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Abstract. In this paper we give sufficient conditions for existence of error bounds for systems
expressed in terms of eigenvalue functions (such as in eigenvalue optimization) or positive

semidefiniteness (such as in semidefinite programming).

1. Introduction

Given Euclidean space E' (which is a finite-dimensional real inner-product space)
and f : E — RU {400} an extended real-valued lower semicontinuous (l.s.c.)
function on E, consider the inequality system

flz) <0. (1)

We say that the inequality system (1) has a local (global) error bound if the set
S of solutions of (1) is nonempty and for some 0 < € < +00 (¢ = +00) there
exists a scalar a > 0 such that

d(z,S) <af(z) Vxe fH0,6):={xcE:0< f(z)<e}, (2)
where d(z,S) = int:g lx — u|| and || - || denotes the Euclidean norm on E. Given
ue

some xo € S, the system (1) (or the set .S) is said to be metrically regular at x
(or has an error bound near zg) if for some § > 0 there exists a scalar a > 0
such that

d(z,S) < afi(z) Vze B(xo,0), (3)

where fi(z) = max(f(z),0) and B(zg,d) denotes the open ball centered at
with radius 6.
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Error bounds have important applications in sensitivity analysis of mathematical
programming and in convergence analysis of some numerical algorithms. In his
celebrated result [10] dating back to 1952, A.J. Hoffman showed that if f is
a maximum of a finite number of affine functions in R", then the inequality
system (1) has a global error bound. Hoffman’s result was extended to the linear
systems in general Banach space by Toffe in [11]. For nonlinear inequality systems,
the existence of error bounds usually requires some conditions. For error bound
results related to a continuous or convex system on R™, the reader is referred
to the survey papers [15,20] and the references therein for a summary of the
theory and applications of error bounds. Recently, considerable progress has
been made on error bounds for lower semicontinuous functions in general Banach
spaces (see, e.g., [3,6,7,12,18,24-26]). The extension to the lower semicontinuous
system makes it possible to study the error bound for a system with equality,
inequality and abstract constraints such as

gi(x) <0 Vi=1,...,p, gi(z)=0Vi=p+1,....I, xze€C,
by taking

f(@) = max{gi(2), ..., gp(®), |gp+1(2)], -, [91(2)], 50},

where dc denotes the indicator function of set C. The extension from R™ to
general Banach space makes it possible to study inequality systems involving
the sum of the m largest eigenvalues and inequality constraint systems arising
from linear semidefinite programming such as in [1,8].

The purpose of this paper is to study error bounds for systems expressed in
terms of eigenvalue functions (in particular linear combinations of eigenvalues)
and inequality systems arising from nonlinear semidefinite programming.

In the rest of this section we describe the eigenvalue and semidefinite matrix
inequality systems. Let 8™ denotes the space of real-symmetric matrices of order
n endowed with the usual scalar product

(4, B) = tr(AB),
where trA denotes the trace of matrix A. We define the eigenvalue map A : §™ —
R"™ by

AX) = (A (X), -5 An (X))
where A1(X), -, A (X) are the eigenvalues of the matrix X arranged with de-

creasing order

A(X) > > A (X).

It is known that
[A(A) = A(B)|| < [|A - B,

i.e., the eigenvalue map is Lipschitzian (see e.g. [2, III. 6.15]).
Let L : R™ — 8™ be a linear mapping, that is, there exist Ly, -, Ly, € 8™ such
that

L(,CL‘) :le[/“ Vm:(wh...’xm) c Rm
=1
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and let B € 8™. We define the mapping A : R™ — S™ by
A(z) =L(z) — B, VYxe R™
The first eigenvalue inequality system we intend to study is given in S™ by
(foN)(X)<0, Xe&" (D).
The second one is given in R™ by
(foroA)(z) <0, zeR™ (Im,

where f : R" — R is a locally Lipschitz mapping and fog denotes the composite
function of f and g. The first semidefinite inequality system we propose to study
is given in 8™ by

gl(X) SO, i:1727"'7p7
gZ(X):Oa Z:p+15277[a (III)
X =0,

where g; are C' functions on 8". The second one is given in R™ by
G(z) =20, Iv)

where G : R™ — 8™ is a C! mapping and for A € 8", the notation A = (=)0
means that the matrix A is positive (negative) semidefinite.

Systems (I) and (II) arise frequently in eigenvalue optimization. For example,
for any integer x between 1 and n, let f(x1,...,2,) = Y ., 2;. Then f o A(X)
is the sum of k th largest eigenvalues of matrix X as in eigenvalue optimization
[19].

Systems (III) and (IV) are the constraint sytems of a nonlinear semidefinite
program and its dual program (see, e.g., [23]).

2. Preliminaries

This section contains some background material on nonsmooth analysis and pre-
liminary results which will be used later. We give only concise definitions and re-
sults that will be needed in the paper. For more detailed information on the sub-
ject our references are Clarke, Ledyaev, Stern and Wolenski [5], Mordukhovich
[16,17] and Rockafellar and Wets [21]. Note that in a finite dimensional space,
the limiting Fréchet subdifferential in the following definition coincides with the
limiting proximal subdifferential as in [5].

Definition 1. Let f : E — R U {400} be a ls.c. function and xo € E be such
that f(xo) < 0o. For any given € > 0, the Fréchet e-subdifferential is the set

0.1(x) = {a" € B : iming LEH) ‘ﬁff) —hh) S g,
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The limiting Fréchet subdifferential of f at xq is the set
Of (xo) = {x* € E: 3z}, — 20,6 — 01, and x} — x* with x}, € 0., f(x1)}.

Proposition 1 (Chain Rule). (see e.g. [17, Corollary 6.3]) Let Ey, Eo be two
Euclidean spaces and ¢ : E1 — FEs, f : Eo — R. Suppose that ¢ is Lipschitz
near xg € E1 and f is Lipschitz near ¢(xo). Then for each xoy € Ey

(f 0 §)(x0) € | {0, 8)(xo) : € Of (d(0))},

where (u, ®)(z) = (u, ¢(x)) and (u, ¢(x)) denotes the inner product of u,d(x)

m EQ.

In this paper we mainly rely on the following results. We only quote the results
under the assumptions we need in the paper.
Theorem 1. [26, Theorem 2.2] Let f : E — R U {+o0} be l.s.c.. Suppose that,

for some zg € X, 0 < § < 400, 0 < a < 400 and 0 < € < §/(2a), the set
B(x0,8/2) N f~1(—00,€) is nonempty and

€]l > a™t for all € € Of(x) and each x € B(x,8) N f~1(0,¢).
Then S :={x € E: f(x) <0} is nonempty and
d(z,S) < af(zx) for all x € B(xo, g) N f740,¢).

Moreover, if xo € S, then the condition 0 < ¢ < §/(2a) can be replaced with
0 <e< +o0.

Theorem 2. [13, Corollary 3.13] Let C be a closed subset of E and xg € S,
where S :={x € C:g;(x) <0,i=1,...,p, g;(x) =0, i=p+1,...,1}. Suppose
that g : E — R is Lipschitz near xq. If the following constraint qualification is

satisfied at xg :

= \A=0,
0 € 9(X, g)(x0) + Ne (o)

where No(xzg) := 00c(xo) denotes the limiting normal cone of C at g, then S

is metrically reqular at xq.
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Theorem 3. [26, Theorem 4.7(ii)] Let C' be a nonempty closed subset of E and
fi : E — R be continuously differentiable for each i € T where T is a given finite

set. Denote
f(z) =max{fi(x):i €I} andZ(z) :={i€T: fi(x) = f(x)} forxz € E.

Suppose that for some 0 < a and each x € f~1(0,00), there exists a vector u,
such that ||ug| = 1, up, € Ke(x) and (Vfi(z),u.) < —a~! for each i € I(x).
Then S :={x € C: f(x) <0} is nonempty and

d(z,S) < afy(z) forallxz e C,

where V f(x) denotes the gradient of a function f at x, Kc(z) denotes the con-
tingent cone of C' at x defined by

Ko(z):={ve FE:3t, | 0,v, > v st z+ty,v, €C Vn}.

3. Eigenvalue inequality systems

Let Sy and Sty be solution sets of the eigenvalue systems (I) and (II) respectively.
Our aim in this section is to prove the following sufficient conditions ensuring
the existence of error bounds for systems (I) and (II).

Theorem 4. (i) Suppose that for some Uy € Sp, 0 < § < 400, 0 < v < +00,
0 < e < +o0, the following condition holds

1> wil =y Ypedf(AMX)), X eB(Uy,d)N(foN)'(0,e).

Then
A(X,81) < “f(foA)(XL VX € B(Uo, 31 (70 ) 74(0,6)

(i4) Suppose that for some Uy ¢ S;, 0 < § < 400, 0 < v < 400, 0 < e < %,
the set B(Up,8/2) N (f o A)71(—o0, €) is nonempty and

1Y sl =y Vpedf(MX)), X €B(Uy,d) N (for)(0,e).
=1

Then S; # 0 and

d(X, Sr) < \gﬁ(fo A (X), VX e B(Uy, g) N (foA)"10,e).
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Theorem 5. Suppose that there exist o > 0 and d € R™ such that
ol, — L(d) € S",

where I,, denotes the identity matrixz of order n and 8™ denotes the cone of

negative semidefinite matrices of order n.

(i) If for some xo € Srr, 0 < 6 < 400,0 < v < 400,0 < € < 400, it holds that
for all p € Of(A(A(z))), = € B(zo,0) N (foroA)~1(0,¢),

M(oly = L(d) Y pi+ An(oly — L(d) Y s <0,

ni>0 ni <0
n
i=1

then
ate.sm) < L 7o )(A@), Ve € Blao PN (Fo N0 A 020)

(i1) Suppose that for some xo & Srr, 0 < § < 400,0 < v < +00,0 < € < %,
the set B(z0,6/2) N (f o Ao A)~(—o0,¢€) is nonempty and that for all u €
Of(A(A(z))), = € B(x0,6) N (f o Ao A)~(0,€), condition (4) holds. Then
Srr # 0 and

é) N(foroA)70,e).

d(z,Srr) < ||0d7|(f o N)(A(x)), Va € B(xo, 5

The proof of Theorems 4 and 5 is based on the following fundamental lemmas.

Lemma 1. Let p = (1, ,pn) € R" and X € 8™. Then each A € 9{u, \)(X)

satisfies tr(A) = > . If pn = iy = -+ = i, = i, then || Al| = /|| = LZ2L.

Proof. Consider the function f(z) := >, wiz; defined on R"™. It is easy to
see that f is invariant under coordinate permutations if and only if pu; = us =

- = pp = p. In the case when f is invariant the limiting subdifferential of the
function f o A is given by Lewis in [14] as:

A(f o N)(X)
= {UT (Diag p)U : U orthogonal, U ( Diag A(X))U = X, u € df(M(X))},

where U denotes the transpose of matrix U and Diag p denotes the diago-
nal matrix with diagonal entries 1, o, ..., t,. Consequently one has ||Al =

Vi 17 = Vnlpl.
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Now consider the case when f is not invariant. Let A € O{p, A)(X). Then by
the definition of Limiting Fréchet subdifferential, there are sequences Ay — A,
U, — X and 7y, e — 07 such that

</,L,)\(U) — )\(Uk)> — <Ak,U — Uk> —‘rEkHU — Uk” Z 0, YU € B(Uk,Tk>.

Taking U = Uy + i and U = U, — i in the last inequality we obtain (because
AUy + reI) = MUg) + reA(I) and MUy, — ril) = MU) — rpA(D))

Zui — tr(Ak) +epv/n >0

i=1
and

— Z’ui + tr(Ag) + exv/n > 0.

i=1

Passing to the limit in the last two inequalities we get tr(A) = >"1" | p;.
]

Lemma 2. (e.g., [2, II1.2.2]) Let A,B € 8" and C € 8™. Then for each j =
1,---,n, the following inequality hold

An(B) < M(A+ B) — A\ (A) < \(B).

Using the above lemma and the definition of the limiting Fréchet subdifferential
we get the following lemma.

Lemma 3. Let f : R"” — R be a locally Lipschitz mapping. Suppose that:

(i) There exist o >0 and W € 8™ such that
ol, —W € 8",

(i) (oL = W) Y i+ Ma(oly =W) D i 0, V€ DF(A(X)).

Hi>0 ;i <0
Then for each A € O(f o \)(X), there exists p € Of(NX)) such that

n

<A7W> > UZN’Z’

i=1

Proof. Let A € 9(f o A\)(X). By the chain rule (Propositon 1), there exists
w € Of(A(X)) such that A € 9{u, A\)(X). Then there are sequences A, — A,
U, — X and ¢, 7, — 01 such that

(1 AU) = A(Uk)) = (Ap, U = Ui) + e |lU = U 2 0
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for all U € B(Ug,ry). In particular for U = U — rp, W we get
(s AUk, — 1 W) = MUy)) + ri{Ag, W) + gy |[W]| > 0. (5)
By assumption (i), there exists p~ € 8™ such that —W = p~ — o1,. Since
AUk —rgW) = AUy + rep™ — r0ly)
= MUk +7r5p™) — 1150 A (L),

(5) becomes

n

(s AUk, +rp™) = MUg)) + 1A, W) + egrg|WH| > rkaz,ui. (6)

i=1
Lemma 2 implies that for each u; > 0
pi(ANi(Uk +rep™) = Xi(Uk)) < pida(rep™)
and for each pu; <0
1i(Ai(Uk +1kp™) = Ai(Uk)) < pidn(rip™)
which implies
D iU +rip™) = Xi(Uk)) < > wida(rep™) + > Anlrep™). (7)
i=1 wi=0 Hi<0

Under assumption (i7), (6) and (7) imply that
n
k[ W] + (Ar, W) > 0> i
i=1

which ensures that .
i=1
|

Proof of Theorem 4. By virtue of Theorem 1 it suffices to show that for each
X € B(Up,d) N (foA)"10,€) and all A € d(f o \)(X),

v
Al > —.
| ||_\/ﬁ

Since A € I(f o A)(X), by the chain rule (Proposition 1) there exists p €
Of(A(X)) such that A € d(u, A\)(X). By Lemma 1, tr(A) = >, y;. Since

[tr(A)] = [tr(AD)]| < [AIT]] = v/nllA],

one has

14 > tr(f;jﬂ _ lzz-;_%w . %
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and the proof of the theorem is completed.
|

Proof of Theorem 5. By virtue of Theorem 1 it suffices to show that for each
x € B(xg,8) N (foAoA)71(0,¢) and all p € O(f o Ao A)(z),

oy
Ipll > -
dl|

By the chain rule (Proposition 1) there exists C' € 9(f o A)(A(x)) such that
V(C, A)(z) = (tr(CLy), -, tr(CLy)).
Lemma 3 implies that there exists p € 9f(A(A(z)) such that
(p.d) = (O, L) > 0> i > o,
i=1
Thus
oy
Pl = o
2l T

and the proof of the theorem is completed.

4. Inequality systems involving linear combination of eigenvalues

In this section, we study the eigenvalue inequality systems (I) and (II) under
the assumption that f(z) := >, a;x; — ¢, where a;, ¢ are constants such that
i a; # 0. First we show that the eigenvalue inequality system (I) under these
assumptions has a global error bound and the optimal constant is given for the
cases when oy > --- > «,, >0 and ¢c=0 and when a; = a9 =--- =, > 0.

Theorem 6. For any given constants c;, ¢ such that Y ;| a; # 0, the set

S1={XeS8": Zn:ai)\i(X) <c}

=1

is nonempty and

d(X,5)) < L(i adi(X) —¢), VX &S5, ®)

n
T ol =

If moreover ay > -+ > a, > 0andc=0o0ra; = az = -+ = a, > 0 then

V" s the smallest constant for which inequality (8) holds.

P
i=1 "




10 Abderrahim Jourani, Jane Ye

Proof. Since %(x) = a;, the global error bound results follow from Theorems
4. Hence it Sufﬁcés to prove that the last property holds.

Notice that if ;y > -+ > «, > 0 then function X — Z?:l a; (X)) — ¢
is convex (see e.g. [14, Lemma 5.2]). It is known that for the convex system
S a;Ai(X) < c and any constant a > 0, ||A]| > a™! for each A € 9(a, A\)(X)
and each X ¢ Sy if and only d(S1,X) < a(>;aN(X) —¢) VX & S

(see e.g. [25, Theorem 7]). By Lemma 1, if a1 = as = -+ = «a, > 0 then

IA]l = vVnaq = % Hence <2 - is the smallest constant for which in-
i=1 '

equality (8) holds in the case when oy = ag =+ = a;, > 0.

The rest of the proof follows from the the following Lemma.
u

Lemma 4. Suppose that oy > -+ > «, > 0 and ¢ = 0. Then the set Sy is
convez and the projection onto Sy of the identity matriz I is exactly 0 € S1. In

other words d(1,S1) = ||I].

Proof. Since the function X — 7" | a;\;(X) is convex S; is a convex set. Let
X € 51 be such that d(I,S1) = ||[I — X||. Then X is the projection of I onto Sy
is equivalent to

(I-X,U-X)<0 YU€S

which is equivalent, because 57 is a closed convex cone, to
tr(X) =tr(XX) and tr((I—-X)U)<0 VUE€S.

Let Ay > -+ > A\, be the eigenvalues of the matrix X and let k£ be such that
a; >0Vi=1,---.k a;=0Vk+1,...,n. Then since X € 5y,

k n n
i=1 i=1 =1

We claim that for each i =1,--- ,n, \; =0. Let @ ={i € {1,---,n}: A\, <0}
We have to prove that @ = (). Suppose that © # (. Then © = {j,---,n} for
some j < n. We have two possibilities:

1) Either j < k. In this case

n

Jj—1 j—1 n
a;i (> X)) <D ki <) ai(=A) < (O (=)
i=1 i=1 i=j i=j
and hence

i)\? = i)\i <0
i=1 i=1

which implies A\; = -+, A\, = 0 and this contradicts the fact that © # (.
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2) Or j > k. In this case for alli =1,---,5 — 1, A; > 0 and since Ele ;A <0
weget \y =+ =X =0.As \y >---> )X, wehaveforalli = k+1,---,n
A; < 0. Since Y1 A = Y. A2 we obtain that A\; = -+, A, = 0 and this
contradicts again the fact that © # ().

k
Both contradictions imply that @ = ). Now since Zai)‘i < 0 we have A\ =

1=1
-, An = 0 and thus X = 0 and the proof is completed.
|
Applying Theorem 5 to the system of linear combination of eigenvalues, we
derive the following global error bound for this special case of system (II) under
a Slater type condition (9) which amounts to saying that there exists a vector
d € R™ such that L(d) is positive definite.

Theorem 7. For given constants o;, ¢, suppose that Y ., a; > 0 and there exist

o >0 andd e R™ such that

ol, — L(d) € §",
Mol — L(d) S a; + Anlo )Y <0 )
a; >0 a; <0

Then the set So := {x € R™: Zai)\i(A(x)) < ¢} is nonempty and
i=1

SN o [ . a;Ai(A(x)) — c] , Vx ¢S,

In the special case where vy = 1, a; = 0 Vi # 1 and ¢ = 0, the above theorem
gives the following global error bound result for a linear semidefinite program
first given in [7, Corollary 2.1].
Corollary 1. Suppose that there exist c > 0 and d € R™ such that

ol, — L(d) € S". (10)
Then the set Sz :=={x € R™ : L(xz) — B 2 0} is nonempty and

d(z,Ss) < ” H A1 (L(x) — B), Vx¢Ss.
For an integer x between 1 and n, consider the function
E,(X) := sum of the xth largest eigenvalues of X.

Then it is clear that
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witha; =1, i =1,...,sand a; =0, i =Kk +1,...,n. Since Y., a; = K, a
consequence of Theorems 6 and 7 is the following results which was given by
Az¢é and Hiriart-Urruty [1] for the case ¢ = 0.

Theorem 8. Let Sy := {X : E,,(X) < c}. Then the set Sy is nonempty and

n

o[

d(X,84) < Y2 (El(X)—c), VX ¢S,

Moreover, if either ¢ = 0 or k = n, then the constant @ is the smallest one

satisfying the last inequality.
Theorem 9. Suppose that there exist o > 0 and d € R™ such that
ol, — L(d) € S".
Then the set Sy := {z : E,(A(x)) < ¢} is nonempty and
d(z,S5) < %(E,{(A(x)) —c), Vx¢Ss.

The concept of weak sharp minima in mathematical programming introduced by
Burke and Ferris [4] is connected with error bounds. Taking ¢ := inf, F,(A(x))
in the above theorem we have the following result about weak sharp minima of
minimizing sum of the x th largest eigenvalue.

Corollary 2. Suppose there exist o > 0 and d € R™ such that
ol, — L(d) € 8",

and inlg E.(A(x)) > —oo. Then the set of global solutions of the problem of min-
TER™

imizing the function E,(A(z)) has a weak sharp minima, i.e. argmin E, (A(x))

is nonempty and

d(z,argmin E, (A(z))) < M((E,ﬁ(.A(sc)) — ir;f E.(A(z))) Vo e R™.

oK
For integers k, [ between 1 and n, with k£ < [, consider the function

KL(X) :=sum of the kth and /th largest eigenvalues of X.

Then it is clear that
KL(X) = M(X) + M(X) =) oidi(X) VX €S8™,
i=1

with a; =1, i=k,land o; =0, i # k or i # [.
From Theorems 6 and 7 we have the following results.
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Theorem 10. Let Sg := {X : KM(X) < c}. Then Sg is nonempty and

d(X, S5) < 8(% (KM(X)—¢), VX ¢S,

where s(k,1) =1 if k=1 and s(k,1) =2 if k #1.
Theorem 11. Suppose that there exist o > 0 and d € R™ such that
ol, — L(d) € S".

Then the set S7 := {x : KM(A(x)) < ¢} is nonempty and

<l

os(k,m)

d(xz,S7) < (KM(A(x)) —c¢), Yz ¢&Sr.

5. Semidefinite matrix inequality systems

Let Srrr and Spy denote the solution sets of the matrix systems (IIT) and (IV),
respectively. Our aim in this section is to give sufficient conditions ensuring error
bounds for the matrix systems (III) and (IV).

Theorem 12. Suppose that there exists Xog € Syry such that one of the following

conditions is satisfied:

(i) Xo is positive definite and

Nigi(Xo) =0, N>0i=1,...,p,

T = A=0.
> im1 AiVgi(Xo) =0,
(ii) Xo is positive semidefinite, singular and

S NVai(Xo) €8T, S Mtr(Vgi(Xo0)Xo) =0
Nigi(Xo) =0, \; >0i=1,....p

= A=0.

Then Syr1 is metrically reqular at X, i.e., there exists § > 0,a > 0 such that

d(X’ SIII) < amaX{O,gl(X),...,gp(X), |gp+1(X)‘7~--7|gl(X)‘}
for all X € 8T N B(Xo,9),

where ST denotes the cone of positive semidefinite matrices of order n.
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Proof. Since it is known that the normal cone of S is given by
Nsi (Xo) = {B S t’I“(BXo) = 0}

(see e.g. [9, Theorem 2.1]) and any positive definite matrix lies in the interior of
S, the proof follows from applying Theorem 2 with C' = S7. |
Specializing the above theorem to the constraint region of the linear semidefinite
program:

Sp = {X ESnItT(AiX) =bi=1,...,mX 68_7:},

where A; € 8™, b; € R we have the following error bound results for linear
semidefinite programs.

Corollary 3. Suppose that there exists Xog € Sp such that one of the following

conditions is satisfied

(i) Xo is positive definite and Ay, ..., Ay, are linearly independent;

(i1) Xo is singular and

27;1 )\1141 S 817 2177;1 )\itT(AiX(]) =0
AEeR™

= A=0.

Then Sp is metrically reqular at X, i.e., there exists § > 0,a > 0 such that

d(X,Sp) < amax{|tr(A1X) — b1|,..., [tr(AnX) — b |}
for all X € S N B(Xo,9).

Corollary 4. Suppose that Sp is nonempty and compact and Ay, ..., A, are

linearly independent. Moreover assume that for each Xy € Sp which is singular,

St A €8T, YT Nitr(AiXo) =0

= A=0.
AER™
Then there exists a > 0 such that
d(X,Sp) < amax{[tr(A1X) —bi|,...,|tr(AnX) —bn|}  forall X € ST.

Proof. By virtue of Corollary 3, Sp is metrically regular at each point of Sp.
Since Sp is convex and compact, by [24, Theorem 5.2], Sp has a global error
bound and hence the proof is complete.

|
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Theorem 13. Suppose that there exist a > 0 and U € ST with ||U|| = 1 such
that

tr(AU) < —a™?, Vi=1,...,m.
Then Sq :={X € S} : tr(A;X) <b; i=1,...,m} is nonempty and
d(X,Sq) < amax{0,tr(A1X) —by,...,tr(ApX) — by} forall X € Y.
Proof. Since the contingent cone to ST at any X € S} contains S, the results
then follow from Theorem 3.
|

Since
tr(A;U) < MAy) TAU)

where T denotes the transpose of vector a, the above theorem has the following
corollary.

Corollary 5. Suppose that there exist a > 0 and U € S} with |U| = 1 such
that

MA)TAU) < —a™t Vi=1,...,m.
Then Sq :={X € S} : tr(A;X) <b; i =1,...,m} is nonempty and

d(X,84) < amax{0,tr(A;X) —b1,...,tr(A,X) — by} forall X € SY.

In particular, it is easy to see that the above corollary has the following conse-
quence.

Corollary 6. Suppose that A;, i = 1,...,m are negative definite. Then Sy :=
{X eS8t tr(AiX) <bii=1,...,m} is nonempty and there exists a > 0 such
that

d(X,S84) < amax{0,tr(A1X) —b1,...,tr(A,X) = by} forall X € SY.

Taking U = I in Theorem 13, one has the following corollary.

Corollary 7. Suppose that there exists a > 0 such that
tr(A;) < —a™t, Vi=1,...,m.
Then Sg:={X € St : tr(A;X) < b; i =1,...,m} is nonempty and

d(X,84) < amax{0,tr(A1X) —b1,...,tr(A,X) = by} forall X € SY.
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Theorem 14. Suppose that there exists xg € Spy such that one of the following

conditions is satisfied
(i) G(x0) is negative definite,

(i1) G(xg) is singular, negative semidefinite and

tr(2Gi(z9)) =0 i=1,2,...,n
2=0

= 2 =0.

Then Sty is metrically reqular at xq, i.e., there exists § > 0,a > 0 such that
d(z,Srv) < ar(G(x))+ for all x € B(xg,0),

where Gi(x) := 0G(x)/0x; are n x n partial derivative matrices.

Proof. Denote by g(x) := A1 (G(z)). By Theorem 2, it suffices to prove that

v > 0,7g(z0) = 0}
=~ =0.
0 € v9g(xo) 7

The above condition is easily seen to be satisfied if G(xg) is negative definite.
Hence one only needs to prove that (ii) implies that 0 & dg(xg). It is easy to see
that

(11)

By Danskin’s theorem (see e.g. [5, p.99]) the function g is Lipschitz near o,
regular at xp and one has

wT T )w
g(0) = ol v, [ G

= co{(uu"Gy(x),...,uu' Gn(z)) :

u is an unit eigenvector corresponding to A1 (G(zg))},

] : w is an eigenvector corresponding to A1 (G(z))}

where cof? denotes the convex hull of set §2. Since for any vector u the matrix
uu' is positive semidefinite, assumption (ii) implies that 0 & dg(zo).

|
Remark: Note that the above condition is equivalent to the MF condition (][22]):

there exists a vector h € R™ such that the matrix
G(zo) + Y _ hiGi(wo)
i=1

is negative definite. It is known that the Slater condition implies the MF condi-
tion.



Error Bounds for Eigenvalue and Semidefinite Matrix Inequality Systems 17

According to Shapiro [22], we say that the mapping G(x) is positive semidefinite
convex (psd-convex) if it is convex with respect to the order relation imposed by
the cone S¥. That is the inequality

tG(x) + (1 = t)G(y) = Gtz + (1 = t)y)

holds for any z,y € R™ and all ¢ € [0,1]. By [22, Proposition 1], the mapping
G(z) is psd-convex if and only if for any v € R”, the function ¢(z) = v G(z)v is
convex. It was observed in [22] that due to the expression (11), if G is psd-convex
then A\ (G(x)) is a convex function and the solution set Sry is convex hence the
following corollary is immediate.

Corollary 8. Suppose that G(x) is psd-convex, the set Spy is bounded and the
Slater condition is satisfied, i.e., there exists xog € R™ such that G(z¢) is negative

definite. Then there exists a > 0 such that

d(z,Srv) < a[M(G(x)]+ for allz € R™.

Proof. By virtue of Theorem 14, Sty is metrically regular at each point of Syy .
Since Sry is convex and compact, by [24, Theorem 5.2, Sty has a global error
bound and hence the proof is complete.
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