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C'0)_regularity and Lipschitz-like properties of subdifferential

A. Jourani, L.. Thibault and D. Zagrodny

ABSTRACT

It is known that the subdifferential of a lower semicontinuous convex function f over a Banach
space X determines this function up to an additive constant in the sense that another function
of the same type g whose subdifferential coincides with that of f at every point is equal to
f plus a constant, i.e., g = f 4 ¢ for some real constant c. Recently, Thibault and Zagrodny
introduced a large class of directionally essentially smooth functions for which the subdifferential
determination still holds. More generally, for extended real-valued functions in that class, they
provided a detailed analysis of the enlarged inclusion

dg(z) C Of(z) +~+B for all z € X,

where + is a nonnegative real number and B is the closed unit ball of the topological dual space.
The aim of the present paper is to show how results concerning such an enlarged inclusion of
subdifferentials allow us to establish the C' or C**() property of an essentially directionally
smooth function f whose subdifferential set-valued mapping admits a continuous or Hoélder
continuous selection. The C 1’“J(')—propelrty is also obtained under a natural Holder-like behaviour
of the set-valued mapping Jf. Similar results are also proved for another class of functions
that we call al’W(‘)—subregular functions. When X is a Hilbert space, the latter class contains
prox-regular functions and hence our results extend old and recent results in the literature.

1. Introduction

Let f,g: U — RU {400} be two lower semicontinuous functions on a nonempty open convex
set U of a Banach space X. It is known that the subdifferential equality

0g(x) =0f(x) forallxzeU (1.1)

entails that the functions f and g are equal up to an additive constant (i.e. f = g + ¢ for some
real constant ¢) provided the functions f and g are convex. This has been first established by
Moreau [35] (see also [36]) when X is a Hilbert (or reflexive) space and it has been extended
to any Banach space by Rockafellar [44, 45]. If both functions are nonconvex and Fréchet
differentiable then (1.1) simply means that Dpg(x) = Dpf(z) for every x € U, where Dp
stands for the Fréchet derivative. There are several results in “classical” mathematical analysis
allowing us to state that if derivatives of two functions are equal on U then the functions are
equal up to an additive constant. Thus having the equality Drg(z) = Dp f(x) for every x € U,
we know that the function ¢ inherits regularity properties of f, in other words information
on regularity of f are saved in properties of its derivative. In the case of nondifferentiable
functions we also would like to know which regularity properties of the function are embedded
in its subdifferential, although subdifferentials usually are not single valued. Frequently we
are faced with the problem of evaluating subdifferential and it is often not possible to have
knowledge on the whole subdifferential, so conditions like in (1.1) can be awkward to check. For
this reason, we should look for new conditions more adapted to a subdifferential calculus. The
first candidate to relax (1.1) is the inclusion instead of the equality. Thibault and Zagrodny [53]
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began the study of the enlarged inclusion
dg(x) C Of(xz) + yBx+ forall x € U, (1.2)

where v is a nonnegative real number and Bx~ denotes the closed unit ball of X* centred at
the origin. They showed that such an inclusion ensures that for all x € U and y € U N dom f,

f(x) = fly) =7l —yll < g(z) —g(y) < f(z) — fly) +7lz -yl (1.3)

whenever the lower semicontinuous function f is convex. They proved later in [54] that conclu-
sion (1.3) is still true when f (instead of being convex) belong to the class of subdifferentially
stable functions (see [54] for the definition), see also [7] where primal lower nice functions in
Poliquin’s sense ([39]) are involved to get (1.3). Recently, Thibault and Zagrodny continued the
study of the enlarged inclusion above for the class of essentially directionally smooth functions;
see Definition 3.1 for the definition of essentially directionally smooth functions, eds in short.
The class of such functions includes convex functions, approximate convex functions, qualified
convexly composite functions, directionally regular functions, essentially smooth functions, and
so on; see Proposition 3.2 where the class is more specified. At this point it should be emphasized
that one needs additional properties of f in order to deduce (1.3) from (1.2). Indeed, it is known
(see, e.g., [12]) that the Clarke subdifferential or Mordukhovich subdifferential alone cannot
determine every Lipschitz continuous function up to an additive constant. In other words, (1.2)
with v = 0 does not imply (1.3) when additional properties on f are not imposed.

Our first aim in the present paper is to study, through conclusion (1.3) for enlarged inclusions
of subdifferentials of essentially directionally smooth functions, the behaviour of functions f in
the latter class whose subdifferential df admits a selection that is continuous, locally Holder
continuous with power « > 0, or uniformly continuous with w(:) as the modulus of uniform
continuity. We show that such a property of f ensures that it is C*, C, or C1*(). Doing so, we
obtain a partial extension of a result of P. Kenderov [31] as well as a partial extension Asplund
and Rockafellar [1, Theorem 3 and Corollary 2] to a large class of nonconvex functions. In fact,
due to the state of the art on subdifferential calculus, we can use less restrictive conditions
than that in (1.2) to get (1.3). So we are able to explore, employing (1.3), the integration of
subdifferentials or differential properties of f in more general cases. For example, even in the
case of convex continuous functions a better characterization of the Fréchet differentiability at
a given point than that in [1, Corollary 2] is established, see Corollary 4.2 for details. To make
things more understandable, let us point out that dealing with nondifferentiable functions it
is hard to expect that we can calculate the whole subdifferential, as said above. Sometimes we
have a knowledge on some parts of it. Hence, it seems that it is better, as a second candidate
for the relaxation of (1.1), to consider the condition

dg(x)NAf(x) # 0 for every x € Q,

instead of (1.1) whenever we integrate subdifferential, where @ is a dense subset of U. In
Section 4, we provide integration results where this condition is used and the function ¢ is
either convex or DC; see Theorem 4.1 and Proposition 4.2. One of the important conclusions
from this method of integration of subdifferential of eds functions is that, for any eds function
and any selection of its Clarke subdifferential on @, we have that the Clarke subdifferential
is singleton at all points of continuity of the selection relative to @, see Corollaries 4.2 and
4.5(c)—(e). Consequently, the function f is strictly Fréchet differentiable at each point of a dense
set @ of U whenever Jf admits a selection on ) that is continuous relative to @ (that is, with
respect to the induced topology on Q); see Corollary 4.5. Thus, for a continuous essentially
directionally smooth function and a dense subset of its domain a necessary and sufficient
condition for strict Fréchet differentiability on this set is the existence of a continuous selection
of the Clarke subdifferential on this set.
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Our second objective is to show how conclusion (1.3) allows us to establish the C!*!-property
of prox-regular functions (see Definition 5.1) whose subdifferentials enjoy the Aubin Lipschitz-
like property. Such results for prox-regular functions started with Levy and Poliquin [32]
through the study of single valuedness of hypomonotone set-valued mappings in finite-
dimensional spaces. Their result for this kind of behaviour of prox-regular functions has been
recently extended to Hilbert spaces by Bacdk, Borwein, Eberhard and Mordukhovich [3].
The method in [3] is strongly based on infimal convolution techniques related to Moreau
envelopes and proximal mappings of prox-regular functions in Hilbert spaces. Here, with
the use of conclusion (1.3) for enlarged inclusions of subdifferentials, we establish under the
same assumptions or other similar assumptions the ' (or C1“()) property, respectively,
for the class of 9¢()-subregular functions (see Definition 5.2) in any Banach space; see
Theorem 5.1. The class of %¢()-subregular functions encompass convex functions, qualified
convexly composite functions, prox-regular functions on Hilbert spaces, an so on. We thus
extend the results mentioned above for prox-regular functions on finite-dimensional or Hilbert
spaces to several classes of functions defined on general Banach spaces (instead of Hilbert
spaces). As already emphasized in [3], such results have many important consequences in
variational analysis (see, for example, [32, 34, 46, 47]) and in the theory of Robinson
generalized equations (see, for example, [34, 42, 43, 47]).

The paper is organized as follows. In Section 2, we recall some notions and their properties.
In Section 3, we state and recall the definition of essentially directionally smooth functions.
The class of these functions is significantly large to encompass several important classes of
functions. In this section, several examples of directionally essentially smooth functions, known
in the literature, are provided. The main result of Section 4 establishes the C* or C':!-property
of essentially directionally smooth function f whose subdifferential 0f admits a continuous or
locally Lipschitz continuous selection. More generally, the C' or C''!'-property is established
for such functions whose subdifferential set-valued mappings are Lipschitz-like continuous
or Aubin continuous. The use of the Aubin continuity of subdifferentials allows us also to
provide a characterization of the Fréchet differentiability of approximate convex functions
in terms of the inner (lower) semicontinuity of the subdifferential. In Section 5, results of
Section 4 are employed to get the C1*() continuity for prox-regular functions on Hilbert spaces
or 9¢()_subregular functions on Banach spaces, under the Aubin or Lipschitz-like property
of subdifferentials; see Theorem 5.1 and Corollary 5.3.

In Section 6, basic information on C*“() continuity are pointed out. Additionally a charac-
terization of this continuity is given in terms of paraconvexity, see [27, 48-51] for several facts
on the class of paraconvex functions; see also [15] for the parent class of semiconvex functions.

2. Preliminaries

Throughout, unless otherwise stated, X is a real Banach space, X* its topological dual, and
B(x,0) the open ball of centre 2 and radius 6. By By and Bx- we denote the closed unit
balls of X and X* respectively, centred at the origin. For an extended real-valued function
f:U — RU{+o0} defined on a nonempty subset U of X, its effective domain is defined by
dom f:={z € U: f(x) < +oo}. When dom f # (), the function f is said to be proper. In the
same way the effective domain of a set-valued mapping M : U = Y (from U into a nonempty set
Y) is the set Dom M := {z € U : M(x) # 0}. For such a set-valued mapping one also defines its
graph as gph M := {(u,y)) €e U xY : y € M(u)}. A typical example of set-valued mappings
with which we shall work in the next sections is the subdifferential in the sense of Convex
Analysis. In such a context the subdifferential 0f(z) of a convex function f: X — RU {+oo}
at « € dom f is the set

Of(x) ={2" € X" : (2", u—2)+ f(x) < f(u) Yue X}. (2.1)
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It is also known that for any = € dom f its directional derivative
i) =t (f (@ + th) — f(z)] (2.2)

exists whenever the convexity of f is assumed, and one also has f'(z;h) = inf;sot 1 [f(x +
th) — f(x)]. The latter equality ensures

af(x) = {z* € X* : (z*,h) < f'(x:h) Yhe X }, (2.3)

and whenever f is in addition continuous at x € intdom f, the set df(x) is nonempty and
w*-compact, and f’(z;-) is the support function of the set df(z), that is,

f(z;h) = max{{z*,h) : * € Of(x)} forall h e X. (2.4)

Whenever nonconvex functions are considered, there are several ways to define their sub-
differential. It is then natural to work with an abstract general concept of subdifferential
allowing us to state many results in a general unified framework. Such a generality is achieved
through the concept of presubdifferential. Following [52, 53], a presubdifferential on X is an
operator 0 that associates with any function f : X — R U {400} and any € X a subset 0 f(x)
of X* and which satisfies the following properties:

(P1) 9f(z) Cc X* and 9f(xz) =0 if x & dom f;

(P2) 0f(x) = dg(x) whenever f and g coincide on a neighbourhood of x;

(P3) Of(z) is equal to the subdifferential in the above sense (2.1) of Convex Analysis whenever
f is convex and lower semicontinuous;

(P4) if f is lower semicontinuous near x € dom f, ¢ is (finite) convex continuous near z, and
x is a local minimum point of f + g, then one has

0 € w* — Limsup 9f(u) + dg(z),
U—fT
where uw —y z means (u, f(u)) — (z, f(2)) and w* — Limsup,,_, , 0f(u) denotes the
weak™® sequential outer (upper) limit of 0f(u) as u — x, that is, the set of all w*-limits
limy, uj, of sequences (uj ) such that uj € 0f(u) and up — 5 .

The graph of the presubdifferential set-valued mapping 0f is the set
gphdf :={(z,2") e X x X* : 2" € 9f(x)}.

When f: U — RU {+oc} is defined on a subset U of X its presubdifferential 9f(x) is defined
as the presubdifferential of the extension of f to X with the value 400 outside of U.

We say that 0 is a subdifferential with the exact inclusion sum rule when (P1)-(P3) hold
and instead of (P4) one requires:

(P4’) for any function g finite and locally Lipschitz continuous near x

o(f +g)(z) C of(x)+0g(x),

and 0 € 9f(x) whenever x € dom f is a local minimum of f.

Obviously, any such subdifferential is a presubdifferential. A first example of useful
presubdifferentials is the operator of proximal subgradients when X is a Hilbert space (see,
e.g., [17]). Another useful presubdifferential is the operator of Fréchet subgradients when X is
an Asplund space (see, for example, [34]). It will be used in many parts of the paper. We recall
that, for an extended real-valued function f defined on the Banach space X and z € dom f,
an element z* € X* is a Fréchet subgradient of f at x € dom f, and we write z* € Op f(z),
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provided that, for each real € > 0 there exists some neighbourhood U of z such that
(" u—x) < f(u) — f(z)+ellu—2z| foraluel.

We also recall that the Banach space X is Asplund when the topological dual of any separable
subspace of X is separable. So, any reflexive Banach space is Asplund.

A first important example of subdifferentials with the exact inclusion sum rule which we
will deal with, is the Mordukhovich limiting subdifferential J;, on Asplund spaces (see [34])
whose elements are w*-limits of sequences of Fréchet subgradients; more precisely 9, f(x) is

the set of x* € X* for which there are sequences z), —; x and x} > z* with @} € Op f(zy).
It is worth emphasizing that 9p f(z) is nonempty and bounded whenever X is an Asplund
space and f is locally Lipschitz continuous near z. As two other important subdifferentials
with exact inclusion sum rule, we have the Ioffe (geometric) subdifferential on any Banach
space (see [27]), and the Clarke subdifferential on any normed vector space (see [16]). Besides
the above properties (P1)—(P3) and (P4’), some other properties of the Clarke subdifferential
will be involved in the development of the paper.

One of the best ways to introduce the Clarke subdifferential (called also the Clarke
generalized gradient) is to define it first for locally Lipschitz continuous functions via the
generalized directional derivative. Reacall that, for a locally Lipschitz continuous function
f:U — R on an open set U of X, its Clarke generalized directional derivative (see [16]) is
defined for x € U by

Fo(as ) = limsup = [f(u + th) — f(u)]

u—x;t]0
and then its Clarke subdifferential at 2 can be defined similarly to the convex setting (see (2.3))
Oof(x) :={z" € X*: (",h) < fo(x;h) VYhe X}
It is not difficult to see that, for a locally Lipschitz continuous function f, we have

Py = limsup 7 f(u+ tw) — ()],
(uw,w)—(x,h);t |0
and hence the function f°(-;-) is upper semicontinuous on U x X, we refer the reader to [16]
for details.
It is worth pointing out that, when X is Asplund, the Clarke subdifferential O¢ f () is related
to the Mordukhovich limiting subdifferential 9y, f (x) through the equality

dc f(x) = clywco(dL f (), (2.5)

where cl,,xco denotes the w*-closed convex hull, we refer the reader to [34] for details.

We recall that a mapping G : U — Y from the open set U into a normed space Y is strictly
Fréchet differentiable at a € U provided that there exists some continuous linear mapping
A: X — Y such that for each real £ > 0 there exists some neighbourhood U’ C U of a such
that

IG(z) = Gly) = Alx —y)ll <elle —y|| forall 2w,y € U";

in such a case G is obviously Fréchet differentiable at @ and its Fréchet derivative DpG(a)
coincides with A (there are several notions of differentiability with a long history, for example,
strict Fréchet differentiability and Fréchet differentiability were known in the nineteenth
century; see [20] for some historical comments). When a function f : U — R is strictly Fréchet
differentiable at a € U, it is easily seen that it is Lipschitz continuous near the point a and

Irf(a) =0rf(a) = 0cf(a) ={Drf(a)}. (2.6)

Through the Clarke subdifferential of the distance function dg(u) =infyeg ||y — ull to a
subset S C X the Clarke normal cone to S at z € S is defined as the weak™® closure of the cone
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generated by the Clarke subdifferential of the distance function, that is,
Ne(S;2) = cl i ([0, +00[0cds(x))

and so the Clarke subdifferential may be extended to any function f:X — RU{+oo} at
x € dom f (see [16]) as

dcf(z) ={z" € X*: (2%, —1) € Ne(epi f; (z, f(2)))},

where epi f denotes the epigraph epi f = {(u,7) € X xR : f(u) <r} of f.

A crucial property of the presubdifferential that will be considered later is that Dom df is
graphically dense in dom f; see, for example, [56]. For the sake of completeness and convenience
of the reader, we sketch a proof below. The proof is based on the Zagrodny mean value theorem
(proved for the first time in [58] for the Clarke subdifferential, but as pointed out in [52] the
same proof holds with a slight adaptation for any presubdifferential). We also refer the reader
to [22, 59, 60] for other related results.

THEOREM 2.1. Let O be a presubdifferential on a Banach space X, let f : X — RU {+o0}
be a lower semicontinuous function, and let a,b € X with a # b and a € dom f. Then for any
real number r < f(b), there exist sequences x, —y c € {a+t(b—a):t € [0,1[}, zf € Of (xk)
such that the following properties hold:

(a) r— f(a) < limy_o (z},b—a);
() (1o =cll/b = al)(r — f(a)) < limg—oo (%, b — xk);
(¢) Ib—al[(f(c) = f(a)) < lle —all(r — f(a)).

We point out that the proof provided below for the graphical density of Dom df in dom f
works for any operator for which the above mean value theorem holds.

PROPOSITION 2.1. Let @ be a presubdifferential on X and f : X — R U {+oc0} be a proper
lower semicontinuous function. Then Dom df is f-graphically dense in dom f, i.e., for any
a € dom f there exists a sequence x, € Dom df such that x), —; a.

Proof. Fix any a € dom f and € > 0. Let a positive § < £/2 be such that f(a) —e < f(z)
for all © € B(a,d) and let any b € B(a,d) with b # a. Fix a real number r < f(b) such that
r < f(a) +¢e. Theorem 2.1 gives a sequence (xy)r with df(zx) # 0 and z — ¢ € B(a,?),
where the point ¢ satisfies the property (c) of the same Theorem 2.1. The latter and the
inequality » — f(a) < € ensure that limy, f(x) = f(c) < f(a) + . We then deduce the existence
of some integer K such that ||zx — a|| < e and |f(zx) — f(a)| < €, which completes the proof.

|

Before passing to the next section, we recall that the lower Dini directional derivative of a
function f: U — RU {400} at u € dom f, where U is an open set of X, is given by

4 f(uih) = limint £ [f(u+tw) = f(w)

and when f is Lipschitz continuous near u we obviously have for all h € X
d” f(u;h) = lirﬂ(i)nft_l[f(u +th) — f(u)].

When f is Lipschitz continuous near u and f°(u;-) = d~ f(u;-), the function f is said to be
directionally subregular (or Clarke regular) at the point w. It is not difficult to see that f is
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directionally subregular at w if and only if

foluyh) = 1tilr61t_1[f(u +th) — f(u)] forall h € X.

If the directional subregularity property of f holds for all u € U, one says that f is directionally
subregular on U.

3. Essentially directionally smooth functions and enlarged inclusions of subdifferentials

In this section, we introduce the class of essentially directionally smooth functions. We need
first to recall some other concepts which motivated the study in [55] of essentially directionally
smooth functions and which will be involved in the present paper.

Throughout the section and others, unless otherwise stated, 0 is a presubdifferential on a
Banach space X. Let U be a nonempty open convex subset of X and f,g: X — RU {+o0} be
two functions that are proper on U. Assume that

dg(x) = 0f(z) forallz e U. (3.1)

If f and g are lower semicontinuous (Isc, for short) and convex, then there exists a real constant
¢ such that

g(x) = f(z)+c forallz e U; (3.2)

this means that proper Isc convex functions are subdifferentially determined. This result was
obtained by Moreau when X is a Hilbert space (with a proof that is still valid for any reflexive
Banach space) (see [35, 36]), and extended by Rockafellar to any Banach space; see [44, 45].
As it is said in the introduction, more generally in place of the equality in (3.1), an enlarged
inclusion has been considered in [53] with the subdifferential of the convex function g, say

dg(z) C Of (x) + vBx« forall x € U. (3.3)

Correa and Jofre [19] also established that under condition (3.1) with the Clarke subdiffer-
ential the same conclusion (3.2) holds, provided that f,g are over U finite locally Lipschitz
continuous functions that are semismooth and whose Clarke subdifferential is single-valued
at any point of a dense subset D of U (see also [56] for the case of Lipschitz continuous
directionally subregular functions). The locally Lipschitz continuous function f is semismooth
at x € U, if for each h € X one has limy_,p;;j0 d” f(x + ty; h) = d™ f(2; h). Later, Borwein and
Moors [9, 11] showed with the Clarke subdifferential that the result also holds whenever the
locally Lipschitz continuous functions f and g are essentially smooth in the sense that they
introduced (see also [21]). So proper lsc convex functions and locally Lipschitz continuous
essentially smooth functions are subdifferentially determined. The locally Lipschitz continuous
function f is essentially smooth on the open set U when, for each nonzero vector h € X, the set
N:={zeU: fo(x;—h) # —f°(x; h)} is Haar-null in X in the sense that there exists a Radon
probability measure P on X such that P(N 4 y) =0 for all y € X. The essential smoothness
is not stable by composition, that is, there are locally Lipschitz continuous functions f and
mappings F' with values in R™ that are essentially smooth (that is, each component of F' is
essentially smooth) such that f o F fails to be essentially smooth (see [10]).

That nonclosedness property under composition led Borwein and Moors [10] to introduce
for X = R™, as a large subclass, the concept of arc-wise essentially smooth functions which is
in the line of Valadier’s sound functions (”fonctions saines” in French; see [57]) and which is
preserved under composition. Observing that the equality f°(x; —h) = —f°(x; h) is equivalent
to the existence of the limit limy,_ .10 ¢ [f(u + th) — f(u)], we may (as in [13, 14]) extend
the concept of essential smoothness to mappings F' from an open subset V of a Banach
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space Z into U by requiring that, for each nonzero vector v € Z, the set

{zeV: limlo tHF(y + tv) — F(y)] does not exist}
y—z;t
is Haar-null in Z. So, the locally Lipschitz continuous function f : U — R is arc-wise essentially
smooth if, for each locally Lipschitz continuous essentially smooth mapping « :]0, 1[— U, the
set

{t €]0,1[: fo(x(t); —2' (1)) # —f(x(t); 2/ (1))} (3-4)

has null Lebesgue measure (or is equivalently Haar-null). When, for each (u,v) € U x U and for
x(t) = u+ t(v — u), the set in (3.4) has null Lebesgue measure, we will say that f is segment-
wise essentially smooth. The last class obviously contains that of arc-wise essentially smooth
locally Lipschitz continuous functions.

The approaches in [11, 19, 35, 44] are all distinct. Further, the finiteness over U of the
locally Lipschitz continuous arc-wise essentially smooth functions makes clear that neither the
extended real-valued convex functions is included in that class nor the converse. The class of
essentially directionally smooth functions introduced in [55] allowed their authors on the one
hand, to unify several of the above results and, on the other hand, to identify many other
interesting amenable functions that are subdifferentially determined. As we shall see below,
the class even provides stronger results concerning enlarged inclusion (3.3). Before recalling
the definition, we denote, according to (2.2), by ¢'(¢;1) the right derivative of a function ¢ at
t defined on an interval of R, whenever it exists, that is,

. t+7)—p(t)
"(t:1) :=1 —QD( .
A

DEFINITION 3.1 ([55]). Let U be a nonempty open convex subset of the Banach space X
and f: X — RU {400} be a lsc function on U with U Ndom f # @ and let x> 0 be fixed. Let
D be a subset of X with Domdf C D C dom f. We say that the function f is essentially 0,
p~directionally smooth on U relative to D provided that, for each v € U N Dom 0 f, the following
conditions are satisfied.

(i) For each v € U Ndom f the function f, ,(t) := f(u+ t(v — w)) is finite and continuous
on [0,1].
(ii) For each v € U N D there are real numbers 0 =ty < --- < t, = 1 such that the function
t — fu(t) is absolutely continuous on each closed interval included in [0, 1]\ {to,t1,--- ,tp}.
(iii) For each v € U N D with v # u there exists a subset T' C [0, 1] of full Lebesgue measure
(that is, of Lebesgue measure 1) such that for every ¢t € T' and every sequence ((zx,z}))r C
gph df with z — (1) := u + t(v — u), there is some w €]x(t), v] for which

limsup(zy, w — ax) < |lw = 2@)l|(Jo = ul 7 f . (1) + p).

k—o0

Conditions (i) and (ii) are quite natural to have the subdifferential integration property. As
regards (iii), we refer the reader to [55, Section 4] for a large discussion and several particular
cases.

The function f will be said to be essentially O-directionally smooth on U relative to D
when it is essentially 0, u-directionally smooth on U relative to D for every p > 0. We use the
abbreviation “0-eds on U respectively to D” for this function.

The two most important cases correspond with D = dom f and D = Domdf. When D =
dom f we shall omit writing “relative to dom f”, that is, we shall only say that f is essentially
0, p-directionally smooth or 0-directionally smooth (0, u-eds or 0-eds, for short) on U.
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Obviously for Domdf € D C D' C dom f, the essential 9, u-directional smoothness of f
relative to D’ entails the same property relative to D. Further, it is readily seen that f is
0, p-eds on U if and only if it is 0, p-eds on U relative to U Ndom f.

The class of eds functions is stable under addition according to the following result of
Thibault and Zagrodny [55].

PRrROPOSITION 3.1 ([55, Proposition 4.3]). Let U be a nonempty open convex subset of
E and let f; : U — RU{+oco} be a 9, u;-eds function on U relative to dom f; for every i €
{1,--+ ,n}, satisfying U N[, dom f; # 0. Assume that 9 is any presubdifferential (fulfilling
(P1)—(P4)) and that

O(fi+ -+ fo)lx) COfi(x) + -+ 0fp(x) forallxeU.
Then the function fi + -+ fp, is 0, (u1 + -+ - + pupn)-eds on U relative to dom (f1 + -+ + fn)-

The proposition above and the next one show how large the class of eds functions is. Before
giving the proposition, recall that a function f: U — R U {400} defined on an open convex
set U of X is approximate convex (see [37]) at a point a € U, provided, for each real p > 0,
there exists some neighbourhood U’ C U of a such that for all z,y € U’ and t €]0, 1]

fltr+ (1 =t)y) <tf(z) + (1 =) f(y) + pt(l = )|z —y]. (3.5)

When f is approximate convex at each point of U, one says that f is approximate convex on U.

PRropPOSITION 3.2. Let U be a nonempty open convex subset of X and let f:U — RU
{+o0} be a proper Isc function. Then each one of the following conditions ensures that f is
0-eds on U:

(a) f is convex on U;

(b) f is locally Lipschitz continuous on U and segment-wise essentially smooth on U, and
the presubdifferential O f is included in the Clarke subdifferential of f;

(¢) f is locally Lipschitz continuous on U and directionally subregular on U, and the
presubdifferential 0f is included in the Clarke subdifferential of f;

(d) 0 is a subdifferential included in the Clarke subdifferential with the exact subdifferential
sum rule (P4’) and f is DC on U, that is, for any x € U there exist an open convex
neighbourhood U’ C U of z, an Isc convex function f1 : U’ — RU {400} and a convex
continuous function fo : U' — R such that f(u) = fi(u) — fo(u) for allu € U’.

Further, f is 0-eds on U relative to D := Dom df whenever f is approximate convex on U
and 0 is included in the Clarke subdifferential.

Proof. The case of condition (a) corresponds to [55, Proposition 4.4] and the cases of
conditions (b)-(d) are established in Corollaries 4.9, 4.8 and 4.13, respectively, of the same
paper [55]. The final case of approximate convex function follows from, [54, Proposition 3.5]
and [55, Proposition 4.15]. O

4. Continuous-like and Lipschitz-like properties of subdifferentials of eds functions

The aim of this section is to show that several generalized continuity or Lipschitz properties of
the presubdifferential of an eds function ensure the C!- or C1*()-regularity of the function. More
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generally, we investigate the behaviour of an eds function f under the existence of some specific
selections of the presubdifferential set-valued mapping 0f. Let us start with the following
theorem from which we will deduce a new simple criterion for the Lipschitz property of eds
functions. Let us first say that, for € > 0, a set-valued mapping M : S = X* defined on a subset
S of the Banach space X is e-hypomonotone with power 1 whenever

(x] — 5,21 — x2) = —¢l|lz1 —w2|| for all x; € Sand z] € M(z;), i =1,2.
We also say that the set-valued mapping M is locally bounded provided that, for each z € S
there are 6 > 0 and ( > 0 such that

ly*|| < B forally* € M(y) withy € SN B(x,9).

THEOREM 4.1. Let X be a Banach space, U be a nonempty open convex subset of X, 0 be
a presubdifferential and f: X — R U {+o0} be a 0, u-eds function on U relative to Dom Of.
Let e 20, v>0, Q CU be given such that U Ncldom f C cl@Q, where cl stands for the
closure with respect to the strong topology (the topology generated by the norm). Assume that
there is a set-valued mapping M. : U Ncl@Q = X* with M (x) # () for all z € U N clQ that is
e-hypomonotone with power 1 and locally bounded on U N clQ and such that

(0f(q) + ¥Bx~) N Mc(q) # 0 for every q € Q. (4.1)
Then f is finite on U Ncl @ and, for allv e U, uw € UNcl@Q, u* € M (u),
f) = fw) + (p+2e+y)llv—ul| = (W0 —u)
and
f) = flu)+ (p+e+y)lv—ull = (W v—u),

whenever O f(u) # 0.
Moreover, if ) is a dense subset of U and g : U — R is a convex continuous function such
that

(0f(q) +vBx+) N dg(q) # 0 for every q € Q, (4.2)
then f is finite on U and

f) = fw) + (p+Nlv —ull = g(v) = g(u) = f(v) = f(u) = (p+)|lv = ul| for all u,v € U.

Proof. Let us fix u € UNcl@ and u* € M. (u). In this part of the proof, let us also assume
that 9f(u) # (). Take any v € U NDom df \ {u}. Since the function f is 9, u-eds on U relative
to Dom df, there is a subset T C [0,1] of full Lebesgue measure such that condition (iii)
of Definition 3.1 is satisfied. Fix any ¢ €]0,1]NT and take a sequence (gx)r C @ such that
limg 00 g = u + (v — u) (keep in mind that by (i) of Definition 3.1 we get [u,v] C U Ndom f
and UNcldom f C clQ by the assumptions). By (4.1) there are ¢j € (0f(qx) +Bx-)N
M_(qi). By (iii) of Definition 3.1, for some w €]u + t(v — u),v] (with w depending on t), we
have

tinsup (g w = ) =0 = i) < o = = 20 = )| (o = w0 (1) + 10
—00

Observe that by the e-hypomonotonicity we get
(W, qr —u) —ellar — ull < (gk: ax — ).

We know that there exists ¢’ €]¢,1] such that w =wu+ (v —u) and hence (remembering
that (gx)r converges to u+t(v—u) € UNcl@ and M. : UNcl@ = X* is locally bounded
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on UnNcl@Q)
limsup(gi, w — qx) = (¢’ — t) limsup(gj;, v — u).

k—o0 k—o00

We have also

t'—t
(W 5w—u—tv—u))={t —t)(uv—u) = klim (u*, q, — u),
—00
$0
y t—t . N

(W w—u—tlv—u)) = lim (u*, g, — u)

t k—oo

vt/ .
< lim sup ({qi;, qr — u) + €llar — ull)
t k—o0

t—t
= — (t <limsup(q,’;, v—u)+elv— u||))
k—o0

Z(f—ﬂ(man%ﬂPﬂw+ﬂW—UD

k—oo

= limsup(qy, w — qx) +¢l|w — v — t(v — )],

k—oo
which implies
(w0 — 1w — t(o —w)) — (= +7)|[w —u — (v — )|
< lw —u—t(v —w)| (o =l 7' fl, (1) + p).
By (ii) of Definition 3.1 take 0 =ty < --- < t, = 1 such that the function f, , is absolutely

continuous on each closed interval included in [0, 1]\ {¢o,--- ,t,}. Fix any positive real 7 <
% 1I<nii£p(ti —t;—1). Observing that
[v — ull

To—u—tw_w @ v u) =v-u,

we see that

ti—mn
(hdh—m—fwﬁpr+m=J Fo(t:1) dt
ti—1+m
ti—mn
>0 (- et plo-d)a @)
ti—1+m

= ((u" v —u) = (e + 7+ wllv—ul)(t; — tim1 — 20).
This yields

p

D (fuwlti =m) = fuu(tios +0)) = (w0 = u) = (e + 7+ v —ull) (t, — to — 2pn).

i=1
Using, by (i) of Definition 3.1, the continuity of f, , on [0,1] and taking the limit as n | 0 we
obtain

fuw(@) = fun(0) = ({0 —u) — (e + 7 + p)]lv — ull) (£, — to), (4.4)
that is,
f) = fu) = (W o —u) = (e + 7+ p)llv—ul.
It then follows from Proposition 2.1 that
fw) = f(u) = (W v—u)— (p+e+7)||v—ul forallveUndomf.
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Now let us take any w € U Ncl Q, v # u, v € UNdom f, u* € M.(u). Observe that the above
reasonings ensure

[¢,v] cUNdom f forall ¢ € Q,

so [u,v] CUNecldom f. Put v := ||v —u| (v —u) and fix a sequence of positive numbers
sk 1 0 with spv + u € [u,v] for all k. By the inclusions

[u,v] CUNecldom f C cl@

for each k& we can choose uy € @ such that ||spv +u — ui|| < s2. Putting vy := s;, ' (ug, — u),
we see that v, — v and hence by what precedes we have, for every u; € (0f(ur)+ vBx+)N
ME(uk)7

(u* u — u) —ellup — ul] < {up, e —w)
and
F() = flur) = (up,v —ug) — (n+e +7)llv — ugl].

Since |lug, — ul| 7 (ug — u) — ||v — ul| 7 (v — u) and uy, — u, by the boundedness of the sequence
(uj)r and the lower semicontinuity of f, we get

7o) > lminf (F(ug) + {uf v — ) = (a+ =+ )]l — )
> Timinf (f(ur) + [lv = ull{uf, ux = ul = (e = w)) = (et + 7)o = )
> Timinf (f(ue) + o — ", s~ ]~ (g — ) — (2= + ) o — ue])
fu) + (W v —u) = (p+2¢ +7)[lv — ul|.
Therefore, since u € UNcl@ and v € dom f, we get U Ncl@ C UNdom f and
fw) = flu) = (W, v—u) — (p+2+7)||lv—ul forallve UueUnclQ. (4.5)

WV

In order to finish the proof let us assume that g : U — R is a convex continuous function such
that

(0f(q) +vBx~) N dg(q) # 0 for every g € Q.
For every u € U let us put My(u) := dg(u). It follows from (4.5) that
f) = flu) = W v —u) — (u+7)|v—ul for all v,u € U,u* € My(u),
and so, at every point u € U and every direction h such that f'(u;h) exists, we get
f'ush) 2 g'(ush) = (p+ )R],
since ¢'(u; h) = m8a>% )(u*, h) according to the continuity and convexity of g on U.
u*edg(u
Fix any v € UNDomdf and v € UNDomdf \ {u} and by (ii) of Definition 3.1 take
0=ty <---<t,=1such that f,, is absolutely continuous on each closed interval included
in [0,1]\ {to, - ,tp}. Then, taking the local Lipschitz continuity of ¢ into account, the
functions fy v, Guws (f — g)uw are absolutely continuous on each closed interval included in
[0,1]\ {to,--- ,tp}. Proceeding as for (4.3) and (4.4) with f — ¢ in place of f and ¢ =0, we
obtain for all u,v € U N Dom 0 f
(f=9)w) = (f —9)(w) Z —(p+)[lv —ul, that is,
f) = fu) + (p+7)v—ull = g(v) = g(u).
Using Proposition 2.1 we see that the latter inequality holds for all u,v € U, which completes
the proof of the theorem. ]

An immediate consequence of the theorem is that any d-eds function f on U relative to
Dom df with a locally bounded monotone selection has to be convex, whenever v = 0.
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COROLLARY 4.1. Let X be a Banach space, U be a nonempty open convex subset of X, 0
be a presubdifferential and f : X — RU {400} be a d-eds function on U relative to Dom df.
Let @ C U be given such that cl@Q is a convex set and U Ncldom f C cl Q. Assume that there
is a set-valued mapping M : U NclQ = X* that is monotone (i.e., it is e-hypomonotone with
e =0) and locally bounded on U N cl @ and such that

df(q) N M(q) # 0 for every q € Q.
Then f is finite and convex on U Ncl Q.

Proof. Tt follows from the preceding theorem that f is finite on U Ncl @ and
f) = f(u) = (u*,v—u) for all u,v € UNclQ,u" € M(u).
Let us fix any u,v € UNclQ, t € [0,1] and u; € M(u+ t(v — u)). Observe that we have
fo) = flu+t(v—u) = (uf,v —u—tv—wu))
and
flu) = fluttv—u) > (u,u—u—tv—u)),

which implies

tf() + (1 =) f(u) = flu+tv —u)). .

It appears that the main advantages of conditions (4.1) and (4.2), when compared with
previous ones, are that it is enough to check whether the intersection is nonempty (we do not
have to check the inclusions, which is much more difficult to verify). It is in fact enough to
check the nonvacuity of this intersection on some dense subset of the interior of the domain,
which is more useful in the case where we have some information on the presubdifferential on
some generic set, for example, in Asplund spaces. In Proposition 4.2 (see also Remark 4.3) an
example showing that checking (4.2) on some dense subset is easier than on U is given in the
case of integration of DC' functions. Moreover, in some cases we have that if (4.2) is satisfied
for some dense subset, then it is also satisfied for U. In order to observe this, let us recall,
following [26, D. page 150], the notion of bounded weak* topology, bw* in short. Namely, the
topology is defined on the topological dual space of X by defining bw* closed sets: a subset G
of X* is bw* closed if and only if its intersection with every weak*-compact set is again weak™-
compact or equivalently every bounded weak* converging net in G has its limit in G; see [30)]
for the definition and properties of nets. If the graph of 9f is | - || x bw*-closed, then (4.2)
holds for some dense subset @ of U if and only if it holds for U. Indeed, fix any x € U and
choose a sequence (gx)ren of @ converging to x, where @ is a dense subset of U such that (4.2)
holds true. By (4.2) choose ¢; € 0f(qx) and b}, € yBx~ such that g; + b} € 0g(qx). Since Jg is
locally bounded (g is locally Lipschitz) the sequences (q;)x and (b} ) admit subnets (¢5;))je
and (b*(j)) jes weak*-converging (and hence also bw*-converging, because of the boundedness)

S
to some ¢* and b*, respectively. Put

Pj =dsgy 45 =0y and pj = gug).

By the assumption above on df we have ¢* € 9f(z). On the other hand the convexity of ¢
ensures that

(¢" + %) € dg(x).
Consequently,
(¢" +b%) € (9f(x) +B) N Ig(x),
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which entails the desired equivalence. Let us also observe that if M is a maximal monotone
set-valued mapping then a similar reasoning ensures that if (4.1) is satisfied for some dense
subset then it is also satisfied for U.

REMARK 4.1. The last conclusion of Theorem 4.1 ensures in particular
fltu+ (1 =t)v) <tf(u) + (L= 8)f(v) +2(y + p)t(d — t)]lv —ul],

for all u,v € U and t €]0, 1], that is, f is strongly 1l-paraconvex on U; see the last section
for the definition of strongly 1—paraconvex functions. Indeed, according to the conclusion of
Theorem 4.1 and to the convexity of g, for p := v + u we have, for all ¢ €]0,1[ and =,y € U,

Hflu+ @ =t)(v—u) = f)]+ A =)f(u+ 1 =t)(v—u) = f(v)
< pt(L =)o —ul +tlg(u+ (1 =) (v =) = g(w)] + pt(1 = t)[lv — ull
+ (I =Dfglu+ (1 =1)(v—u)) —g(v)]
= 2pt(1 = t)[Jo —ull + [g(u+ (1 =) (v — u)) = tg(u) — (1 = t)g(v)]
< 2pt(1 = t)[Jo —ul,

and hence
fltu+ (1 =t)v) <tf(u)+ (1 —8)f(v) +2(y + w1 = t)|lv —ul].

This proves the strong 1-paraconvexity of f on U.

REMARK 4.2. Let g: X — RU{+o0} be an Isc proper convex function on U and & > 0
be given (in the reasoning below, & under consideration is small). Put S(g) := gphdg =
{(z,2*) e X x X*:2* € 9g(x)}, S:(9) :={(w,w*) € X x X*:V(z,2*) € S(g), (z* —w*,x —
w) = —¢} and T.(g) = {(w,w*) € X x X* :V(x,z*) € S(g), (z* —w*,z —w) > —¢l|lx — w||}.
It follows from [61, Property 3.3] that every pair from S.(g) is not far from S(g), that is,

Se(g) € (S(g) + (8VeBx- x 8VeBx-)).

It seems that similar results between T.(g) and S(g), more related to (4.2), should also be
valid, so it is natural to ask the following questions:

(1) presubdifferentials of which functions f have the property that there is a convex function
g such that gphdf C S:(g) for a given ¢ > 07

(2) presubdifferentials of which functions f have the property that there is a convex function
g such that gph df C T.(g) for a given € > 07

In the one-dimensional setting an answer to question (2) is given in [38, Theorem 5, p. 250].
Also Theorem 4.1 can be employed to get some answers to these questions in one-dimension.
For example, let p: R — R be a function and 9 be a presubdifferential, f : R — R U {+o0} be
a 0-eds function on some open interval U relative to Dom df such that for a dense subset @
of U, we have

p(q) € 0f(q) for all g € Q

and

sup  p(s) < +oo for all t € U.
SEQN | —o00,t]

Putting

o(t):= sup  p(s),
SEQN]—o00,t]
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we know (see [47, 12.26 Exercise]) that there is a proper lsc convex function g: R — RU
{+o0} such that o(q) € dg(q) for every q € Q (with the convention sup () = —o0) and thus, by
Theorem 4.1, we get

| f(v) = f(u) = (g(v) —g(u) [<  sup  d(o(q),0f(q)) [v—u| forall u,v € dom fNU.
geQNDom O f

If the function f is not d-eds on U relative to Dom 0 f, then there are approximation techniques
for several classes of functions, for example, Moreau envelopes, Weierstrass approximation
theorem and the above method can be applied to an approximation of f.

In general, questions (1) and (2) are open. Answers to them should give us more information
how far the functions satisfying one of the inclusions from (1) or (2) are from convex functions.
These questions can be extended to larger classes, for example, to DC class; see Proposition 4.2.

We must also add that we do not know results concerning the inclusion

T.(g) C S(g) +7(e)Bx+ x r(e)Bx-~

where 7(+) is a nonnegative continuous function on [0, +-oo[ with 7(0) = 0, so in our opinion it
is an open problem to have a good relation between 7. (g) and S(g) in the sense above.

The above integration property can be expanded to the DC function. In view of this, we
need the following property, which is an immediate consequence of [55, Corollary 4.10].

ProOPOSITION 4.1. Let X be a Banach space, U be a nonempty open convex subset of X
and f:U — RU{+4o00} be a 9, u-eds function on U relative to some set D with Domdf C
D C dom f, where 0 is a subdifferential with the exact inclusion sum rule and included in the
Clarke subdifferential. Also let go : U — R be a continuous convex function. Then the function
f+ g2 is 0, u-eds on U relative to D.

As a simple consequence of Theorem 4.1 and Proposition 4.1 we have the following
proposition.

PrOPOSITION 4.2. Let X be a Banach space, U be a nonempty open convex subset of X,
~v = 0 be given, 0 be a subdifferential with the exact inclusion sum rule and included in the
Clarke subdifferential, f : X — R U {400} be a d-eds function on U relative to Domdf and
g: X — R be DC and continuous on U, that is, there are two continuous convex functions
91,92 : U — R such that g = g1 — g2 on U. Assume that, for some dense subset @) of U, we
have

(0f(q) +Bx~) N dg(q) # 0 and O(f + g2)(q) = 0f(q) + 9ga(q) for all ¢ € Q. (4.6)
Then f is finite on U and

f() = f(u) +7llv = ull = g(v) = g(u) = f(v) = f(u) = 7llv - ul| for all u,v € U.

Proof. Observe that, by Proposition 4.1, the function f + g is d-eds on U relative to
Dom d(f + g2). Assumption (4.6) and the inclusion of & in d¢ ensure that (9(f + g2)(q) +
v]BX*) Ndgi(q) # 0 for all ¢ € Q, and hence (4.2) is satisfied for f + go and g; instead of f
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and g, respectively. Theorem 4.1 can be applied to these functions. Hence, f is finite on U and

f(v) = f(w) + g2(v) — g2(u) +|lv — ul
= g1(v) — g1(w)
> f(v) = f(u) + ga(v) = g2(u) = yllv —u| for all u,v € U,

which implies the statement. |

REMARK 4.3. Let us note that if 0 is a subdifferential with the exact inclusion sum rule
such that df contains the Fréchet subdifferential and is included in the Clarke subdifferential,
then by Proposition 4.4 recalled below, one sees that

Of(u) = 0(f + g2 — 92)(u) CA(f + g2)(u) + Dp(—g2)(u) C 0f(u) + Drga(u) — Drgz(u),
S0
O(f + g2)(u) = 0 (u) + 9ga(u),
at any v € U where gs is Fréchet differentiable.

Whenever ¢ is a continuous linear functional, then Theorem 4.1 yields the following
proposition.

PROPOSITION 4.3. Let U be a nonempty open convex subset of a Banach space X, () be a
dense subset of U, 0 be a presubdifferential, and f : X — R U {+oo} be a 0, u-eds function on
U relative to Dom 0f. Let r,v be nonnegative numbers and a* € X* such that for all x € Q

(@* +rBx~) N (9f(z) +yBx~) # 0. (4.7)
Then fis finite on U and

If(x) = fly) = (a",x —y)| < (r +v+p)llz—y| forallz,ycU.

Further, the function f is Lipschitz continuous on U with (||a*|| 4+ v+ r + u) as a Lipschitz
constant on U.

Proof. Let us put g(z) := (a*,z) for every z € X, 7/ :=r + v and observe that condition
(4.2) is satisfied with 4/ instead of ~. Hence, the statement of the proposition follows from
Theorem 4.1. |

Proposition 4.3 can be used to give sufficient conditions for the Fréchet differentiability at a
given point.

COROLLARY 4.2. Let U be a nonempty open convex subset of a Banach space X, x € U
be given, ) be a dense subset of U, O be a presubdifferential, f : X — RU {+o0} be a 0-eds
function on U relative to Domdf and o : QU {x} — X* be a continuous mapping relative to
QU {z} (the continuity means that o is Tgy(s}-to-norm continuous at x, where 7, is the
induced topology from the strong topology of X ). Assume that we have

o(q) € 9f(q) for every q € Q. (4.8)
Then f is strictly Fréchet differentiable at x with Dp f(x) = o(x).
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Proof. Let us put * = o(z) and apply Proposition 4.3. For this reason let us fix € > 0 and
take § > 0 such that ||o(¢) — o(z)|| < e for every ¢ € Q N B(x,0). It is easy to observe that (4.7)
is satisfied with 7 := 0, v := ¢, a* = o(z), U := B(z,9) in place of U, and Q' := Q N B(x,9) in
place of Q). This implies that f is finite on B(z,0) and

lf(v) = flu) = (", v —u)| <e|lv—wu| forall u,v € B(x,0).

Since we can repeat this reasoning for arbitrary € > 0, the above inequality yields the strict
Fréchet differentiability of f at x. |

Before stating the second corollary let us recall that every Isc proper convex function on a
Banach space has the property that if it is Fréchet differentiable at a point from the interior of
its domain then it is strictly Fréchet differentiable at this point; namely we have the following
proposition.

PROPOSITION 4.4. Let X be a Banach space and g: X — RU {+oc0} be an Isc convex
function that is Fréchet differentiable at x € int dom g. Then for every € > 0 there is § > 0 such
that

99(y) C (Drg(x) + eBx~) for every y € B(z,4). (4.9)

A proof of Proposition 4.4 can be found in [23, p. 147, Lemmal.

Let us point out that if f is Fréchet differentiable at z, then, by (4.9) any selection o of the
subdifferential of f satisfying (4.8) is continuous at x relative to @ U {«}. Hence, if we know
that « € intdom f, then the continuity at = of the selection relative to @ U {x} is necessary
and sufficient for the Fréchet differentiability of f at z. The result when compared with
[1, Corollary 2, p. 460] needs to check the continuity of the subdifferential at x relative to
a dense subset, which is less demanding. We can now state the second corollary. It is a simple
consequence of Corollary 4.2.

COROLLARY 4.3. Let U be a nonempty open convex subset of a Banach space X, () be
a dense subset of U, O be a presubdifferential and f : X — R U {400} be a 9-eds function on
U relative to Dom df. Assume that g : X — R is a convex continuous function on U that is
Fréchet differentiable at © € U and such that

df(q) N Ag(q) # b for every q € Q. (4.10)
Then f is strictly Fréchet differentiable at x.

Proof. Let us put o(x) := Dpg(z). By (4.10), for every g € ) we can choose a point o(q) €
X* such that o(q) € 9f(q) Ndg(q). By (4.9) the selection o is continuous at z relative to
Q U {z}. Now we can apply Corollary 4.2 to get the strict Fréchet differentiability of f at x. ]

As said above, we can derive from Proposition 4.3 the following corollary for the Lipschitz
property of an eds function.

COROLLARY 4.4. Let U be a nonempty open convex subset of X and f: X — RU {400}
be a 0-eds function on U relative to Domdf. Then f is Lipschitz continuous on U with v > 0
as a Lipschitz constant whenever there is a dense subset () of U such that

0€0f(q) +Bx~ forallqeQ,
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that is, the set-valued mapping J0f admits a selection o(-) on @Q such that ||o(q)| <~ for all
q€ Q.

Further, if O satisfies (P4’) instead of (P4), then the condition is also necessary for the
Lipschitz property of f on U.

Proof. Applying Proposition 4.3 above with ¢* = 0 and r = 0, we see that the condition is
sufficient. Suppose now that 0 satisfies (P4’) instead of (P4) and that f is finite and Lipschitz
continuous on U with v as a Lipschitz constant. Then, for any fixed a € U, the point a is a
minimum on U of the function f(-) + || - —al|, and hence by (P4’) we have

0€0(f+ll-—all)(a) Cdf(a) + (7|l - —al)(a).

The function | - —al| being convex continuous, (P3) entails d(v| - —al|)(a) = yBx~. This
completes the proof. O

Theorem 4.1 gives us possibilities to investigate properties of eds functions through selections
of their presubdifferentials. In Corollary 4.2 it is shown that all points of continuity of a selection
form a set where the function is strictly differentiable. An obvious consequence of the corollary
above is that boundedness of a selection yields Lipschitzness of the function.

The next theorem shows that additional properties of the selection o yield much more
regularity for the function f. This theorem involves, for the function f, the C1*() property
defined as follows.

DEFINITION 4.1. Let
M :={w: [0, 400[— [0, +o0[: w(0) =0, and w continuous at 0 }. (4.11)

For w(-) € M one says that a mapping G : U — Y from an open set U of X into a normed
space Y is C1*() on U when G is Fréchet differentiable on U and, for each point a € U, there
exist some neighbourhood U’ C U of a and some real M > 0 such that

IDFG(z) — DpGy)| < Mw(|z —y|)) for all z,y € U (4.12)

(Obviously one obtains an equivalent definition with the Gateaux differentiability and Géateaux
derivative of G). When, for some constant « > 0, one has w(t) = ¢%, one just says that G is
O instead of C1+0) with w(t) = to.

In the case w(t) = t*, inequality (4.12) means that DrG is locally Holder continuous on U
with power a. So the C!'! property of G on U corresponds to the local Lipschitz continuity of
DpG on U. Let us also point out that if « > 1 and U is open and convex, then (4.12) implies
that DpG is constant on U, so the most interesting case is when « €]0, 1].

THEOREM 4.2. Let U be a nonempty open convex subset of X, ) be a dense subset of
U and f: X — RU{+o0} be a 0-eds function on U relative to Domdf. Assume that there
exists some selection o(+) of the set-valued mapping 0f on @ such that

o(y) € 0f (x) + p(z,y)Bx~ forallz,y € Q, (4.13)

where p: QQ X Q — [0,400[ is a function such that p(x,z) =0 and p(-,z) is continuous at x
relative to @ for any x € Q. Then the following hold.

(a) The function f is strictly Fréchet differentiable at every q € Q with o(q) = Dg f(q) for
all g € Q.



C1H@()_-RECGULARITY AND LIPSCHITZ-LIKE PROPERTIES Page 19 of 35

(b) If Of is included in the Clarke subdifferential, then Of is reduced to the Fréchet

derivative of f on @, that is, 0f(q) = {Drf(q)} for all ¢ € Q.
Moreover, if we additionally assume that we are able to extend p to U x U in such a way that
it satisfies: (1) p: U x U — [0,+0o0|, (2) p(x,2) =0, (3) p(-,-) is continuous at (z,z) € U x U
for any x € U, then we have the following properties whenever Of is included in the Clarke
subdifferential.

(c) If inclusion (4.13) holds, then the function f is of class C' on U and Dpf(z) =
limgsy—q o(y) for all x € U.

(d) If inclusion (4.13) holds on Q = U for p(z,y) = w(||x — y||) with a function w(-) € M,
then the function f is C'**(") on U. The same conclusion holds when Q # U but then w(-) € M
is additionally assumed to be upper semicontinuous. (When w(t) = ct® with real constants
¢ > 0 and « > 1, this means that f is a continuous affine function on U).

Proof. (a) Fix any a €  and any real number 7 > 0. Choose some real § > 0 such that
B(a,0) C U and
plxz,a) <n forall x € B(a,d) NQ.
By (4.13) we have
o(a) € 0f(x) + nBx- for all x € B(a,d) N Q.

Applying Proposition 4.3 with » = 0 and a* = o(a) we have

|f(x) = f(y) = {o(a), x = y)| <nlle —yl| for all z,y € B(a,d). (4.14)

This ensures that the function f is strictly Fréchet differentiable at a and Dp f(a) = o(a).

(b) Under the assumption of the inclusion of df in the Clarke subdifferential of f, according
to (a), for all x € Q, we have Dpf(x) € 0f(z) C Oc f(x). Further, by (4.14) the function f
is locally Lipschitz continuous on U, which by the strict Fréchet differentiability ensures that
Ocf(x) = {Dpf(xz)}. We then deduce that df(z) = {Dpf(x)}.

(c) Let us fix any « € U. It follows from Proposition 4.3 that for any § > 0 such that B(x,d) C
U, we have

£ - F0) - (ola) = < swp pl)llz =y (4.19)
B(z,6)x B(x,6)
for all y,z € B(z,9) and ¢ € B(x,6) N Q. The function f being locally Lipschitz continuous on
U (as seen in the proof of (b) above), for § > 0 sufficiently small we infer from (4.15) and from
the definition of fO(z;-) that, for every z* € ¢ f(x)

lo* — 0@l < s p() for every g € B(z,6)NQ,
B(x,6)x B(x,0)

which ensures the existence of the limit limgsq—, o(g) =: 7(x) and

dof(x) = {7(x)}.
Using (4.15) again we obtain

1f(z) = fly) = (r(@),z—y)l < sup  p(-,-)[]z =yl
B(x,0)x B(x,0)
for all y, z € B(z,9), and hence f is strictly Fréchet differentiable at = with Dp f(z) = 7(x).
(d) Suppose that p(z,y) = w(||z — y||). If @ = U, then, by (4.13) and (a), we have Dpf(y) €
Drf(x) +w(||z — y|)Bx- for all 2,y € U, hence f is C**) on U.
Suppose now that @ is dense in U with ) # U. Using (c) we obtain Dp f(x) = limgsg—s 0(q)
for every x € U. By (4.13) and (a) we have, for all ¢,¢' € Q,

o(¢) € a(q) +w(lld —ql)Bx-, thatis, [lo(q) —a(q)]| <w(lg’ —qll),
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which, according to the upper semicontinuity of w and to the equality Dp f(u) = limgsq—w, 0(q)
for all w € U, implies

IDrf(y) = Drf(@)|| <w(lly —=[)) forallz,y € U.
This means that f is of class C*() on U. The proof is then completed. |

We have the following first corollary.

COROLLARY 4.5. Let U be a nonempty open convex subset of X, () be a dense subset of U
and f: X — RU{+oo} be a d-eds function on U relative to Dom 0 f. The following assertions
hold.

(a) If the set-valued mapping 0f admits a selection on U that is continuous, then f is of
class C' on U.

(b) If 0f(-) C Oc f(+) and Of admits a selection on U that is locally Lipschitz continuous
on U, then f is of class C'' on U.

(¢) If the set-valued mapping Of admits a selection on @) that is continuous relative to @,
then [ is strictly Fréchet differentiable at every point q € QQ with Dpf(q) = 0(q), so it is of
class C! relative to Q.

Moreover, assume that Of is included in the Clarke subdifferential; then the following
assertions hold.

(d) If the set-valued mapping 0f admits a selection on @) that is also a continuous mapping
on U, then f is strictly Fréchet differentiable at every point x € U with Dp f(xz) = o(x), so it
is of class C* on U.

(e) If the set-valued mapping Of admits a selection on ) that is also locally Lipschitz
continuous on U, then f is strictly Fréchet differentiable at every point x € U with Dp f(x) =
o(x) and it is of class C'' on U.

Proof. (a) Denote by o(-) a selection of df on U that is continuous. Putting p(z,y) :=
llo(x) — o(y)|| for all z,y € U, we see that p is continuous on U x U and p(z,z) =0 for all
x € U. Since

o(y) € 0f(x) + ||o(x) — o(y)||Bx+ for all z,y € U,

assertion (a) of the corollary is a consequence of assertion (a) of Theorem 4.2 (with @ = U).
(b) Let o(-) be a selection of df which is locally Lipschitz continuous on U. Assertions (a)
and (b) of Theorem 4.2 with @ = U give that f is differentiable on U with Dp f(z) = o(z) for
all z € U. So, f is of class C!' on U.
(¢) Denote by o(-): @ — X* a continuous selection of the set-valued mapping 9f on
Q, that is,

o(q) € 9f(q) for every q € Q.

It follows from Corollary 4.2 that, for every ¢ € @, the function f is strictly Fréchet
differentiable at ¢ with Dp f(q) = o(q), which gives the statement.

(d) and (e). Put p(z,y) := ||o(x) — o(y)|| for every z,y € U. Observe that (d) and (e) are
consequences of (b), (¢) and (d) of Theorem 4.2. O

Another corollary involves a truncation of the presubdifferential of f.

COROLLARY 4.6. Let U be a nonempty open convex subset of X and f: X — RU {+o0}
be a 0-eds function on U relative to Dom df. Let (a,a*) € gphdf with a € U. Assume that
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there exists r > 0 such that
Of(y)N(a* +rBx-) C Of(x) + p(z,y)Bx- forall z,y € U, (4.16)

where p: U x U — [0,400[ is a function such that p(x,z) =0 and p(-, ) is continuous at x
for each x € U. Then there exists a convex neighbourhood U’ of a for which the following
assertions hold.

(a) The function f is of class C' on the neighbourhood U’ of a and D f(z) € df(x) for all
zelU'.

(b) If Of is included in the Clarke subdifferential of f, then one has in addition Of(z) =
{Dpf(x)} for allz € U'".

(c) If Of is included in the Clarke subdifferential and (4.16) holds for p(z,y) = w(||z — y||)
with a function w(-) € M, then f is of class C'**(") on the neighbourhood U’ of the point a
(when w(t) = ct™ with real constants ¢ > 0 and « > 1 it means that f is a continuous affine
function on U’).

Proof. (a) By the continuity of the function p(-,a) at the point a, choose an open convex
neighbourhood U’ C U of @ such that p(z,a) < r for all x € U’. Observing that a* € 9f(a) N
(a* + rBx+), assumption (4.16) gives that

a* €90f(z)+ p(z,a)Bx- forallz e U’

For each x € U’, combining the latter inclusion with the inequality p(z,a) < r, we see that
df(x)N(a* +rBx~) # 0. This allows us to choose a mapping o: U’ — X* with o(y) €
Af(y) N (a* +rBx~) for all y € U’. The mapping o(-) is then a selection of df on U’ and, by
assumption (4.16), we have

o(y) € 0f(x) + p(z,y)Bx- forall z,y € U'.

Applying assertion (a) of Theorem 4.2, we deduce assertion (a) of the corollary.
Assertions (b) and (c) of the corollary follow in a similar way. O

The next corollary involves the Aubin Lipschitz-like property of the presubdifferential.

DEFINITION 4.2. According to [2, 47] a set-valued mapping M : U = Y from an open set
U of X into a normed space Y satisfies the Aubin Lipschitz-like property at a point a € U for
b € M(a) provided there are real numbers r > 0, v > 0 and a neighbourhood U’ C U of a such
that

M(y) N B(b,r) C M(z) +7|ly — z|By forall z,y € U’

When, in place of ||z — y||By in the second term, we put ||z — y||*By for some o > 0, we will
say that M satisfies the Aubin Hélder-like property with power « at a for b € M (a).

COROLLARY 4.7. Let U be a nonempty open convex subset of X and f: X — RU {400}
be a 0-eds function on U relative to Domdf. Let (a,a*) € gphdf with a € U. Assume that
the set-valued mapping Of has the Aubin Lipschitz-like property at a for a* and that the
presubdifferential Of is included in the Clarke subdifferential. Then f is C''! near the point a.

Proof. The corollary is a direct consequence of the definition of Aubin Lipschitz-like
property and of Corollary 4.6 applied with p(z,y) = ||z — y|| and the neighbourhood U’ C U
above chosen to be open and convex. |
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For classes of functions distinguished in Proposition 3.2 we have (a)—(d) of Theorem 4.2 and
Corollary 4.6. This is gathered in the corollary below.

COROLLARY 4.8. Let U be a nonempty open convex set of X and f: X — RU{+oc0} be
a Isc function. Assume that (4.13) (or (4.16), respectively) is fulfilled. Then each one of the
following conditions ensure properties (a), (b), (¢) and (d) in Theorem 4.2 (or Corollary 4.6,
respectively):

(a) f is convex on U;

(b) f is locally Lipschitz continuous on U and segment-wise essentially smooth on U, and
the presubdifferential Jf is included in the Clarke subdifferential of f;

(¢) f is locally Lipschitz continuous on U and directionally subregular on U, and the
presubdifferential Of is included in the Clarke subdifferential of f;

(d) O is a subdifferential included in the Clarke subdifferential with exact subdifferential
sum rule (P4’) and f is DC on U;

(e) f is approximate convex on U and the presubdifferential 0 is included in the Clarke

subdifferential.
Proof. Concerning (a)—(e), the results are direct consequences of Proposition 3.2,
Theorem 4.2 and Corollary 4.6. |

Our next result relates the Fréchet differentiability of an eds function f to the inner
semicontinuity property of the subdifferential of f. Recall that a set-valued mapping M : X =
Y (where Y is a Hausdorff topological space) is inner (lower) semicontinuous at a € Dom M :=
{r e X: M(z)# 0} for b€ M(a) when, for any neighbourhood V of b, there exists some
neighbourhood U of a such that M (z) NV # ) for all x € U. When M is inner semicontinuous
at a for all b € M(a), one says that M is inner semicontinuous at a; in particular M is inner
semicontinuous at a whenever M (a) = (). Obviously, M is inner semicontinuous at a when, for
each open set V of Y with M(a) NV # (), there exists someneighbourhood U of a such that
M(z)NV # 0 for all z € U. Analogously, M is outer (upper) semicontinuous at a, provided
that, for each open set V' containing M (a), there exists some neighbourhood U of a such that
M(z) C Vfor allz € U. When the set-valued mapping M is both inner and outer semicontinous
at a, one says it is continuous at a.

Similarly, the Peano-Painlevé-Kuratowski inner (or inferior) limit le mf M (z) is defined

by y € Liminf M(z), provided that, for each neighbourhood V of y there exists some
r—a

neighbourhood U of a such that M (z) NV # @ for all x € U. One sees that M is inner semi-
continuous at a for b € M(a) if and only if b € le 1nf M (x). Further, when the set-valued

mapping M has closed value at a, then we have the inclusion L1m mf M(z) C M(a).

When Y is a topological dual space, we will write Hle 1nf M ( ) to emphasize that the
inner limit is taken for Y endowed with the topology associated with the dual norm.

PROPOSITION 4.5. Let f: X — RU{+o00} be a d-eds function on an open convex set
U C X relative to Domdf. Assume that Jf is inner semicontinuous (for X* endowed with
the strong topology) at a € U for some a* € df(a). Then the function f is strictly Fréchet
differentiable at the point a with Dp f(a) = a*. Further, the equality | ”I;in}linf of(x) ={a*}
holds.

Proof. By the inner (lower) semicontinuity property, for any real £ > 0 there exists some
open convex neighbourhood U’ of a with U’ C U such that

(a* +eBx-)NOf(x) #0 foralzel'
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By Proposition 4.3 we then have U’ C dom f and
[f(z) = f(y) = (@" 2 —y)| <ellz —y[| forallz,ye U’

This means that f is strictly Fréchet differentiable at a with Dp f(a) = a*.
Concerning the equality involving the inner limit of Jf(xz) as & — a, observe first that
a* € M Liminf 0 f(x) according to the inner semicontinuity assumption. Fix now any z* €
r—a

I Lim inf 9 (z). Our reasoning above gives that f is Fréchet differentiable at a with D f(a) =

x*. Therefore, we have z* = a* and hence | ILiminf df(z) = {a*}. O

The preceding condition is in fact a characterization of differentiability for approximate
convex functions, as shown in the next theorem. Similar characterizations were previously
established by Asplund and Rockafellar in [1, Theorem 3 and Corollary 2] for convex functions
through the use of approximate e-subdifferentials of convex functions. Characterizations in the
same line for convex functions also follow directly from a result of Kenderov [31].

Let f: X - RU{+oo} be an extended real-valued function which is finite at « € X and
approximate convex on some open convex set U 35 a. Recall (see, for example, [37] and [54,
Proposition 3.4]) that for each « € U where f is finite, the directional derivative f’(z;-) exists
and is a positively homogeneous convex function. Further

Ocf(x) =0pf(x)={z" € X" : (z*,h) < f'(x;h) Vh € X}, (4.17)
and hence
dc f(x) = Or f(x) = {Dq f(z)} (4.18)

whenever [ is Gateaux differentiable at x. Consider now any real € > 0 and choose by (3.5)
some 6 > 0 with a +26Bx C U and such that for all u,v € a 4+ 20Bx and all A €]0,1]

Fu+ (1 =XNv) < Af(w) + (1= X)) f(v) +eA1 =) ||u—2v]. (4.19)
Fix any « € a+ éBx, any h € Bx and any positive ¢t < §. Take any r €]0,0[. Writing
z=r(r+t)" o —th) +t(r+t)"(z+rh)
and using (4.19) with A = r(r + ¢)~! we obtain after computation for z € dom f
—t7[f(z —th) = f(@)] <r 7 [f(@ +rh) = f)] +e.
Since the directional derivative f’(x;-) exists, we deduce that
— Y f (e — th) — f@)] < Fah) +e. (4.20)

Consider now any s €]0,¢[. Similarly, applying (4.19) with A = s/¢, 4 th in place of u, and z
in place of v, we get after computation (with the use of the inequality 1 — A < 1)

s [f(@+sh) = f(@)] <t [fz +th) - f(z)] +e.
Consequently, we have
f(zsh) <t f(x +th) — f(z)] + e (4.21)

We are now ready to state and establish the theorem providing several characterizations of
Fréchet differentiability of approximate convex functions.

THEOREM 4.3. Let f:X — RU{+oco} be an Isc function that is approximate convex
on some neighbourhood of a point a € intdom f. Assume that Of contains the Fréchet
subdifferential and is included in the Clarke subdifferential. Then the following are equivalent:

(a) the function f is Fréchet differentiable at the point a;
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(b) the function f is strictly Fréchet differentiable at the point a;

(c) I “lelnfaf( ) #£ 0;

(d) Bf( ) ;é () and the set-valued mapping df is inner semi-continuous at a for X* endowed
with the topology associated with the dual norm;

(e) 0f(a) # 0 and the set-valued mapping Of is continuous at a for X* endowed with the
topology associated with the dual norm;

(f) there are a neighbourhood U of a and a dense subset Q of U with a € Q such that for
some mapping o : (Q — X* we have o is continuous at a relative to Q and o(q) € df(q)
for every q € Q.

Proof. Suppose that (¢) holds and fix a* € | ILiminf &f(z). Then a* € df(a) (because

Of(a) is strongly closed according to (4.17)) and Of is inner semicontinuous (for X*
endowed with the strong topology) at a for a* € 9f(a). Further, there exists an open convex
neighbourhood U of a such that f is approximate convex on U and hence d-eds on U relative
to Dom df by Proposition 3.2. Thus the implication (¢) = (b) follows from Proposition 4.5.

Let us show the implication (a) = (e) is true. Choose an open convex neighbourhood U of
a over which f is approximate convex. Fix any real € > 0. By the Fréchet differentiability of f
at a take a real ¢t > 0 such that a + 2tBxy C U and

—éellx —al < f(x) — f(a) = (Dpf(a),x —a) < ellx —al| Vrea+ 2tBx. (4.22)
Then, for any = € a + tBx we have for h € X, with [|h|| = 1, according to (4.20) and (4.22),
that
flash) >t [f(2) = fz — th)] -
—e +t7'[f(2) = fla)] + 7 [f(a) — f(z — th)]
—e+t Y (Dpf(a),x —a) — ||z —a||] +t [—(Drf(a),r —th—a) —¢||x —th—al]
—e+t7 ' [(Drf(a),x —a) —et] + t 7 [~(Dp f(a),z — th — a) — el|th|| - e[|z — all]
—¢ + 1t [(Drf(a), th) — 3et]
(D f(a),h) — 4e,

AR\ AR\,

that is,
(Dpf(a),h) < f'(x;h) +4e for all h € X, with ||| =1
or equivalently
(Dpf(a),h) < f'(z;h) +4e||h|| for all h € X.
The latter inequality means by (4.17) that
Drf(a) € 0f(x) + 4eBx+ for all z € a + tBx. (4.23)

On the other hand, for any = € a + {Bx we have in a similar way through (4.21) and (4.22)
that, for all h € X with ||| =1,

fash) <t7Hf(x + th) = fa)] + e
=t [f(z +th) = f(@)] +t7'[f(a) - f(z)] +¢
< (Drpf(a),h) + 4.
This yieds f/(z;h) < (Dpf(a),h) + 4e||h|| for all h € X and hence, by (4.17), we have 0f (x) C
Dy f(a) + 4eBx«. Combining this with (4.23) and taking the equality 0f(a) = {Drf(a)} into
account, we obtain that Jf is inner and outer semicontinuous at a for X* endowed with the
dual norm topology. The desired implication (a) = (e) is then established.
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Observing that implications (e¢) = (d), (d) = (c¢), and (b) = (a) are obvious, we have at this
stage the equivalence between (a), (b), (¢), (d), and (e).

Let us show the implication (f) = (b). There exists an open convex neighbourhood U of a
such that f is approximate convex on U and hence, by Proposition 3.2, f is d-eds on U relative
to Dom df. Assuming (f) we may apply Corollary 4.2 to get (b).

In order to finish the proof, let us argue that the implication (e) = (f) is also valid. So
suppose (e) and note that we also have (b) by the equivalences shown above. Note also that
there exists an open convex neighbourhood U of a such that df(x) # ) for every x € U. Take
any selection o of the presubdifferential df on U. By (e), (b), and (4.18) we get (f), which
completes the proof. O

5. Lipschitz-like properties of subdifferentials of prox-regular functions

This section is devoted to the study of Lipschitz-like properties of subdifferentials of prox-
regular functions. Let f: R™ — R U {+o0} be a proper Isc extended real-valued function and
(a,a*) € gph 0, f ( gph dr, f stands for the graph of the Mordukhovich limiting subdifferential).
For any real A > 0 the Moreau envelope ey o~ f and proximal (set-valued) mapping Py 4 f
through the direction a* are defined for all x € R™ by

exa f(@) 1= inf [7(y) — {a* ) + 55 |z — ]
and
1
Prae () o= ly € B": £(3)  (a",9) + g 2~ yl* = ex- F(@)),

where || || is the Euclidean norm of R™. Poliquin and Rockafellar [40] introduced a large class of
Isc extended real-valued functions f on R™ (including convex functions) for which there exists a
threshold Ag such that, for each positive real number A < Ao, there is some neighbourhood Uy
of the point a over which the envelope ey 4« f is C1'! and the proximal mapping P 4+ f is single
valued and Lipschitz continuous. Because of that regularity of the proximal mapping Py o,
the functions of the class are called prox-regular at the point a for the direction a* € df(a);
see also [41] for other results concerning second-order properties of such functions. Bernard
and Thibault showed in [5, 4] that the same properties still hold for ey o+ and Py 4+ when f
is any function of the same class but with a Hilbert space (H, || ||) in place of the Euclidean
space (R™, | ).

An interesting geometric way to characterize such a function f of that class (see [40])
corresponds to the existence of some reals p,d > 0 such that, for all (z,s) € epif with
[(z,s) = (a, f(a))]| <& and (z*,—s*) € Np(epif;(z,s)) with |(z*,s*) — (a*,—1)[| < &, one
has

Proj (epif; (x,8) + p(a”, s*)) ={(z,9)},

where Proj (epi f; ) denotes the metric projection on epi f with respect to the Euclidean norm
of R™ x R. Translating this analytically for R™ or the Hilbert space H gives the following
definition.

DEFINITION 5.1 ([40]). Let U be an open convex set of a Hilbert space (H,|| ||). Let
f:U—RU{+00} be an lsc function and (a,a*) € gph 9y, f. Following [40], the function f
is prox-regular at the point a for the subgradient a* € 91, f(a), provided there are some real
numbers 7 > 0 and § > 0 such that for all y € B(a;6) C U and all (z,2%) € gphJr f with
|z —al <6, |f(z) = f(a)] <4, and ||z* — a*|| <, one has

Fy) +rlly — 2| > fla) + (" y — 2). (5.1)
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When the property holds for all subgradients a* € 9y, f(a), the function f is said to be prox-
regular at @ € Dom Jy, f.

As observed in [39, 6], primal lower nice functions on Hilbert spaces are prox-regular. When
the involved space is neither a Hilbert space nor a space with differentiable norm (outside
zero), property (5.1) does not ensure in general the local Lipschitz continuity of the proximal
mapping Pj o~ f. Nevertheless, as it will be established below the regularity property in (5.1)
has other important consequences. Let us thus fix this property in the case of a general Banach
space in the definition below, where M (see (4.11)) denotes the set of functions w(-) from
[0, +o00[ into [0, 400 that are continuous at 0 with w(0) = 0.

DEFINITION 5.2. Let X be a Banach space, 0 be a presubdifferential and f:U — RU
{+00} be an Isc function on an open set U, and let (a,a*) € gph df. When there exist ¢(-) € M
and 0 > 0 such that (similarly to (5.1)) for all y € B(a,d) C U and all (x,2*) € gphdf with
|z —al <6, |f(z) — f(a)] <4, and ||z* — a*|| < J, one has

F) +lly = zllely —=l) = f(2) + ",y — 2), (5-2)

the function f will be called 9*¢()-subregular at a for a* € df(a).

Of course any convex function is 9'¥()-subregular, for any ¢ € M. Another important
example of §1¥()-subregular functions is given by the class of qualified convexly composite
functions, with ¢(t) = ¢t for some constant ¢ > 0. An Isc function f := go G is convexly C'!-
composite on an open convex set U of the Banach space X, provided g:Y — RU {+c0} is
an lsc convex function from a Banach space Y into R U {+oo} and the mapping G: X — Y
is C''! on U. The convexly composite function g o G is said to be qualified at the point a €
U Ndom (g o G) whenever the Robinson qualification condition holds at a, that is,

R4 (domg — G(a)) — DG(a)(X) =Y.

Note that the Robinson qualification condition holds for all points of U in some neighbourhood
of a (see [18]). The prox-regularity of qualified convexly composite functions was first observed
by Poliquin and Rockafellar in [40, Proposition 2.5] in the context of finite-dimensional spaces.
It has been extended to any Hilbert space by Bernard and Thibault in [5, Proposition 2.4].

Finally, let us indicate that the class of 9V%()-subregular functions is included in that of
weak-regular functions introduced and studied in Jourani [29].

When the convergence f(z)— f(a) is automatically fulfilled as (x,2*) — (a,a*) with
(x,2*) € gph df, the condition |f(z) — f(a)| <6 may be obviously removed in the defini-
tion of prox-regularity or of 9%¥()-subregularity above. This observation led Poliquin and
Rockafellar [40] to introduce also the concept of subdifferentially continuous functions.

DEFINITION 5.3. The function f is said to be subdifferentially (or 9-subdifferentially)
continuous at the point @ € Domdf for a subgradient a* € df(a) when the function from
gph df to R U {400} given by (z,2*) +— f(x) is continuous at (a, a™) with respect to the induced
topology on gph df, that is, for any real ¢ > 0 there exists some real § > 0 such that

|f(z) — f(a)] <e for all (z,2) € gphdf with ||z —a| < § and ||z* — a*| < 4.

Any function which is continuous at @ € Dom df is subdifferentially continuous at a for any
subgradient a* € df(a). It is also shown in [5, Proposition 2.3] that any lsc convex function
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f: U — RU{+o0} is subdifferentially continuous at any a € Dom df for any subgradient a* €
of(a).

In the proposition below it is recalled that qualified convexly composite functions are prox-
regular and subdifferentially continuous functions on Hilbert spaces; see [40, 5] for the details.
The proof of Proposition 2.4 in [5] is still valid in the context of Definition 5.2 for any
Banach space, and it shows that any qualified convexly composite function f as above is
O1#()_subregular at a with ¢(t) = ct for some real constant ¢ > 0.

PROPOSITION 5.1. Let O be a presubdifferential included in the Clarke subdifferential and
let f=goG:U — RU{+o0} be an Isc convexly C"'-composite function as above that is
qualified at a € Dom df, where U is an open convex subset of the Banach space X. Then, for
any subgradient a* € 0f(a), the function f is subdifferentially continuous at a for a* and also
1) _subregular at a for a*. More precisely, inequality (5.2) holds with o(t) = ct, for some
real constant ¢ > 0.

For several other properties of prox-regular functions we refer the reader to [24, 33, 40, 41,
47] for the finite-dimensional setting and to [4-6, 8] for infinite dimensional spaces.

The theorem below concerning 9%¢()-subregular functions establishes in particular that
the Aubin Holder-like property of the presubdifferential of such a function ensures the C<-
regularity of the function.

THEOREM 5.1. Let O be a presubdifferential included in the Clarke subdifferential and X
be a Banach space. Let f : X — RU {+o0} be an Isc function that is 9%%(")-subregular at a
point a for some a* € df(a) and p(-) € M. Assume that f is subdifferentially continuous at a
for a* and that the set-valued mapping 0f satisfies the Aubin uniform-like continuity property
with modulus w(-) € M at a for a*, that is, there are some real p > 0 and some neighbourhood
U of a such that

df(x) N B(a™,p) C Of(y) +w(||lx —y||)Bx~ forall z,y € U. (5.3)

Then f is of class C1“() near a (when w(t) = ct® with a > 1 it means that f is a continuous
affine function near a).

The proof of the theorem uses the next two lemmas.

LEMMA 5.1. Let f: X — RU{+oo} be a function that is Isc at a and subdifferentially
continuous at a for some a* € 0f(a). Assume that, for some w(-) € M, one has

d(a*,0f(x)) < w(||lx —al]) for all x near a. (5.4)

Then f is finite near a and continuous at a.

Proof. Note first that f(a) is finite since df(a) # (). Fix any € > 0. The subdifferential
continuity property gives some ¢ > 0 such that

|z —al <6, ||z —a”|| <dand 2" € 9f(z) = |f(z) — f(a)| <e. (5.5)

By the continuity of w(-) at 0 with w(0) = 0 take some positive real number 1 < ¢ such that
w(t) < ¢ for all nonnegative real numbers ¢ < 7. For any x € B(a,n) inequality (5.4) gives
some z* € Of(x) with [z* —a*|| <9, and hence |f(z) — f(a)| < e according to (5.5). This
corresponds to the continuity of f at a. |
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The second lemma establishes the local Lipschitz continuity whenever the function f is (in
addition to the assumptions of the lemma above) 0%#()_subregular.

LEMMA 5.2. Let f: X — RU {400} be a function which is finite at a and continuous at a.
Assume that the function f is 9“¢()-subregular for some ¢(-) € M at a for some a* € df(a)
and that (5.4) is fulfilled with a,a*. Then f is finite and locally Lipschitz continuous near a.

Proof. Fix ¢ > 0 such that d(a*,df(z)) < w(||x — a|) for all x € B(a,d) and

(% y —x) < f(y) = f(@) + ly = zllely — ) (5.6)

for all y € B(a,d) and (x,2*) € gph df with x € B(a,d) and ||x* — a*|| < §. By the continuity
of w(-) at 0 with w(0) =0, take some positive real number n < ¢ such that w(t) <4 for
all nonnegative real numbers t < n. Fix any x € B(a,n) and according to the inequalities

d(a*,0f(x)) < w(||x — al]) < ¢ choose some o(x) € Of(x) such that ||o(x) —a*| < J. By (5.6)

we have, for all y € B(a,n),
fy) = f(@) +{o(@),y —2) = lly — zlle(lly — =[])
= f(@) = llo@)| ly = =ll = ly — zlle(ly — =)
> f(x) = 0+ lla"Dlly = 2l = lly — /ey — =)

This is easily seen to ensure the finiteness and local Lipschitz continuity of f near a, because
o(|ly — z]]) < 1 for x and y close enough to a. O

We can now prove the theorem relative to the Aubin property of the presubdifferential of a
01#0)_subregular function.

Proof of Theorem 5.1.  According to the Aubin uniform-like continuity property of df and
to the 9¥()-subregularity of f, fix §, p > 0 such that

df(y)nB(a*,p) C 0f(z) +w(lly — z[)Bx- Vz,y € B(a,9) (5.7)
and such that, for all y € B(a,d), « € B(a,d), * € df(x) with ||a* — a*|| < 4,
Fy) = f@) +(z%y — ) = lly — zllely — =[]). (5.8)

By Lemmas 5.1 and 5.2 we may suppose that f is finite and Lipschitz continuous on B(a, d)
with some Lipschitz constant K > 0. Choose a positive number 7 < § such that w(t) < p for
all nonnegative numbers ¢ < 7. By (5.7) observing for each x € B(a,n) that

a® € 0f(x) + w(|z — al)Bx-,

we see that df(x) N B(a*, p) # 0, and hence we can choose some o(z) € df(x) N B(a*, p). Now
fix any « € B(a,n) and any h € X. According to the Lipschitz property of f on B(a,n) and to
the definition of the Clarke directional derivative, take two sequences tj | 0 and zp — z such
that x + tih € B(a,n) for all k£ and such that

fw;h) = hint;;l[f(xk + teh) — fzw))].
Putting yy, := x + txh, inclusion (5.7) gives some y; € Jf(yx) such that
lyk — o(@e)ll < wlllye — zxll) = w(telnl]).
By (5.8) we have for all integers k

FQ@r) = fy) + i we — y) — llze — yello(lzr — yel)
> fyr) + (o (en), an — yr) = tellhllo(trllbl]) = trllall ok ([2]),
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and hence

ty U (@ + teh) = flaw)) < (o(zn), h) + (tllRl) + exlp])) 12 (5.9)
The sequence (o(xy))r being bounded (because ||o(xy )| < K), fix u* as one of its w*-cluster
points. Using (5.8) with z; and o(xy) in place of  and z* and passing to the limit along a
bounded subnet of (o(x))r w*-converging to u*, we obtain, for all y € B(a,n),

fy) = @)+ Wy —2) = ly—x] sup  o(s). (5.10)
5€10,2]ly—a||]

By the continuity of ¢ at zero (¢(t) tl—aO, see the definition of M) it follows from (5.10)) that

(u*,h)y < d~ f(x; h). (5.11)

On the other hand, using the convergences w(t) — 0 and ¢(t) — 0 as ¢t | 0 we easily deduce
from (5.9) that

fO(ash) < (u”, h),

and hence taking (5.11) into account we deduce fO(z;h) < d~ f(x;h), that is, fO(x;h) =
d~ f(x;h). The Lipschitz function f on B(a,n) is then directionally subregular on B(a,n),
hence it follows from Corollary 4.8(c) that f is d-eds on B(a,n). Since

o(y) € 0f(x) +w([|z —y[)Bx- for all 2,y € B(a,n),
Theorem 4.2(d) ensures that f is C1“() on B(a,n) and the proof is completed. O

The first corollary concerns qualified convexly composite functions. It is a direct consequence
of Theorem 5.1 and Proposition 5.1.

COROLLARY 5.1. Let O be a presubdifferential included in the Clarke subdifferential and U
be a nonempty open convex set of X. Let f : U — R U {+o00} be an Isc convexly C1''-composite
function that is qualified at a point a € Dom df. Assume that the set-valued mapping Of
satisfies the Aubin uniform-like continuity property with modulus w(-) € M at a for some
a* € Of(a). Then f is C1*() near a.

The case of prox-regular functions follows also easily from Theorem 5.1.

COROLLARY 5.2. Let X be a Hilbert space, O be a presubdifferential included in the Clarke
subdifferential, and U be a nonempty open set of X. Let f : X — R U {+o0} be an Isc function
which is prox-regular at a point a € U for some a* € 0f(a). Assume that f is subdifferentially
continuous at a for a* and that the set-valued mapping Of satisfies the Aubin uniform-like
continuity property with modulus w(-) € M at a for a*. Then the function f is of class C1<(")
near the point a.

The next corollary (which is a direct consequence of the previous one) considers the case
where the presubdifferentail of the prox-regular function is Aubin Lipschitz-like continuous. It
has been first established by Levy and Poliquin [32] in finite-dimensional spaces and recently
extended to Hilbert spaces by Bacdk et al [3].

COROLLARY 5.3 ([32, Theorem 3.1]; [3, Theorem 5.4]). Let X be a Hilbert space, O be
a presubdifferential included in the Clarke subdifferential, and U be a nonempty open set of
X. Let f: X — RU{+o0} be an Isc function that is prox-regular at a point a € U for some
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a* € 0f(a). Assume that f is subdifferentially continuous at a for a* and that the set-valued
mapping Of satisfies the Aubin Lipschitz-like property at a for a*. Then the function f is of
class C*! near the point a.

6. Characterizations of Lipschitz and C*() properties through paraconvexity

In the last two above sections, assertion (c¢) of Corollary 4.6 and Theorem 5.1 give a characteri-
zation of C1® property of d-eds functions and 9% ()-subregular functions, respectively, via the
Aubin Holder-like property of df. Our aim in this section is to provide for any function another
characterization of its C'*® property in terms of the concepts of paraconvexity. Let us first recall
the notions of paraconvexity and strong-paraconvexity introduced by S. Rolewicz [48] in 1979.

DEFINITION 6.1. Let X be a normed space, v > 0 be a given positive number and f: X —
R U {400} be an extended real-valued function. Following [48] (or [49], respectively) we say
that the function f is y-paraconvex (or strongly ~-paraconvex, respectively) on a convex set U
of X, provided there exists C' > 0 such that, for all ¢ €]0,1[ and z,y € U, we have

[tz + 1 =t)y) <tf(x)+ 1 —1)f(y) + Clle —yl” (6.1)
(or
fltz+ (1 —t)y) <tf(z)+(1—1t)f(y) + Cmin{t,1 — t}|lz — y||?), respectively .  (6.2)

More generally, for () € M, according to [50] we say that f is ¥(-)-paraconvex (or strongly
¥(+)-paraconvex, respectively) on U when, for some constant C' > 0, we have, for all t €]0, 1]
and z,y € U, that

[z + (1 =t)y) <tf(z)+ (1 -1)f(y) + Cy(llz —yl) (6.3)

(or

flx+ 1=ty <tf(x)+ (1 —=2t)f(y) + Cmin{t,1 — t} (||l — yl|)), respectively .  (6.4)

Since t(1 —t) < min{t,1 —t} < 2t(1 —¢) for all ¢ € [0,1], we see that f is strongly ¢(:)-
paraconvex on U if and only if for some real p > 0 we have for all ¢ €]0,1[ and z,y € U

[z + (1 =t)y) <tf(z)+ (1 =1)f(y) + pt(1 =)l —yl)- (6.5)

When the latter is fulfilled for ¢ (¢) = tw(t) with w(-) € M, the function f is also called w(-)-
semiconvex in the literature (see, for example, [15]).

Theorem 2 in Rolewicz [49] and Proposition 2.1 in Jourani [28] tell us that, for v > 1, the
function f is y-paraconvex on U if and only if it is strongly y-paraconvex. Such an equivalence
does not hold for ¢ (-)-paraconvexity (see [50]).

We say that f is paraconvex or semiconvex around a point a € dom f when it is paraconvex
or semiconvex on a convex neighbourhood of a. Let us note that, following Rolewicz [50], f is
approximate convex at @ € dom f in some uniform way if and only if f is ¢(-)—paraconvex for
some function 1 (-) satisfying lim;_o(¢(¢)/t) = 0. Further when X is a Hilbert space, it is not
difficult to show that f is strongly 2-paraconvex (or equivalently 2-paraconvex) on U with p
given by (6.5) and v (t) = ¢? if and only if the function f + p|| ||? is convex on U (see [49]).

Let us note that, for v =1, we obtain the following characterization of locally Lipschitz
continuous functions in terms of the strong paraconvexity.

PROPOSITION 6.1. Let U be an open convex set of a normed space X and f : X — R be a
function. The following hold.
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(a) If the function f is Lipschitz continuous on U, then [ and — f are strongly 1—paraconvex
onU.

(b) If f is strongly 1—paraconvex and bounded on U + rBx for some real r >0, the
function f is Lipschitz continuous on U.

(¢) The function f is Lipschitz continuous around a point a € U if and only if f is bounded
around a, and f and —f are strongly 1—paraconvex around a.

Proof. (a) Let K be a Lipschitz constant of f over U and fix any z,y € U and ¢t € [0, 1].
Then we have

fly+tz—y)— fly) +t(fly) — f(z) < Kt|jz — y|| + Kt||z — y|| = 2Kt[jz — y||
and
fly+tr—y) - f(x)+ 1 -)(f(z) - fy) <2K1 —t)[|z -y,
hence
fly+tx—y) —tf(z) = (1-1)f(y) < 2K min{t,1 - t}|lz -y,

and this translates the strong 1—paraconvexity of f on U. Since f is Lipschitz continuous on
U if and only if —f is Lipschitz continuous on U, we also obtain the strong 1—paraconvexity
of —f on U.

(b) As in [28, Proposition 2.2] we follow the standard method of convex functions. Let
i be an upper bound of |f| on U+ rBx. Fix x,y € U with z #y. Put z:=y+r((y —
x)/|ly — x||) and observe that z € U + rBx. Further, for p > 0 given by (6.5) and for ¢ :=
(Ily — 2ll)/(r + ly — o) we have

fly) = fltz+ (1 =t)z) <tf(z) + (1 =) f(2) + pt]z — x|,

hence
1) = 1(0) <) - 1)+ ol =l < (p+ 2y -,

which says that f is Lipschitz continuous on U.
(c) Assertion (c) is a direct consequence of (a) and (b). O

Now, we state a Rolewicz’s characterization (Theorem 4 in [49]) of C1'® functions on normed
spaces in terms of strong paraconvexity or equivalently semiconvexity. For the convenience of
the reader, a simple proof will be given for the more general C**() property. Note that, when
X is a Hilbert space and o = 1, this Rolewicz result has been independently obtained in [25]
through Moreau decomposition techniques. In the same Hilbert setting and with o = 1 another
proof has been given recently in [3] via the Alexandrov theorem on almost everywhere twice
differentiability of convex functions.

In the proof below we use the following description of ¢ f established in [28, 50] for strongly
¥(+)-paraconvex functions: For f Lipschitz continuous and satisfying (6.5) on U = B(a, d) with
p >0 and ¢(t) = tw(t) where w(-) € M, one has for all z € U

Oof(x) ={a" € X*: (% h) < f(x+h) = f(z) + p¢((|hl]) Vi € B(0,6 — [lz —al))}.  (6.6)

THEOREM 6.1. Let f:U — R be a function from an open subset U of a normed space X
into R and let ¢(-) be convex and nondecreasing and ¢ (t) = tw(t) for t > 0, with w € M. The
following hold.

(a) If f and —f are strongly ¥ (-)—paraconvex around a and f is bounded around a, then
f is of class C1“() around a.
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(b) If f is of class C*(") around a, then f and —f are strongly 1(-)—paraconvex around a
and f is bounded around a.

In particular, f is CY* around a for some real a > 0 if and only if f and —f are strongly
(1 4+ «a)-paraconvex around a and f is bounded around a.

Proof. (a) So suppose that f and —f are 1(-)—paraconvex around a and f is bounded
around a. Then there exists 6 > 0 and p > 0 such that f is Lipschitz continuous on B(a,d) and
simultaneously f and —f satisfy relation (6.6) for all x € B(a,d). The nonvacuity of d¢ f(x)
and 9¢(—f)(x) along with equality (6.6) imply that ¢ f () is a singleton for every = € B(a, ),
say 0cf () = {Def(x)}, and

|f(x+h) = f(z) = (Dc f(z), )] < py([Ih]) (6.7)

for all z € B(a,0) and h € B(0,6 — ||z — al|). Fix ¢ €]0, [ and h € X, with [|h]| =1, and
let z,y € B(a,?), x #y. Taking into account the convexity of the function u — ¥(|ul),
relation (6.7) ensures

(Daf(x),h) =t [f(z) — f(x —th)] — pw(t)
=t '[f(@) = f)] +t " f(y) — fz — th)] — pw(t)
>t ' (Daf(y),z —y) — pyo([l — yl])]
+t 7 [—(Da f(y),z — th—y) — p(||lz — th — yl|)] — pw(t)
> —pt='([lx —yll) + (Da f(y), ) — pt~ o(||lz — th —y||) — pw(t)
> —pt ' Y([lx —yll) + (Da f(y), ) — pt~ o — yllw(2||z — yl|) + tw(2t)] — pw(t).

For t = ||z — y|| we obtain

(Daf(x),h) = (Daf(y), h) = 2p(w((z = yl}) + w 2]z - yl))
G

>
2 (Daf(y),h) —4pw 2|z —yl).
The last inequality follows from the nondecreasing property of (). Since h is arbitrary, we
get,
0
IDaf@) - Daf()] < dpa(zle ~yl) Voye B (a]).

(b) Suppose that f is of class C'*() around a. Then f is Fréchet differentiable around a and
there exists 6 > 0 and p > 0 such that

1D f(x) = Drpfy)ll < po(llz —yll) Yo,y € B(a,d).

Fix any z,y € B(a,d) and any t €]0,1[. We have
fle+ty — ) = fz) +1(f(x) = fy))

1

- tL (Dpflatsiy =),y —=)ds - tL (Dpf(x+ sy —x)),y —x)ds

- tjo (Dr(z + sty — 7)) — Dpf(x+ sy — 2)),y — ) ds

< ptle =l | w(s(1 = Ollz =yl ds

[t et 1—¢ ds < pt
*L 0 V0 = Olle —ylh ds < ptylle — yl)-
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The last inequality is due to the convexity of ¢(-) and ¥(0) = 0. A similar inequality being
true with 1 — ¢ in place of ¢ in the last member above, we obtain

flty+ (1 =t)z) —tf(y) = (1= 1) f(x) < pmin(t, 1 =)y ([l —yl)
< 2pt(1 = )p([lz — yl),

and this completes the proof. |

Paraconvex functions enjoy (see [15, 28, 48-51] and references therein) several other remark-
able properties. In particular for a presubdifferential 0 included in the Clarke subdifferential,
it is worth emphasizing that, whenever f is Isc on a Banach space X and v > 1, according to
[28, Theorem 7.1 and Corollary 7.1], f is vy-paraconvex around a if and only if there exists
d > 0 such that the presubdifferential df is hypomonotone with power v on B(a,d), that is,
there exists p > 0 such that

(@ —y"z —y) = —pllz -yl (6.8)

whenever z,y € B(a,d), 2* € 9f(z) and y* € 9f(y). So, as a direct consequence of this and
the above theorem, we have the following result providing one more characterization of C1:®
property in terms of hypomonotonicity of subdifferentials.

THEOREM 6.2. Let X be a Banach space and O be a presubdifferential included in the
Clarke subdifferential. Let f :U +— R be a continuous function from an open subset U of X
into R and let a > 0 be a positive real number. Then f is of class C1** around a € U if and
only if 0f and O(—f) are hypomonotone with power v := 1 + « around a.
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