given a topology 6 on X, a function ¢ : X —
RU {400} is 6-inf-compact provided that all lower sections {z : ¢(z) < r} are
f-compact, for all r € R.
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Corollary 1 Let (X,]| - ||) be a Banach space and f : X — RU {+oc0} be a
proper function for which there are reals a > 0 and § € R such that

allz)| = B < f(z)  foralz € X,

and let A > 1/a. Assume, for some topology 6 on X, that the function f+(x*,-)
is 0-inf-compact for all x* € A" Bx«. Then the set DomQ, 1f contains a
dense Gs subset of X.

The second corollary assumes the weak inf-compactness of f.

Corollary 2 Let (X,]| -|) be a Banach space and f : X — RU {+o0} be a
proper function for which there are reals a > 0 and g € R such that

allzl]] — B < f(x) forallx e X,

and let A > 1/a. Assume that [ is weakly inf-compact. Then the set Dom Q1 f
contains a dense Gs subset of X.

Proof Fix any z* € A™'Bx- and note that
f@) + (", z) > (a = A7)zl = B.

This entails that p := inf x (f + (z*,-)) is finite and coincides with inf g, (f +
(x*,-)) for some real p > 0. Putting r := 1+ p and C := {x € X : f(x) +
(x*,z) <r}NpBx, we see that p = info(f + («*,-)). Further, for any z € C
we have

fla) <r— (" x) <r+plla”],

hence C C {z € X : f(x) <7+ p|lz*||}. The latter set being weakly compact
(by the weak inf-compactness of f), the weakly closed subset C is weakly
compact too. Consequently, the infimum p is attained on the set C' according
to the weak lower semicontinuity of f+ (z*, ). The corollary then follows from
Theorem 1. O

Taking for f the indicator function of a nonempty weakly compact subset
of X in the latter corollary yields the following result:

Corollary 3 (Theorem 2.3 in Lau (1975)) Let (X, ||-||) be a Banach space
and S be a nonempty weakly compact subset of X. Then Dom Qg contains a
dense G subset of X.

The next corollary makes use of the Mackey topology on the topological
dual space X*; we refer to (Schaefer 1971, IV Duality, 3. Locally Convex
Topologies Consistent with a Given Duality. The Mackey-Arens Theorem) for
the definition and properties of that topology.
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Corollary 4 Let (X,]| -||) be a Banach space and f : X — RU {+oc0} be a
proper lower semicontinuous convex function for which there are reals a > 0
and B € R such that

allz] = 8 < f(z) for allz € X,

and let X > 1/a. Assume that at every x* € N"'Bx- the Legendre-Fenchel
congugate f* is finite and continuous with respect to the Mackey topology
T(X*, X). Then the set DomQx 1 f contains a dense Gs set of X.

Proof The function f being proper, lower semicontinuous and convex, the con-
tinuity of f* at an element 2* € dom f* with respect to the Mackey topology
7(X*, X) is known to entail that f— (z*,-) is weakly inf-compact (see (Moreau
1966, Corollary 8.2)). The assertion of the corollary then follows from Corol-
lary 1. |

Remark 3 For the proper lower semicontinuous convex function f : X —
RU {400}, we know that there always exist reals «, § satisfying the inequality
allz|| = 8 < f(z) for every x € X. The assumption of the latter corollary
requires the positiveness of such a real a. (Il

Since kx1f is Lipschitz with 1/X as Lipschitz constant, we know that
Rge(dkr1f) C A7 'Bx-. Adapting the proofs of Lemma 4.1 and Theorem 4.2
in Whestphal and Schwartz (1998), we can show more.

Lemma 3 Let (X,| - ||) be a normed space and f : X — R U {400} be a

proper function with kx1f finite at some point. Let also (;); be a sequence

of elements of X with ‘lir+n l|z:|| = +o00. Then for any x € dom f and any
11— +00

sequence (xf); with xf € Okx1f(x;), one has

.  Ti—xT O\ wp L
7—1:—2100 <x“ |EZ —x||> - 1—1>1+moo il = A

Proof Since the function k) 1 f is assumed to be finite at some point, we know
that it is finite on X and Lipschitz with 1/ as a Lipschitz constant. Fix any
x € dom f. Observe that on the one hand by definition of k1 f(z;)

s = 2l = £() — man (@) < maa f() = ma f(2),
and on the other hand by the inclusion z} € 9k 1 f(z;)
(27,2 — z5) < ra1f(@) — kA f(@i).
It follows that, for large i € N,

1 f(z) +kaaf(x) < rx1f(xi) — raaf(z) < <x* T — T >< 23] < 1
- - A

Xl i — | "l — 2
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hence passing to the limit as ¢ — +oo (keeping in mind that ||z;|| — +oo as
1 — +00) gives

i — : 1
lim <m* H> = lim |jz]| = %

i—+00 i sz — x” i—+o00
O

Proposition 5 Let (X, | - ||) be a reflexive Banach space and f : X — RU
{+o0} be a proper function with ky ,f finite-valued.

(a) If p> 1, then Rge(Oky pf) = X*.

(b) If the norm || - || is smooth and strictly convex (or equivalently both norms
I - || and its dual norm are smooth, that is, Gdteaux differentiable off zero),
then Rge(0ka1f) is conver and

B(0,1/X) C Rge(9kx1) C B[0,1/A] = cl(Rge(drr1)).

Proof (a) The assertion (a) follows from a classical result. We sketch the ar-
guments. Fixing any x* € X*, since sy ,f(z) — (z*,z) = +0o0 as ||z|| = +oo
(see (6)), the weakly lower semicontinuous function kj,f(-) — (z*,) has a
global minimizer £ € X, hence the Moreau-Rockafellar sum rule yields x* €

Ok pf(T).
(b) The Gateaux differentiability assumption on || - || entails that (the duality
mapping) J = (3| - ||?) is single-valued and norm-weak* continuous. Let

Z € X be a point where f is finite. Fix any z* € X* with ||z*|| = 1/A. Choose
some z € Sx with (z*,z) = 1/\. By (8) we have * = A\~'J(x). For each
integer i € N, choosing =} € 0k 1f(ix + Z) the above lemma ensures that

lim(a}, ) = lim [ ]| = 1/A.

Consider a subsequence (that we do not relabel) of (z}); converging weakly*
to some z*, it is clear that ||z*|| < 1/A and (z*,z) = 1/A, so ||z*]| = 1/A. It
results that z* = A\71J(z), hence 2* = z*. On the other hand, denoting by
¢ the Legendre-Fenchel conjugate of s 1 f, by (5) one has cl(Rge(BnAylf)) =
cl(dom ), thus cl(Rge(dka,1f)) is a weakly closed convex set in X*. Since
x} € Rge(Oka1 f), it results that 2* € cl(Rge(dka,1[f)). Consequently, A~'Sx~
is included in the closed convex set cI(Rge(dk,1f)), which entails B[0,1/A] C
cl(Rge(&%)\’l f ))7 and this inclusion is an equality since the converse follows
from the Lipschitz property of k1 f with constant 1/A.

Now let us show that B(0,1/X) C Rge(dka,1f). Fix any z* € B(0,1/)).
Since B[0,1/A] = cl(Rge(dkx,1f)) (as seen above), we can take a sequence
(x;,2)); of elements of gph Ok 1 f such that 1ilr+noo lxF — z*|| = 0. The above

lemma ensures that the sequence (z;); is bounded since ||z*|| < } in this case,
hence a subsequence converges weakly to some z. By the weak-norm closedness
of the graph of the subdifferential of the continuous convex function sy 1 f,
we obtain z* € Ok 1f(z), which justifies the desired inclusion B(0,1/X) C
Rge(9ka1f)-
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Finally, the strict convexity of || - || and the inclusions
B(0,1/X) C Rge(dra1f) C B[0,1/A]

guarantee the convexity of Rge(dka1f). O

The statement (a) is in fact a simple consequence of (Zagrodny 1994,
Proposition 3.5), where an equivalent condition to the reflexivity of the space
was given.

In view of Proposition 3(c) the Gateaux differentiablity of x 1 f at = implies
that D(kx1f)(x) € A™'Sx« whenever Qx1f(x) # 0. Thus it is natural to
investigate the set

Cof ={x € X :0rx1f(x) C A\ 'Sx+}.

It follows from Proposition 5 (b) that there exists at least one point from the
domain of k1 f which is not in Cyf. As a consequence, the Klee envelope
ka,1f is not a smooth function. In other words, there must exist a point in
its domain where it is not Gateaux differentiable, whenever X is a reflexive
Banach space with both norm || - || and its dual norm being smooth.
Additional properties of the Klee envelope can be obtained in the case
when (X, || - ||) is a Hilbert space and p = 2. Indeed, writing in that case

Sl = ol = 1) = oy el + (X e9) = £) + 55 lul?),

and taking the supremum over y € X gives

1

@) = gyl + (7 = g5l (A1)

Further, given (—Az,y) € gph (@Qx2f), we have
F(oA2) = o= || = A2 = o= || = Az — gl — £(5) — == || — Aal?
AT T oI = gy Ar =Y Yo
_ 1 2
—ﬁIIyII +(y,z) — f(y).

Putting ¢(u) := (f — 55| - [|*)*(w) for all u € X, we deduce on the one hand
that ko f(—Ax) as well as ¢(z) are finite, and on the other hand that

1
o(@) + (y,u—z) = (u,y) + ﬁllyll2 — f(y) < p(u), forallue X.

This says that y € dp(z) = 0(f — 2| - [|*)* ().
We have then proved the following:
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Proposition 6 Assume that (X, |||) is a Hilbert space and f : X — RU{+o0}
is a proper function. Then for all x € X

rxaf(x) = %lell2 +(f = *II )" (=27 )

and

Q2 f (- M)Caf—*ll 1) ().

Corollary 5 Assume that (X, ]| -||) is a Hilbert space and f : X — RU {400}
s a proper function with kx2f finite at some point in X. Then the inverse

subdifferential (8(/@\72]”))71 is single-valued and \-Lipschitz on X.

Proof By the first equality in Proposition 6 the lower semicontinuous convex
function g, defined by

g9(x) = (f—*ll I2)"(=A"'a) forallz € X,
is proper, hence the resolvent mapping J := (Idx + \dg)~*! is single-valued
and 1-Lipschitz on X (see, e.g., (Moreau 1965, Propositions 5.b and 6.a) or
(Bauschke and Combettes 2011, Corollary 23.10)). This means by the first

equality in Proposition 6 again that (9(Akx 2 f))f1 is single-valued and 1-
Lipschitz on X or equivalently (6(@\,2 f))_1 is single-valued and A-Lipschitz
on X, as easily seen. O

Finishing this Section we would like to emphasize, that there are other pa-
pers concerning subdifferential or differential properties of the Klee envelope.
For example Proposition 4.4 and Theorem 4.7 in Wang (2010) provide such
some results in the finite dimensional setting. In Proposition 3 and Theorem
7 of Cibulka and Fabian (2012), these properties were investigated under the
strong attainment assumption with p = 2.

4 Klee envelope of the lower semicontinuous convex hull function

For a set S of the normed space (X, ||-]|), according to the Mazur Intersection
Property, we define the Mazur hull Maz S of S as the intersection of all closed
balls containing S, so a closed set fulfills the Mazur intersection property if
and only if it coincides with its Mazur hull. Clearly, from the very definition

Maz S = m Blz, As(x)],

80 Apmazs(z) < Ag(z) for any z € X. This combined with the inclusions

S CcoS CcoS C MazS entails that for any bounded set S
As(ili) = A S(JZ) = A@S(Jf) = AMazs(LE), for all x € X. (15)
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Given a function f : X — R U {+oo}, its conver hullcof : X — R U
{—00, 400} is defined by

cof(z) =inf{r e R: (z,r) € co(epi f)},
where epif denotes the epigraph of f, that is,
epif={(y,r) € X xR: f(y) <r}.
Clearly, it is the greatest convex function majorized by f and
co f(z 1nf{thyl ty; € Xt >0, Ztiyz—x Zt—l}
i=1 i=1

Similarly, the lower semicontinuous convexr hull (or closed convex hull) o f :
X 2> RU{—00, 400} of f is defined by

o f(z) =inf{r e R: (z,r) € o (epi f)}.

It follows from the construction that €6 f is convex and lower semicontinuous
and it is the greatest lower semicontinuous convex function less or equal to f.
It also satisfies the following properties

co [epif] = epi(co f), co[dom f] C dom¢o f.

This allows us to express this closed convex hull function in the following
manner in the case where f is lower semicontinuous: For all x € X there exist

sequences of elements (1my,), in N, (t7)n, -+, (7, )n in ]0, 1], with Z tr =1
i=1
and (Y7 )n,- -+, (Y, )n in dom f such that

n,n _ _ n
Jm, ) iyl = ool —nkrfmZt (v0).

The foregoing proposition extends the two first equalities in (15) to Klee
envelopes of functions.

Proposition 7 Let (X, ||-||) be a normed space and let f : X — RU{—00, +00}
be an extended real-valued function. For all x € X,

kapf(z) = /*6,\,1,(60 f) () = /@\,p(@f) (x). (16)

Proof Since €@ f < co f < f, we see that Ky ,f < kap(co f) < Ky p(Co f).
Now fix x € X and take any y € X. Consider any convex combination
Sty =y, thatis, ¢; > 0and >_.", ¢; = 1. For every i = 1,...,m, we have

p%\lx —illP — f) < mapf (@),
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hence
m 1 m
e — P — (s
;tzp)\ |z — vl ;thf(%) < kapf(2),
which combined with the convexity of ||z — -||P yields

1 m
e — yll? — (s
palle =0l = 700 < g )
Taking the supremum of both members over all convex combinations of y, we
obtain

1 ) m m m
]T)\”x —yl” = lnf{; tif(yi) : ;tzyl =y, t; > 0,;& =1} < rxpfla),

in other words I%H:E —yl|? —co f(y) < kapfla).
For every u € X, taking the limit superior of both members of the latter
inequality as y — u gives

]%nx Cull? — @ f(u) < rapf (),

hence taking now the supremum over all u € X guarantees that k. , (@ f ) (z) <
kapf(x). This and what precedes justifies the desired equalities in (16). O

5 The NSLUC property

We begin this section by defining a class of closed sets which will be involved
in the next section for the study of relationship between the attainment sets
of kxpf and Ky (0 f).

Definition 1 Let S be a subset of the normed space (X, || - ||). We say that S
has norm subdifferential local uniform convexity property, NSLUC in short, if
for every bounded subset S" C S with 0 & clj.; S” and every u € Sx for which
there is a continuous linear functional u* € 9| - ||(u) satisfying

. /7 * /
dnf s = ()l >0, (17)

one can find a real 8 > 0 such that
vs'e S |18l = [ut, s+ Blls" — (u”, s )ull. (18)

Let us point out that if we omit the restriction that S’ must be bounded,
then even in Hilbert spaces (or simply in the Euclidean space R?), we cannot
ensure that (18) holds true. As an example, in a Hilbert space H endowed
with the inner product (-]-) let us take the subset S" = {v 4+ nu : n > 0},
where |Ju|| = |[v]] = 1 and (uJv) = 0. Then, u* = (u|-) € 9 - ||(v) and
sjrelifq, d(s',span u) = 1, thus (17) is satisfied. So, if there exists 3 > 0 for which



The NSLUC property and Klee envelope 23

relation (18) is fulfilled, otherwise stated, for all n € N, 5+ n < ||v + nul| or
equivalently 82 +28n 4+ n? < n? 41, that is, 82 +28n < 1, then we arrive at
a contradiction.

Below we provide another characterization of the NSLUC property by
means of distances from the kernel of the functional u* € 9| - ||[(u) and the
space generated by u, whenever u € Sx. For this reason, fix any v € Sx and
u* € 9|+ ||(u). Since (u*,u) =1 # 0, we know that the space X is the algebraic
(even topological) direct sum of the vector spaces ker u* and span u, that is,

X = keru* @ spanu.

Further, for every x € X, noticing by the well-known distance formula from a
closed hyperplane (see, e.g., (Fabian et al. 2011, Exercice 2.12, page 71)) that

d(x, keru™) = [(u”, 2)]

Kl

we see that p1(z) := 2 — (u*, x)u is a nearest point (with respect to || - ||) of x
in ker u*. Putting po(x) := (u*, z)u € spanu, it is known and obvious that py
is the projector onto spanu, that is, z = p1(z) + p2(z) for all z € X.

Let S" C S be a bounded subset, with 0 ¢ cl.; " such that S keeps the
space spanu (uniformly) far, that is,

ing d(s', span u) > 0, (19)
s'esS’!

then assuming NSLUC property, there exists 5 > 0, such that
vs'e S, ISl = [Is" = pa(s)]| + BlIs" — pa(s)
or equivalently (for the proof see Proposition 8 below)
vs' e S, |Is'|| > d(s, keru*) + ~vd(s’, span u), (20)

for some v > 0. When (X, | - ||) is a Hilbert space and S’ keeps the set spanu
(uniformly) far, such a real  can be precised. Let such a bounded subset S’ of a

Hilbert space (X, ||-||) be given. Put M := sup ||s’|| and r := ing d(s',spanu).
sES s'€S’
Note that, for all 5" € ',

811 = [Is" = pa(s")I1* + lpa (s)II?
=d(s' keru*)? + ||s" — (u*, s )ul|? > d(s', ker u*)* + d(s’, spanu)?.

So, to ensure the desired inequality it suffices to choose 7 so that for all s’ € S’

d(s', keru*)? 4 2yd(s', ker u*)d(s’, spanu) + v*d(s’, span u)?
< d(s',keru*)? + d(s', spanu)?,
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and (by definitions of M and r) this holds true if in particular
2yM?+~72M? <12 & M* (2 4+2y+1) < M? 412 & M*(y+1)% < M? 472,

which in turn is satisfied in particular for v := =Mt MZ4r? W

In fact, as it will be established hereafter, in several normed vector spaces
the implication (19) = (20) is satisfied. This can be easily seen whenever the
characterization of the NSLUC property given below is used.

Proposition 8 Let S be a subset in the normed space (X, | -||) and S’ C S
with 0 & cly. S” be a bounded subset. Then for every u € Sx and u* € 9| -||(u)
relation (17) holds if and only if (19) holds. Moreover, the following assertions
are equivalent:

(i) S has NSLUC property,

(ii) for every bounded subset S C S with 0 & clj. S’ and every u € Sx sat-
isfying relation (19) and every continuous linear functional u* € 9| - ||(u)
one can find a real v > 0 such that relation (20) holds true.

Proof We start our proof by establishing the following equivalence: relation
(19) is equivalent to relation (17) for every u* € 9|| - ||(u). Since for every
u* € 9)+||(u), d(s’, span u) < ||s'—(u*, s")u||, then the implication (19) = (17)
is trivial. Now, assume that relation (17) holds for every u* € 9|| - ||(u) and
suppose that relation (19) does not hold. Then there exists a bounded sequence

(s;); of elements of S’ such that »Her d(s;, span u) = 0. Since the space
1—+00

span u is finite dimensional, extracting subsequence, we may assume that

lim s; = Au and hence lim (u*,s;) = A and lim ||s; — (u*, s;)ul| = 0,

1—>—+00 1—>+00 i—r—+00

which contradicts relation (17).

The implication (i) = (44) is easy to observe, because of the previous part
of the proof and for all s € X, d(s,keru*) = |[(u*,s)| and d(s, span u) <
s — (u*, s)ull.

Now, we prove the implication (i4) = (). Fix any bounded set S’ C S and
u € Sx for which there is u* € 9|| - ||(u) fulfilling (17) and for each i € N there
exists s; € S’ such that

* 1 *
lsall < [¢u®, sa)l + ~llsi = (", sspull. (21)
By (i4), there exists v > 0 depending only on S’ (and not on (s;);) such that
Is:|l > d(s;, keru®) + vd(s;, span u),

and hence, using the equality d(-,keru*) = |(u*, )|, we see that relation (21)
ensures that

1 *
vd(s;, span u) < g”si — (u”, sg)ul.

Since the sequence (s;); is bounded, we obtain that 'li+m d(s;, span u) = 0,
1—r+00

which contradicts relation (19). O
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Remark 4 Let S be a subset of the normed space (X, || - ||) having the NSLUC
property. Let (u,u*) € gphd| - | with u € Sx and let « > 0. If (s;); is a
sequence of elements of S, then the following implication

dim ||s]] = lim (u*,s;) =a= lim ||s; —aul| =0
1—+o0 1— 400 1——+o0

holds true. O

Let us also observe that, if X has the NSLUC property, then any subset S
of X has the NSLUC property too. Below it is proved that if the unit sphere
has the NSLUC property, then the whole set X has the property too.

Remark 5 The sphere Sy of the normed space (X, || - ||) has the NSLUC prop-
erty if and only if the whole set X has the NSLUC property.

Proof Suppose that Sx has the NSLUC property. Let us fix a bounded set
S" C X with 0 ¢ cljj.; S" and (u,u*) € gphd|| - || such that

: I * /
Jof |ls" — (u”, s)ul > 0. (22)

Put
A={||s'|7's : s €8}
and notice that A C Sx. Since
, : _ * > . / _ * /
As(0) inf fla — (u*,ayul] > Juf. |1~ (u*, ul

it follows from (22) and the NSLUC property for Sx that there is 8 > 0 such
that

Va€ A, al = [u,a)l + Blla — (u*, a)ul|. (23)
It is a simple consequence of (23) that

vs'e S, |8 = [ut, )|+ Blls" — (u”, ')l

which gives the NSLUC property of the whole set X.
The converse implication is a direct consequence of the observation pre-
ceding the remark. O

In the following proposition, we shall show that if a subset S of X has the
NSLUC property, then the norm of the space is strictly convex on S and the
set S has the Kadec-Klee property with respect to the norm. Let us recall that

the norm || - || is strictly convex on a subset S of X if the following implication
holds true:
x
sy €S o+l = ol 4yl o 20y £0 = o = Ty (@0

If (24) holds true for S = Sy, then one just says that the norm is strictly
convez or the space (X, || - ||) is stricly convex.
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We say that a set S C X has Kadec-Klee property with respect to the norm
| - || whenever any sequence (x;); of elements of S converging weakly to z € X
along with ligl |z: || = ||x|| converges strongly to x (that is, |z; — x| — 0 as
1—> 100
i — +00). So, the norm || - || has the Kadec-Klee property if and only if the
whole set X has the Kadec-Klee property with respect to || - ||

Proposition 9 Let S be a set in the normed space (X, ||]|) having the NSLUC
property. Then the norm ||-|| is strictly convex on S and S has the Kadec-Klee
property with respect to || - ||.

Proof Strict convexity: Let z,y € S, with ||z + y|| = ||z]| + ||y]l, = # 0 and
y # 0. We shall show that x = Ay, where \ := % Suppose that

|z — Ay|| > 0. (25)
Put 8" = {z,y} and u = m Then |jul| = 1. We claim that, for all
ur € 9| - |(u)

ly = (w*y)ul >0, and |z — (u", 2)ul > 0.

= [lyll- I (u*,y) = llyl|, then y = Az,
and this contradicts relation (25). If (u*,y) = —|y||, then y = —%x,
and hence y = 0, and this contradicts y # 0 and hence the claim is justified.

Then, by the NSLUC property of S, there exists > 0 such that

Indeed, if y = (u*,y)u, then [(u*,y)|

2] = [{u®, 2)| + Bl = (u*s 2)ull, and [ly]| > |(u”, y)| + Blly — (u*, y)ull,
and adding these two inequalities gives
e+l > 1+ )] + (e — G adul + 1y — u* ghu)-
Since [|z| + ||y]| = ||z + y|| and (u*,z + y) = ||z + y||, it ensues that
o+ il > Nz + gl + B(lle = w* @hul + lly = w*, yhull),
which contradicts the inequality ||z — (u*, z)ul| + ||y — (u*, y)ul| > 0.

Kadec-Klee property: Let (z;); be a sequence of elements of S and z € X

be such that (x;); converges weakly to z and _ligrn lz:]] = |lz||. We may
1—>+00
assume that = # 0, otherwise we are done. Put o := ||z||, u := o~ 'z and take
u* € || - ||[(u). It follows from Remark 4 that '1i+m lx; — x| = 0. O
1— 400

Now we give examples of sets satisfying the NSLUC property. Let us recall
first that the norm || - || of X is locally uniformly rotund (LUR), or simply
(X, ]I-1) is LUR (see, e.g., Deville, Godefroy and Zizler (1993)), if the following
condition holds:

lim ||a|| =1, lim ||la;+z|| =2 = lim |z; —z| =0.
i——+o00 i—+00 1——+o00
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Proposition 10 If the normed space (X, ||-||) is LUR, then X has the NSLUC
property.

Proof Fix any bounded set S" C X with 0 ¢ clj,;|S” and any u € Sx for which
there is u* € 9| - ||(w) fulfilling (17). Suppose that there is no real g > 0
satisfying relation (18). Then for each ¢ € N there exists s; € S’ such that

* 1 *
lsall < [¢u®, sa)l + =llsi — (", sipull. (26)
Further by (17), for 6 := infycg ||s" — (u*, s')ul| > 0, we have
lls; — (u*,s;)ul| > 6§, forallieN. (27)

As S’ is bounded, the sequence (s;); is bounded too and hence
.1 X
Jim s — {u*, siyull = 0.

Note that, because of (26) and the relation 0 ¢ clj.|.S’, each convergent sub-
sequence (which exists because of the boundedness of S’) of the sequence
({u*, s;)); has a nonzero limit. Put a; = (u*, s;) for all i € N. We may suppose
that

a; 70,V and lim o; =a #0.

1— 400

Using (26), we get

lim |lo;'s;|| =1 and (u*,a;'s;) =1, for alli € N. (28)

i—+00
Now, note that
2 = fJull + {u*, a7 i) = (u'u+ a7 k) < flut a7 sl < ull + o s:f29)
and hence iliinoo |lu + a; 's;]| = 2. So the LUR property of X implies that

vligl |lu — a; tsi]| = 0. Because of (17), the last equality contradicts the
1—>+00

following inequality

_ 1 .
HOél, 182‘ - U” > m Sl/IéfS Hs/ _ <u*75/>uH.

(]

For any fixed integer k > 2, a normed space (X, | - ||) is called fully k-convex

(see, e.g., Fan and Glicksberg (1955) and Fan and Glicksberg (1958)), if every
k

e . _ 1 >

sequence (), of elements of X satisfying nEIEoo |xn] = 1, and . I Z Ty, || >

=1
1 for any k indices v1 < .-+ < v is a Cauchy sequence. Fan and Glicksberg
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proved that (X, | - ||) is fully k-convex if and only if every sequence (z,), of
elements of X satisfying

11£H_> - || Z Ty, 1,
is a Cauchy sequence. It is also shown in Fan and Glicksberg (1958), that for
any integer k > 2, every fully k-convex normed space is strictly convex and
has the Kadec-Klee property. Further, Polak and Sims exhibited in Polak and
Sims (1983) an example of a Banach space which is fully 2—convex but not
locally uniformly rotund.

In the following proposition, we shall show that all subsets of a fully k-
convex Banach space have the NSLUC property. This allows us to say that
there is no equivalence between the LUR, property of a Banach space and the
NSLUC property of the space.

Proposition 11 If (X, ||-]|) s a fully k-convex Banach space, for some integer
k > 2, then X has the NSLUC property.

Proof Fix any bounded subset S" C X with 0 ¢ clj.;S" and any u € Sx for
which there is u* € ]| - ||(w) fulfilling (17). We repeat the proof of Proposition
10, to get the existence of § > 0 and a sequence (s;); of elements of the bounded
subset S” such that

ls; — (u™, s;)ul| > 6 Vi € N, (30)
sl

oo [(u*, 5;)

(26). Putting &, := sign(«), there is some i such that [(u*, s;)| = eq(u*,s;)
for all i > iy. Let 11 < --- < vg be any k indices greater than iy. Using relation
(26) gives

the sequence ((u*, s;)); converging to o # 0 and lim =1 as well as

EalU, sy, + o+ 55,) Slsu + o0+ sy
<ea(u* sy, + -+ 8u,) +Z sy, — (u*, 5., )ull,
i=1 "

and hence noting that Z] 1% Lllsy, — (u*,s,,)ull = 0 as v; — oo (for j =
1,--,k) we get

Sy,
I

Since X is fully k-convex, the sequence (s;); converges to some s, and s # 0
because 0 ¢ cljj.|S’. Consequently, (u*,eq5) = |eqs|| or equivalently u* €
0-]|(ews). Since u* € J||-||(u), we obtain ||u+ T || = 2. The strict convexity
of X (because of the full k-convexity of (X, |-||)) ensures that u = reeer- Thus

s = (u*, s)u, and this contradicts relation (30) (by passing to the limit in (30)).
O
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Recall that one says that a subset S of the normed space (X, || - ||) is rela-
tively ball-compact (resp. relatively weakly sequentially ball-compact) whenever
the intersection of S with any closed ball is relatively compact (resp. relatively
weakly sequentially compact). Below it is established that weakly sequentially
ball-compact sets have the NSLUC property, whenever the norm of the space
is strictly convex and has the Kadec-Klee property, compare to Proposition 9.

Proposition 12 Let S be a relatively weakly sequentially ball-compact subset
of the normed space (X, ||-||). If the norm ||-|| is strictly convex (or equivalently
the norm is stricly conver on Sx ) and the set S has the Kadec-Klee property,
then S has the NSLUC property.

Proof We repeat the proof of Proposition 10, to get the existence of the
sequence (qy); converging to a # 0 and a sequence (s;); of S satisfying
lim |ja; 'si|| = 1 as well as (27) and (28). This says in particular that the

11— 400

sequence (s;); is bounded, and hence according to the fact that S is relatively
weakly sequentially ball-compact, we may suppose that (s; — a;u); converges
weakly to some z, hence (s;); converges weakly to z + au.

If z = 0, then (s;); converges weakly to au. As |Ju|| = 1 and liEl la; tsill =
11— 100

1, the Kadec-Klee property of S ensures that

lim ||s; — aqul] =0,
1—+4o00

and this contradicts relation (27).

Suppose z # 0. Since the sequence (u 4 a; 's;); converges weakly to 2u +
a~'zand lim (u*,u+a;'s;) =2 by (28), we have (u*,u+a~'2) = 1, that

1—+00
is, (u*, au + z) = a. We then obtain

lal = [(u", au + 2)| < [lau + z[| < liminf [|s;|| < |af,
1—+00
and hence |au + z|| = |a| and |a] > 0 (since, as said above, a # 0). Noting
that the sequence (s;); converges weakly to au + z, Aligrn Is;ll = |a| and
1—>+00
[lou+z|| = ||, by the Kadec-Klee property of S, we get lir+n |si—au—2z|| = 0.
1—> 100
The strict convexity of the norm || - || together with the equalities ||u|| = 1,
|lu+a~tz|| = 1 and the following relations

2= <u*,u—+—u+oflz> < Hu—i—u—i—ofle < l_iminf||u+a;13i|| <2
11— 400

ensure that w4 a !z = u. Thus z = 0 and this second contradiction completes
the proof. O

When we look closely at the proof of Proposition 12, then we see that the
assumption that the set S is relatively weakly sequentially ball-compact is too
strong to get the statement of the Proposition. What we need in fact is a
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possibility to choose a weakly converging subsequence from any sequence (s;);
satisfying inequality (26). Of course the problem does not occur, whenever
the space X is reflexive. Moreover the strict convexity of the norm, which is
one of assumptions in Proposition 12, implies the Géateaux differentiability of
the dual norm in this case, see (Diestel 1975, Corollary 1, p.24). So it seems
that smoothness of the dual norm is a suitable assumption to preserve the
weak sequential compactness whenever X is not a reflexive Banach space. We
present details in Proposition 13 below.

Proposition 13 Let (X, ||-||) be a Banach space whose norm has the Kadec-
Klee property and the dual norm is Gateaux differentiable off the origin. Then
X has the NSLUC property.

Proof We repeat the proof of Proposition 10, to get the existence of 6 > 0 and
a bounded sequence (s;); such that relation (27) holds, the sequence ({u*, s;));
[l

converging to a # 0 and lim ——— =1 as well as (26). So, (u*,u) = 1 and
i+ [(u*, 8i)|

lim (u*,a7's;) = 1 with lim ||a™'s;|| = 1 = ||u||. Since the dual norm is

1— 400 11— 400

Gateaux differentiable off the origin, the gmulyan theorem (Deville, Godefroy
and Zizler 1993, Theorem 1.4) asserts that the sequence (a~'s;); converges
weakly to u and by the Kadec-Klee property, (a~'s;); norm-converges to u
and this contradicts relation (27). 0

As a corollary we obtain that the Kadec-Klee property of the norm and the
Gateaux differentiability of the dual norm characterize the NSLUC property
in the reflexive Banach space setting.

Corollary 6 Let (X,| - |) be a reflerive Banach space. Then the following
assertions are equivalent:

(a) The norm || - || has the Kadec-Klee property and its dual norm is Gdteaux
differentiable off the origin;

(b) X has the NSLUC property;

(¢) The sphere Sx of (X, || -||) has the NSLUC property;

(d) The norm || - || is strictly convex and has the Kadec-Klee property.

Proof The equivalence (b) < (c) is established in Remark 5. The implications
(a) = (b) and (b) = (d) follow from Propositions 13 and 9 respectively. On
the other hand, it is known that the strict convexity of a dual norm entails
the Gateaux differentiability of the corresponding initial norm; this and the
reflexivity of (X, || - ||) justifies the last implication (d) = (a). O

Remark 6 Even in a reflexive Banach space, the NSLUC property is weaker
than the LUR one. Indeed, with the help of Corollary 6, (Borwein and Fitz-
patrick 1989, Remark 6.7) ensures the existence of a reflexive Banach space
with NSLUC property which is not LUR. Namely, there are reflexive Banach
spaces with the norm strictly convex and having the Kadec-Klee property but
not being LUR, see (Borwein and Fitzpatrick 1989, Remark 6.7). O
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The strict convexity of a normed space can be also characterized through
the NSLUC property for some class of sets.

Proposition 14 A normed space (X,|| - ||) is strictly convezx if and only if
every relatively ball-compact subset S of X has the NSLUC property.

Proof The ”if” part follows from Proposition 9. Let us establish the ”only if”
part. As above, we repeat the proof of Proposition 10, to get the existence of
the sequence («;); converging to a # 0 and a sequence (s;); of S satisfying

lim |[lo; 's;|| = 1 as well as (28) and (29). Because of the boundedness of the

1—+o00
sequence (s;); and the relative ball-compactness of S, we may suppose that

(si — ayu); converges to some z, hence (a;lsi)i converges to u + a 'z, so in
particular ||u+a~1z| = 1.
Since lim (u*,u+ a; 's;) = 2 by (28), we have
1— 400
2= (u*,2u+a ') <|2u+a 2| <liminf |lu + a; 'si|| < 2,
1—+0o0

and hence |2u+a~1z| = 2. Taking into account the equalities ||u+a~'z| =1
and ||u + (u 4+ a~'2)|| = 2, the strict convexity of || - || together with the
equality ||u|| = 1 guarantee that v + a~'z = u, thus z = 0. Consequently,

lim |lo; 's; — ul| = 0, which is in contradiction with (17). O

1—+o00

6 Attainment sets of the Klee envelope

Our aim in this section is to investigate the connection between the attain-
ment sets Q) ,f(x) and Q,\,p(@f) (z) for an appropriate x € X. Let us
start with the following example which shows that the inclusion Q» ,f(z) C
Qrp (@ f) (z) may be strict.

Ezample 1 Consider the lower semicontinuous function f : R — R U {+oo}
defined by
1 fx=1
flx)= 2 ifz=2
+oo otherwise.

For A =1 and p = 1, we have

x ifxzell,2]
+o00 otherwise

of() = {
and

ria(@ f)(1) = -1, Qui(e@f)(1)=1[12, Quif(1)={12}

We recall that the reals A and p are taken as A > 0 and p > 1.
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Theorem 2 Let (X, ||-]|) be a normed space and let f : X — RU {400} be a
proper lower semicontinuous function whose domain dom f is bounded. Then
for every x € dom Ky pco f such that dom f — x satisfies NSLUC property we
have

deQrp(@f)(z) = de CO(Q)\,pf(IL') N [z + span(d — x)]),
and hence
Q/\,pf(x) C Q)\,[) (@f) (I) C co Q)\,[)f(x)

Moreover, if f is constant on its domain then Qx (<o f)(z) = Qxpf(2).
Proof Let x € dom k) p, f, so © € dom Ky (@f) by Proposition 7. Pick d €
@xp(co f)(x). Without loss of generality we may assume that A = 1.

Case 1:1f d = z, then since the equality inf ¢of(y) = inf f(y) is obvious,

yeX yeX
by Proposition 7, we get
Fapf(d) = kxp (T f)(d) = —T0 f(d)

= sup —¢o f(y) = sup —f(y)
yeX yeX

= — inf f(y)

yeX

because

—0 f(d) = #,p(c0 f)(d) > sup (—0 f)(y) > —co f(d).

yeXx

Taking a sequence (y,), such that lim f(y,) = inf f(y) = @ f(d) and
n—+00 yeX

noting that

—f(yn) < llyn = dll” = f(yn) < Fxpf(d) = —C0 f(d)

it follows that hIJIrl Yn = d. So using the lower semicontinuity of f, we get
n—-+oo

f(d) < lim nff(yn) = @f(d) < f(d)

n—)Jlroo
and this implies that ky ,f(d) = —f(d), and consequently d € Q , f(z).

Case 2: If d # =z, then without loss of generality, we may assume that
|[d — x| = 1. Since d € Qx,(c0 f)(z), then

K () = kixp (@ f) (2) = [|d — =[P — <o f (d).
mMn
For each n € N there exist m,, € N, t7,--- ¢ €0, 1], with Zt? =1, and
i=1
Yty 5 Y, € dom f such that

M, Mo,

lim  tfyl =d, @f(d)= lim > 7 f(y}). (31)
i=1 =1

n—+o00 4 n—+o00 4
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Note that the sequence (y1',--- , ¥y, )n is bounded according to the bounded-
ness of dom f. On the other hand, as for alln e Nand i =1,--- ;m,,

lyi" = 2" = f(yi") < |ld = «||” —cof(d),

we also have
Zt” lyi" — zl|” — f(y")] < ld — z[|” —eof(d),
and hence
Mn Mn
1Y Sty —al|P <Yty — 2P < |ld - 2| — o f(d +Zt" Yi')s
i=1 i=1

which combined with (31) entails
lim > |y =l = [|d — z||". (32)

n—-—+o0o
=1

Pick u* € 9| - ||(d — x). For each n € N, the inequality
lyi" — =l = [(u*, 7" — )| withi=1,---,m,

along with the convexity of | - |P ensures that

Mn

My
oty =P =Yy — )P > |(u Zt" P
=1 i=1

hence
Mn

lim > &'|(u”,yf —2)" = |ld —zf" = L. (33)
n~>+ool 7

Let p > 0 be arbitrary and consider, for each n € N, the following sets

Li=Hie{l, - sma}: |y — o= (u'y! —2)(d = 2)|| = p,

Ap=H{ie{l - oma} oy —2 — (WY —z)(d—2)]| < p
and [lyi" —z|[” — f(yi") + 1 < mxpf (@)}
and
By ={ie{l,--- m,]\(I; UA}) : (u',y" —x) <1 —p}.
We have lim sup Z t7 = 0, because

n—-+4o0o ZEA"
— 1 n _ _ n
mapf(@) = tm( _§€Aj g - ol - Fly] + 2@: = 2l = F ()]
) n i n

< kxpf(z) — plimsup Z ti < kapf().

n—-4oo zEA”
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We claim that lim sup Z i = 0. Suppose the contrary, that is,

n—-+o0o ie];}

lim sup Z tt=r>0.

nH jern

Extracting subsequence, we may assume that nli)rfoo t = r. Clearly, the
ieln

set P:={n € N: I} # 0} is infinite (keep in mind that in the definition of r

the limit is involved) and the set S" := {y]' —z :n € P,i € I]} is a bounded

subset of dom f — z and by the definition of I} it fulfills the condition (17)

with S := dom f — . By (18) (applied with S = dom f — ), there exists

B = B(n) > 0 (not depending on n) such that for all n € P and i € I}},

" = ll = [(u®s " — @) + By’ —2 = (W', —2)(d = 2)||
= [(u®, yi" = 2)| + Bp.

Fix any n € P. Since
M
Sty — 2P — fyh)]
i=1

Mn
= =D )+ D Ry —alP + Yy - )
i=1

il ieln
Mn
> =Y )+ Y Iy =)+ Y lyf - all?
i=1 iy ieln

> =Y R+ ) Rty 2P+ Y (It g - @)+ Bu)?,
i=1

igly i€l

we have

>ty — all” = f )]
i=1

> S pem) + S ety — o+ 3 el - )P+ 3 (A
=1

ZQILL ie[ﬁ iEIZLL
Mn
=D g = o) = fu)]+ Y B
i=1 ieln

Using (33) and (31) and passing to the limit as P 2 n — oo, we get

m\,p(@f) () > m\,p(@f) () +r(Bp)?

and this contradiction establishes our claim.
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If for all n € N, B = {1, ,mn }\(I' U A7), then  lim _ GXB: =1
i€B};

and, by the definition of B}; and the fact nll)l}_loo ‘ZB: tryl = d (see (31)), we
1€B};
have the following contradiction 1 = ||d — z|| = (u*,d — ) < 1 — u. Then
B # {1, ;mu}\(I]; U A}) for some n € N.
Thus we can choose an increasing sequence (n(u)), (we take p in a discrete

set such that p — 0), with i(u) € {1,--- ,mn(u)}\(Iﬁ(“) U AR U B g0

kapl (@) = [d—allP a5 f (d) < [yl =P = Fu 8 +us (u*, i) —a) > 1-p.
(34)
Thus the sequence (yzn(%)) , is bounded (since dom f is bounded) and, by the

definition of Ij;*),

. n(w) . . o w on(p)
#lg(r)l+ d(yi(#) ,x+ span (d —z)) =0 and 1}}3%}2 (u Vi) x) > 1.

Without loss of generality we may suppose that

ot i) je€at span (d - )

(because of the boundedness of (y?((uﬂ))) . and the fact that span(d — ) is finite-

dimensional). The lower semicontinuity of f and the relation (34) ensure that
i (@) = ld—allP ~eBf(d) < G-z - (§) < w2 pf(2), and (", G—2) > 1
then § € @, f(x). Since

ge€x+span(d—2x), (wg—2x)>1 and (u*,d—z)=1,

there exists s; > 1 such that

Now, we consider the sets
Cp=H{ie{l,- m \(Iy UA]) : (u'yi" —x) > 14 pj.

Repeating the same reasoning with C; instead of B); provides the existence
of z € Qxpf(x) and sy < 1 such that

Z—x=so(d—z). (36)

Combining relations (35) and (36), we get

de CO(QAmf(Z) N[z + span (d— x)})
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Now suppose that f is constant on its domain. If d = x, by the case 1 we
have d € Qxpf(x). So, let us suppose d # x and show that § = d, where § is
as obtained in case 2. Since ¢of(7) < f(y) and

19— 2|” = f(§) = kapf(x) = [|d—z||" — <0 f(d)
= /@\J,(@f)(z)
> ||y — z||” — e f(y),

it follows that @ f(y) = f(§) = cof(d) and hence ||§ — x| = ||d — z||. As
y € x+ span (d —z) and ||§ — z| = ||d — z|, there exists v € {—1,1} such
that 7 — = y(d — x). Since i(u) ¢ B*), then v > 0 and hence § = d and
the proof is completed. O

From Proposition 7 we know that domsy ,f = domeky, (@f) Conse-
quently, Propositions 10, 11, 12, 13 and 14 combined with Theorem 2 guaran-
tee the following:

Theorem 3 Let (X, -||) be a normed space and let f : X — UR{+o0} be a
proper lower semicontinuous function whose domain dom f is bounded. Under
anyone of the assumptions (i)-(v), one has the inclusion

Qrp(of)(z) Cco(Qrpf(z)) forallz e X.

(i) the norm of (X, || - ||) has the LUR property;
(i) the space (X, || - ||) is a fully k-conver Banach space;
(iii) the norm of (X, || - ||) is strictly convex and has the Kadec-Klee property,
and dom f is relatively weakly sequentially ball-compact;
(iv) the space (X,|| - ||) is a Banach space whose norm has the Kadec-Klee
property and the dual norm is Gdteauz differentiable off the origin;
(v) the norm of X is strictly convex and domf is relatively ball-compact.
If in addition f is constant on its domain, then one has

Qxp(Cof)(z) = Qupf(x) forallz € X.
As a direct consequence of Theorem 2 we get.

Corollary 7 Let (X,| - ||) be a normed space. For any bounded closed set S
of X satisfying the NSLUC property, one has the equality

Qs(z) = Qms(z) foralze X.

Continuing with the case of sets, other properties hold true. Let us establish
the following one which follows ideas in the proof of (Edelstein 1966, Theorem
2).

Proposition 15 Let (X,| - ||) be a normed space fulfilling the Mazur Inter-
section Property. Then, for any bounded set S such that Dom Qg is dense in
X, one has the equality

@0 (RgeQs) =70 S.
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Proof Fix any = ¢ ©o (Rge Qs). By the Mazur Intersection Property, there are
zo € X and a real » > 0 such that

x & Blxg,r] Do (RgeQs).

We can choose some real € > 0 such that ||z — zg|| > r + €. According to the
density assumption, choose Z € Dom Qg with ||Z — z¢|| < /2. Taking some
7 € Qs(Z), we have § € B[zg,r]. Then for any y € S, we have

ly—oll < lly=Zl+[[Z=zoll < |7=2[|+|1Z—2oll < [|g—woll+2[|Z—20] <r+e.

This entails S C B[xzg, r+¢], hence ¢6.S C B[zg, r+¢|, which ensures x & ¢6 S
since ||x — xo|| > r + . Consequently, €0 (Rge Qs) D €0 .S, and this inclusion
is an equality as asserted, since the reverse inclusion is obvious. O

Lau’s theorem (Lau 1975, Theorem 2.3) says, for any weakly compact set
S of a Banach space (X, || - ||), that Dom Qg contains a dense Gs set of X.
Consequently, the equality in Proposition 15 is valid for every weakly compact
set of a Banach space satisfying the Mazur intersection property. This contains
(Edelstein 1966, Theorem 2). A result showing that Dom Qg contains a dense
G5 set of X*, whenever S C X* is weakly* compact, can be found in (Deville
and Zizler 1985, Proposition 3).

7 The Klee envelope: an approach with a distance from a set

The aim of this section is to show that subdifferential properties of the Klee
envelope k)1 f can be investigated through the distance function, namely we
want to show that

kanf(x) + %d(x, Wo) =ma Vz € cd(X\Wa), (37)

where a > 0, mq = a+ inf k) 1f(y) and
yeX

Wo={y e X: ra1f(y) >ma}.

Whenever k1 f is finite at some point Z, according to the coercivity (see (7))
and the Lipschitz continuity of xy 1 f, the set W, is nonempty and closed. The
finiteness of k1 f at T also ensures that f is finite at some §, so writing, for
allz € X,

(@) = sup (L =yl = £) 2 ~1(3),

we see that sy 1 f is bounded from below. Then m, > in}fl kx,1f, hence the set
ye

{z € X : ka1f(z) < my} is nonempty. This nonemptiness combined with the
continuity and convexity of ky 1 f easily entails that

cd{z e X 1 kaa1f(z) <ma} ={z e X rry1f(x) <mq} (38)
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and
int{z € X : kx1f(z) <mqa} ={x € X :rkrx1f(z) <my}. (39)

Moreover, if f is the indicator function of a non-singleton set S for which
Qx1f(x) is a singleton for all x € X, we show that the set Py (x) of nearest
points of z in Wy, is a singleton for every a > k1 f(z); see Theorem 5. In other
words, if S (not singleton) is such a set that for every x the set Qg(x) is a sin-
gleton, then we can construct an open bounded convex nonempty set U C X
such the set X\ U is Chebyshev and d(-, X \U)+Ag(+) is a constant function on
U. Observe that X\ U can not be a convex set. Thus the Klee question, that is,
the problem of singleton property of sets with unique farthest points (see Prob-
lem 6 in Hiriart-Urruty (2007)) turns out to be a question on the convexity of
Chebyshev sets, see Problem 5 in Hiriart-Urruty (2007) and also the Goebel-
Schoneberg problem Goebel and Schoneberg (1977), whenever X is a Hilbert
space. Namely, if we have the convexity of Chebyshev sets, then only single-
tons have unique farthest points, we refer to Bauschke, Macklem and Wang
(2011); Borwein and Fitzpatrick (1989); Deutsch (2001); Dutta (2005); Fitz-
patrick (1980); Goebel and Schoneberg (1977); Hiriart-Urruty (2007); Jourani,
Thibault and Zagrodny (2014); Wang (2010); Zagrodny (2015) and their ref-
erences for several results concerning convexity of Chebyshev set in Hilbert
spaces.

Theorem 4 Let (X,]| -|) be a normed space and f : X — RU {+o0} be a
proper function. If kx 1 f is finite at some point, then relation (87) holds true.

Proof We saw above that the finitness of k1 f at some point implies that
mo = inﬁ( ka1 f(u) is well defined in R. Let us fix any = € int D, with
ue

kxaf(x) > —f(x), where (see (38))
D, :=cl (X\Wa) ={ue X: rri1f(u) <mg}.

Take a sequence (y,), of elements of X such that

i f@) < - Ll = 2l = Flon),

and observe that vy, # z for n large enough, say n > ng, since sy 1f(x) >
—f(z). Fix any integer n > ng. Since kx1f(u) — +o0 as ||ul| — oo by (7)
and kx1f(x) < mq by (39), we can choose by the continuity of £y 1 f and the
intermediate value theorem some z,, = x + t,,(z — y,,) with ¢, > 0 such that
ka1 f(zn) = maq.

Choose some z* € 9| - ||(z — yn) and note that (X, — y,) = ||z — ynl|
since y, # z. Then we have

ma — k1 f(z) + % = ka1 f(zn) — ka1 f(z) + %

> Sllen = all = £(n) + (=5 2 = vl + Fun),
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which gives

>

(Izn = ynll = llz = ynll)

3=

ma — ka1 f(z) +

1
> (@ 2n — 7) = stallz — yal

[ el B Sl

= Sl = 2all > g, W),

Passing to the limit as n — oo, we get

me > ka1 f(z) + %d(:m Wa). (40)

On the other hand, since ky ;1 f is Lipschitz with constant 1/X, we also have

1
Mo < ka1 f(y) < kxf(x) + X”x —yll, Vy € Wa,
and consequently mqo < ka1 f(z) + +d(z, Wa). It ensues that

1
me = ka1 f(z) + Xd(ac, W,), forallz € int D, with sy 1f(z) > —f(z).

In order to finish the proof, it is enough to show that the set
{z € int Dy : kx1f(x) > —f(x)}

is dense in int D,. Assume the contrary, that is, there are yy € int D, and
ro > 0 such that

B(yo,r0) C{z €int Dy : kx1f(x) = —f(x)}.

This implies that for every y € B(yo, ro)

() = sup (512 =l = 7(2)) 2 sup(~ (=) =~ (w).
zeX

zeX

It ensues that f is constant over B(yo, ), or equivalently

f(y) = f(yo) forally € B(yo,70)-

It follows that

llyo — yll — f(yo)) —o_ f (o),

—f) = manfw0) > swp (2 .

veB(yoro) A
which is a contradiction. Thus the set {x € int D, : kx1f(z) > —f(z)} is
dense in int D,,, hence also in D,, according to (38) and (39). Since the function

@ — ka1 f(z) + $d(z, W,) is continuous then (37) holds true and the proof is
completed. O
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Remark 7 Tt follows from Theorem 4, taking o > 0 large enough, the differen-
tiability or subdifferentialbility of ) 1 f at point £ € X can be inferred from
differentiability or subdifferentiability of the opposite of the distance function
to the complement of bounded convex set. O

Remark 8 Theorem 4 can be stated in a more general setting as follows : Let
g : X — R be a Lipschitz continuous convex function, with Lipschitz constant
equal to 1, satisfying the following assumptions:

(i) ~lim g(z) = +oo;

llzl| =00
(#4) There exists a dense set G of X such that 91 g(x) NSx+ # 0, for all x € G
and n € N, where

Oeg(z) ={a" e X*: (z"u—2)+g(z) < gu) +¢, Vu e X}
denotes the approximate e-subdifferential of the convex function g at x.
Then relation (37) holds true with g instead of k1 f(z). O

There is a partial connexion between the set of farthest points in a set S
and the set of nearest points in S to points outside S.

Proposition 16 Let (X, | -||) be a normed space and S be a nonempty closed
bounded subset of X. Then

Rge Qs C Ps(X \ 5).

Proof We may suppose that S is not a singleton, since otherwise the inclusion
is trivial. Let y € RgeQg, so y € S. There exists « € X such that || —
yll = As(z) > 0. For 2’ := 2y — z, we see that |2/ — z|| = 2Ag(z), so in
particular ' € X \ S since |2’ — z|| > Ag(z). Further, for every u € S we
have ||z — u]| < Ag(z) according to the definition of Ag(z), hence

2" —ull = 2y — z —ul = [12(y — =) — (u — 2]
2 2lly =l = llu— ]|
> 24s(x) — As(x)
= As(x) = [z =yl = 2" = yll

This guarantees that y is a nearest point in S of 2’ € X\ S, s0y € Ps(X \ 5)
as desired. (]

The problem of possible convexity of a Chebyshev set and the question if a
set with the unique farthest point property is itself a singleton are not solved
in a Hilbert setting (see Problems 5 and 6 in Hiriart-Urruty (2007)). In order
to show that the question related to the unique farthest point property is a
question of possible convexity of Chebyshev sets, we restrict ourselves to the
Hilbert space setting. So, through the rest of this section we shall assume that
X is a Hilbert space, although the subsequent result can be obtained in a more
general set up.

By the main result in the previous section (Theorem 2), we may consider
only the case when the set with the unique farthest point property is convex
and closed.
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Theorem 5 Let S be a closed convex subset of a (real) Hilbert space (X, ||-||)
such that for every x € X the set

Qs(@)={seS: |ls—z| = sup Is" — ||}
s'e

is a singleton. If S is not a singleton, then there exists a nonempty bounded
convez open set U C X such that

d(u, X\U) + Ag(u) =1+ ig;(AS(x), YueU

and the set W := X\U is a Chebyshev set, that is, for every u € U there exists
exactly one w € W such that

d(u, W) = [lu — wl].

Proof Theorem 4 with f as the indicator function of S (so, k11 f = Ag) asserts
that for

W={weX: Ag(w) > 1+ in}f{Ag(x)} and U:=X\W,
EAS

we have

du, W)+ Ag(u) =1+ in)f( Ag(z), Yuel. (41)
EAS

So, we only need to show that W is a Chebyshev set. Fix any u € U and take
s = Qs(u), that is, (because S is not a singleton)

Vg€ S,q#s, As(u) = sup Is" = ull = lu—s|| > [lu—ql|,
s'e

and this allows us to say that u # s. Since U is an open bounded convex set
with u € U, clearly (u + cone(u — s)) Nbdry U # 0, hence we can take w in
this intersection, or equivalently w € W N clU N {u + cone(u — s)}. Observe
that

[w —ull = As(w) = As(u) = [lw = s]| = lu = s]| = [Jw = ul],
and hence Ag(w)—Ag(u) = ||w—wul|. On the other hand, since w € bdry U we
also have Ag(w) =1+ 1g’( Ag(z), so (41) gives Ag(w) = d(u, W) + Ag(u).
It results that

As(w) = As(u) = [Jw —ul| = d(u, W) = As(w) — As(w),

thus
d(u, W) = [[w —ul|.

It remains to show that w is the unique nearest point in W of u. Suppose
that there exists wy € W, with w; # w, and d(u,W) = |lu — ws]]. Note
that w; € W NclU. Take any = €]u, w;[. It follows from Proposition 4.1 and
Theorem 4.2 in Jourani, Thibault and Zagrodny (2014) (see also Theorem 4.1
in Wu and Ye (2003)) that the function d(-, W) is Fréchet differentiable at =,
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with derivative Dd(-, W)(z) = To="1+. Since Ju, w1[C U, by (41) the function

lu—w:]
Ag = k11 f is also Fréchet differentiable at x, with derivative

U — Wi

DAg(z) = — , Vo €]u, wql.

[l —w|
Using the closedness of the graph of the set-valued mapping z — 0Ag(z), we
get P € 0Ag(u). Then, for every n € N, we have

Hu wl

Ag(u+n" wy, —u)) — Ag(u) > <

Mt =) ) =0 =l

(42)
Put b, = u +n"Y(w; — u) and b} = (bn — Qs(bn))/an — Qs(bp)]]. Then
b: € 0Ag(b,) by Proposition 3, and hence by (42)

l[wy —ul]”

1
(b b — u) 2 As(bn) — As(u) 2 —flwr —ull,

which entails
(b, w1 —u) > [lwr — ul].

Since X is a Hilbert space, it results that b}, = IIZEZZH

b+ 2555 (w—w), because Ag(by) = [[b, — Qs (b) | and [wy —ul| = d(u, W).
Now using the continuity of Ag and the fact that lim b, = u, we deduce

or equivalently Qg (b,) =

n——+o0o
A
Since Qs(u) is a singleton and S is closed, we get
As(u) _ _ As(u)
where the first equality is due to the definition of w (i.e., w—u = y(u—Qg(u))
and Zl(is‘g[;‘)) = 1), a contradiction since w # wy. O

Remark 9 Tt is an obvious observation from Theorem 4 that if S is a singleton,
then any subset W of X satisfying (37) for sy 1f(z) := Ag(x) can not be a
Chebyshev set. O

Remark 10 If the set W constructed in Theorem 5 is convex then both func-
tions d(-, W) and Ag(-) are Fréchet differentiable on U, so S is singleton. O

Using the fact that locally compact Chebyshev sets are convex, the follow-
ing well-known result is a direct consequence of Theorem 5.

Corollary 8 Let S be a closed conver subset of the Fuclidean space R™ such
that for every x € X the set

Qs(x)={seS:|s—z| = sup l[s" — x|}
s'eS’

is a singleton. Then S is a singleton.
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