Controllability and strong controllability of
differential inclusions

Abderrahim Jourani *

Abstract. In this paper, we prove sufficient conditions for controllability
and strong controllability in terms of the Mordukhovich’s subdifferential
for two classes of differential inclusions. The first one is the class of
sub-Lipschitz multivalued functions introduced by Loewen-Rockafellar
[11]. The second one, introduced recently by Clarke [3], is the class
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1 Introduction

In this paper, we deal with controllability and strong controllabilty of
systems governed by differential inclusions of the form

i(t) € F(t,z(t)) a.e.t € [a,b], (z(a),z(b)eS (1)

where F : [a,b] x H — H is a multivalued mapping and S C H x H
is a nonempty closed set and H is a real Hilbert space. The domain
over which the study of system (1) occurs is typically the Sobolev space
WhP([a,b], H) (abbreviated W) consisting of all absolutely continuous
functions x: [a,b] — H for which |Z|? is integrable on [a,b]. The space
WP is endowed with the norm

ol = l2(a)] + / ()Pt
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where | - | denotes a norm on H .
Let z be a solution of the system (1).

- The system (1) is said to be locally controllable at z if for each
e > 0 there exists § > 0 such that for all v € B(0,0) there exists a
trajectory z for F', with ||z —z|| < ¢, satistying (2(0),z(1)+v) € S.

- It is said to be strongly locally controllable ([8]) at z if there exist
a > 0 and § > 0 such that for all v and v in B(0,0) there exists a
trajectory « for F', with ||z — z|| < a(|u| + |v]), satistying (x(0) +

z(l) +v) € S.

Here B(0, ) denotes the closed ball in H centered at 0 and of radius 6.
It is clear that each strongly locally controllable system is also locally
controllable. But, the converse does not hold. Indeed, the following
system is locally controllable at z = 0, but it is not strongly locally
controllable at this point :

(41, 32)(t) € {z5(1)} x R, 2(0) = 2(1) = (0,0).

The notion of controllability is often expressed with the norm || - ||o

(|zllee = m[aic] |z(t)|) instead of || - ||. But each system controllable in
t€la,

terms of the norm || - || is also controllable in terms of the norm || - ||oo.

In recent years, the concept of controllability has been studied repeatedly
in the literature (see [4], [5], [10], [21], [22]-[23] and references therein).
However most of these authors assume that either F' is convex-valued
and Lipschitz or bounded and Lipschitz or admits a kind of linearization.
Note that these assumptions ensure the existence of Lipschitz selection
of F', which is usefull in the major proofs in these papers. With the very
recent developments on necessary optimality conditions in nonsmooth
analysis ([6], [7], [11]-[13], [16], [18]-[20]) the convexity is dropped but
the Lipschitz condition remains in force. Moreover only few papers have
attacked the problem of strong controllability (]2], [6]).

The aim of this paper is to establish sufficient conditions for controllabil-
ity and strong controllability without convexity nor boundedness using
two general classes of multivalued functions. The first one is the class of
sub-Lipschitz multivalued functions introduced by Loewen-Rockafellar
[11]. The second one, introduced recently by Clarke [3], is the class
of multivalued functions which are pseudo-Lipschitz and satisfy the so-
called tempered growth condition. Both classes encompass that of Lips-
chitz multivalued mappings.

Our study relies on an error bound result established in Section 3 and
consequently on a general strong controllability result deduced in Section
4. These results are given in terms of the Mordukhovich’s or limiting
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subdifferential. It is well-known that this subdifferential possesses exact
chain rule only in Asplund spaces. But the domain over which a part
of the study of system (1) occurs is W! which is not Asplund space.
Nevertheless our result on error bound in Section 3 will be established in
a general Banach spaces and this allows us to encompass the space W,
Sufficient conditions for strong controllability are formulated with the
Mordukhovich’s subdifferential of the distance function of the set C' of
solutions of the differential inclusion

(t) € F(t,z(t)) a.e.t € [a,b].

This and the Clarke’s necessary optimality conditions [3] allow us to
obtain sufficient conditions for controllability and strong controllability
of the system (1) in terms of the Mordukhovich’s coderivative of F' in
the case where H = R™.

Here and throughout the paper we assume the following basic hypothesis:

(H,) for each x, the multivalued mapping t — F(t,z) is measurable and
the values of F' are closed.

2 Background

In order to make the paper as short as possible, some definitions and the
complete wording of the results will not be repeated here, and the reader
is referred to [14]-[18] if required.

Let X be a Banach space endowed with the norm denoted by || - || with
which we associate the distance function d(S,-) to a set S. By B(z,r)
we denote the open ball centered at x and of radius . The topological
dual space of X will be denoted by X* and the pairing between X and
X" by <'7 >

For a function f and a set S, we write ximo and xﬁmo to express r — g
with f(x) — f(zo) and z — xo with z € S, respectively.

Let f be an extended real-valued function on X. The Morddukhovich’s
or limiting subdifferential of f at x( is the set

01 f (o) = ** Limsup 97 f (v),

a:im:o, el0

where **Lim sup stands for the weak-star (w*) sequential upper limit of
subsets in X*, and where for ¢ > 0

O f(x)={z* € X*: liin_jglf Jw+h) —|| j};(:ﬁ) — ) > —¢}




is the Fréchet e-subdifferential of f at any x where f is finite. We adopt
the convention 9F f(z) = 0 when |f(z)] = +00. We also put 0¥ f(z) =
o f(x) for e = 0.

The e—Fréchet and limiting normal cones to a closed set S C X at a
point xy € S are given by

NaF(S, ZL‘Q) = 8555(1’0) and NL(S, QT()) = 8L55(930),

where g denotes the indicator function of S, i.e., dg(x) = 0 if x € S and
ds(z) = 400 otherwise. The theory of Fréchet and limiting subdifferen-
tials are developed, with fairly comprehensive references and remarks, in
the paper by Mordukhovich and Shao [17] and in Mordukhovich’s books
18, 19].

Next we consider a multivalued mapping G from X into a Banach space
Y of graph

GrG :={(x,y): y € G(z)}.

The multivalued mapping D*G(z,y) : Y* — X* defined by
DiG(z,y)(y") =={a" € X" : (a7, —y") € No(GrG; (z,y))}

is called the Mordukhovich’s coderivative of G at the point (z,y) € GrG.
Here Y* denotes the dual space of Y.

3 Error bound

It is well-known that some Banach spaces may be characterized in terms
of some subdifferentials. For example the Dini subdifferential character-
izes the Weak Trustworthy spaces. The e—Fréchet ( and limiting Fréchet)
subdifferential gives a characterization of Asplund spaces. To give suf-
ficient conditions for error bounds for systems in terms of the limiting
Fréchet subdifferential, the previous works assume that the space is As-
plund. Our aim here is to obtain these results in general Banach spaces.
Here we consider the following system:

x € C and g(x,u) € D (S)

where C' and D are closed sets in X and H, and g : X x U — H
is a mapping. Here X is a Banach space, U is a metric space called
parameters set and H is a real Hilbert space

The corresponding parametric solution set of (S) is defined by the mul-
tivalued mapping

S(u)y={xeC: g(x,u) € D}.



Our results are in the line of those obtained in [1] in the case where H
is a finite dimensional space. Here we use the following Mordukhovich’s
condition, called sequential normal compactness (SNC): A set A is said to
be sequentially normally compact at a € A if for any sequences &, — 07,

ana and a’ € NF (A, a,) one has
a;50 = [lai| — 0.
Theorem 3.1 Suppose that
i) (z,u) is a solution of the system (S).

it) g is of class C* at (T,u) in x with respect to u i.e. g and its partial
derivative D,g(x,u) are continuous at (T, ).

iii) Either H is of finite dimension or D is convexr and sequentially
normally compact at g(Z,u).

Then ) = «), where
«) there exist a > 0 and r > 0 such that

d(.ﬁE, S(u)) < ad(g(x, u)? D)

for allz € CN B(Z,r) and all u € B(u,r);

and

B) there is no y* € Np(D, g(z,u)), y* # 0, satisfying 0 € y*o D, g(z,u)+
NL(C, 7).

Proof. The case where H is a finite dimensional space was obtained in
[1]. Let assume that D is convex and sequentially normally compact at
g(Z,u). Consider the function f: X x U +— R U {+oo} defined by

d(g(x,u),D) ifzxeC,
~+00 otherwise.

f(x,u) :{
Then
S(u)={ze X: f(z,u) <0}

With these definitions and taking into account the continuity of g in both
variables x and u, assertion «) is equivalent to the conclusion of Theorem
2 in [1]. Suppose that «) is false. Then, by Theorem 2 in [1], there are
sequences T, — I, with z,, € C, u,, — @ and &, — 07 such that

Tn & S(uy,) and 0 € 05" f(xp, uy). (2)
So there exists r,, — 07 such that

f(xnaun) S f<x7un) + 2€TLH$” - fl?” v‘r € B(.Tn,’f’n)
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or equivalently
d(g(zp,u,), D) < d(g(x,u,), D)+ 2e, ||z, — x| Yz € B(x,,m,) NC. (3)
Let d,, € D be the projection of g(x,,u,) over D, that is,
d(g(zn, un), D) = [|g(2n, un) — dnl|.
Then d,, — ¢(Z,u) and by (3) we obtain

lg(@n, un) = dull < {lg(x; un) = dnll + 2enllz — 2] Vo € B(an,m)NC

and
19(zn, un) — dnll < |lg(zn;un) —yll Yy € D.
Set y* = %. Using the fact that g is of class C! at (Z,u) in @

with respect to u we get a sequence s,, — 0% such that
Yy, © Dog(wn,u,) € Ns}; (C, )

and
yn € NI (D, dy).

Extracting a subsequence if necessary we may assume that 3 — y* and
since D is SNC at g(z,u) and ||y%|| = 1, we get y* # 0. Thus there exists
y* € Np(D, g(z,u)), y* # 0, such that 0 € y*o D,g(z,u)+ N.(C, Z). But
this inclusion contradicts the assertion 3).

4 A general result on seminormality and strong local controlla-
bility

Let H be a real Hilbert space and F : [a,b] x H — H be a multivalued
mapping. We consider the set C of solutions of the differential inclusion

t(t) € F(t,z(t)) a.e.t€ a,b. (4)
We introduce the multivalued mapping G: H x H — WP defined by
G(u,v) = {x € W': i(t) € F(t,z(t)) a.e., (x(a)+u,z(b) +v) € S} (5)

Let z be a solution of system (1). This system is said to be semi-normal
at z if there exist a > 0 and > 0 such that

d(z,G(u,v)) < ad((z(a) + u,z(b) +v); S) (6)

for all z € B(z,7) N C and u,v € rB. Here B stands for the closed unit
ball of H and

B(z,r) ={x e W' ||z —z|| <r}.
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It is clear that seminormality implies strong local controllability. Here-
after we give a sufficient condition ensuring seminormality of the system
(1). This condition uses the linear continuous mapping w : W' — Hx H

defined by
w(z) = (x(a), z(b)).

Theorem 4.1 Let1 < p < oco. Suppose that either H is of finite dimen-
sion or S is convex and sequentially normally compact at (z(a), z(b)).
Then the system is semi-normal at z (in WP ) provided that C' is closed
(which is the case when the multivalued mapping x — F(t,x) has closed
graph for almost all t) and

w*(ALd(S, (2(a), 2(b))) N —0Ld(C, z) = {0} (7)
where w* denotes the adjoint mapping of w.

Proof : Let us consider the following linear continuous mapping ¢ :
WP x Hx H — H x H defined by g(x,u,v) = (z(a) +u, z(b) +v). Then

Glu,v) ={z e Wz € C,g(z,u,v) € S}
and then (z,0,0) is a solution of the system
reC, g(r,u,v)€S.

It suffices to show that part §) of Theorem 3.1 holds for this system. On
the contrary, suppose that there exists (a*,b*) # 0 such that:

(a*, b*) S NL(S>g(Z7070))

and
0€ D:g(2,0,0)(a*,b") + NL(C, 2)

However, we have for all z € WP
D.g(2,0,0)(z) = (z(a), 2(b)) = w(x)

and then

(D39(2,0,0)(a",b"),z) = (Dsg(z,0,0)(z), (a",b"))
= (w(z), (a*,b7))
= <w*(a*’b*)7$>

and hence DZg(z,0,0)(a*,b*) = w*(a*,b*), but we have supposed that
(a*,b*) € N.(S, (2(a), 2(b)) and then

w*(NL(S, (2(a), 2(b))) N =NL(C, 2) # {0}
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or equivalently
w*(9rd(S, (2(a), 2(b))) N —0.d(C, z) # {0}

which leads to a contradiction with the hypothesis of the proposition. So
part ) of Theorem 3.1 holds and then there exist a > 0 and r > 0 such
that

d(x,G(u,v)) < ad(g(x,u,v),5)

for all z € C'N B(z,r) and all u,v € B(0,r). Therefore
d(z,G(u,v)) < ad((z(a) + u,x(b) + v), 5)

and this completes the proof.

5 Seminormality and strong controllability of sub-Lipschitz dif-
ferential inclusions

In this section we will give sufficient conditions for seminormality and
strong controllability of system (1) using the sub-Lipschitz property on
the differential inclusion in the case where H = R™.

Definition 5.1 F' s said to be sub-Lipschitzian in the sense of Loewen-
Rockafellar [11] at z if there exist f > 0, € > 0 and a summable function
k : [a,b] — R such that for almost all t € [a,b], for all N > 0, for all
z, 2 € 2(t) +eB and y € 2(t) + NB one has

This is not the original definition by Loewen-Rockafellar [11], but both

concepts are equivalent.

Before giving the results, we make a significant focus on the Sobolev space
Wl Using the Hahn-Banach theorem and the Riesz representation
theorem, we obtain that for each element x* of the dual space (Wh!)*
of W1 there exist two elements vy and vy in L := L*([a, b], R™) such
that

(x*, 1) = (V0, T) peoxpt + (U1, 2) prox 1 Vo € WL,

Set Vo(t) = — ftb vo(s)ds. Then Vi (b) = 0 and Vy(t) = vy(t). Integrating
by part, we get

(x*,x) = (x(a), —Vo(a))rnxrn + (v1 — Vo, &) peox 1, Yo € WL,
Now if we put w(t) = f;(vl — Vo)(s)ds — Vo(a), then w € W and

(x*,2) = (x(a), w(a))gnxrn + (0, T) peoxrt, Yo € W
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Thus for each z* € (WH1)* there exists w € W1 such that
(z*, 1) = (x(a), w(a))gnxgn + (0, 2)peoxp1, Vo € WHL

To avoid burdening the notation, we will put

w=zx* <.’ > = <.’ '>Rn><R" and <.’ > = <., .)LOQXU_

Thus the pairing between W and (W!1)* may be defined by
(x*,7) = (v%(a), 2(a)) + (&%, &) peoxpt, Yo € WHVZ* € (WHH*. (8)

With the help of Theorem 2.1 in [8], Corollary 4.1 in [9] and Theorem
3.1.7 in [2], we obtain the following result.

Theorem 5.1 Let C C W be the set of solutions of the system (1),
with S = R™ x R™. Suppose that C' is closed and F' is sub-Lipschitzian
at z € C. Then for each x* € 0rd(C,z) there exists an arc p € WhHi
such that

Plt) € coD}F(t,)((1), 5) (—p(t)—&" (1)) ae.t, pla) = —a*(a), p(b) =0

and
(p(t) +27(1),2()) = max (p(t) + (1), y) a-e.l.
YEF(t,2(t))
We will show that the following sufficient conditions ensure strong con-
trollability of system (1) : there is nontrivial arc p satisfying

p(t) € coD]F(t, z(t), 2(t))(—p(t)) a.e. (9)
(p(a), —p(b)) € NL(S, (2(a), 2(b)) (10)

and
B0, (1) = max_(p(),v)  ac. (11)

vEF(t,2(t))

In fact, we will show that these relations imply (7) and then, by Theorem
4.1, the seminormality as well as the strong local controllability.

Using the definition of the pairing between W! and its topological dual,
we obtain

Lemma 5.1 Foreacha*,b* € R™ satisfying u* := —w*(a*,b*) € 0,d(C, 2),
we have

u(t) =—a*"=b"—0b"(t —a) VtEla,b].



Proof. For all x € W! we have
(u*,x) - <—w*(a*,b*),x> = _<(a’*>b*)vw(x)> = _<a*vx(a)> - <b*,IL‘(b)>

and hence

(u"(a), z(a)) +/ (@ (), &(t))dt = —(a*, x(a)) = (0%, 2(b)).  (12)
Now pick an arbitrary v € R™ and put z(¢) = v for all ¢ € [a,b]. Then

(u(a),v) = ={a”,v) = (b",v).

Thus
u*(a) = —a* —b".

Now replace u*(a) in relation (12) we obtain

0 ab) ~ x(@) + [ @Ol =0 o e W

a

or equivalently, for B*(t) = b* for all t € [a, V],
b
/ (B*(t) + (), &(8)dt = 0 Y € W,

This last one gives the desired equality.

Theorem 5.1 and Lemma 5.1 guarantee the following result.

Theorem 5.2 The assumptions in Theorem 5.1 ensure the following im-
plication
(9) + (10) + (11) = (7).

Proof. Let (a*,b*) € 0.d(S, (2(a), 2(b)) be such that u* := —w*(a*,b*) €
0rd(C, z). By Lemma 5.1, we have
u*(t) = —a" —b" = b"(t—a) Vtela,bl.
Theorem 5.1 ensures the existence of p € W' such that
Plt) € coDLF(t, ) (=(0), 2) (—p(H) =i (1)) a.e.t, pla) = —u*(a), p(b) = 0

and

(p(t) + (1), 2(0) = max (p(t) " (1).9) ace.t

Put po(t) = p(t) + u*(¢t) for all ¢t € [a,b]. Then py € Wh! and
po(t) = p(t), a.e.t € [a,b], po(a)=a*, po(b)=—0b".

Thus p, satisfies relations (9), (10) and (11) and hence py = 0. Conse-
quently, we obtain that a* = b* = 0 and u* = 0. This asserts that relation
(7) holds true. {
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6 Controllability and strong controllability of pseudo-Lipschitz
differential inclusions

Let F' : [a,b] x R™ — R™ be a multivalued mapping and R : [a,b] X
[0, +00[]0, +00] be a measurable function, in the first variable, referred
as the radius function.

Following Clarke [3], F' is said to satisfy

1) a pseudo-Lipschitz property for radius R near z if for each s > 0
there exist £, > 0 and a summable function kg such that for almost
all t € [a,b], for every x and 2" in B(z(t), e5)

F(t,z) N B(2(t), R(t,s)) C F(t,2') + ks(t)|z — 2| B (13)

2) the tempered growth condition for radius R near z if for each s > 0
there exist €5 > 0, A\s €]0, 1] and a summable function 7, such that
for almost every ¢ € [a, b] we have 0 < r4(t) < A\;R(t,s) and

lo —2(t)] < e, = F(t,z) N B((t),rs(t)) # 0 (14)

Note that it is not the original Clarke’s definition, but its parametrized
version.

For the class of pseudo-Lipschitzian differential inclusions, the definitions
of controllability and strong controllability will be modified as follows:

1) The system (1) is said to be locally controllable at z if there exists
s > 0 such that for each € > 0 there exists § > 0 such that for all
v € B(0,0) there exists a trajectory x for F, with ||z — z|| < ¢,
satisfying (z(0), (1) +v) € S and for almost all ¢t € [0,1], ©(t) €
B(z(t), R(t, s)).

2) It is said to be strongly locally controllable at z if there exist a >
0 and § > 0 such that for all v and v in B(0,9) there exists a
trajectory x for F', with ||z — z|| < a(|u| + |v]), satisfying (x(0) +
u,z(1) + v) € S and for almost all ¢ € [0,1], z(t) € B(2(t), R(t)),
where

R(t) = liminf R(t, s).

s—+00

6.1 Strong controllability under Mordukhovich’s regularity

In this subsection the Lipschitz constant as well as the radius R for F
near z are not depending on the parameter s.
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In this section we are interested in the strong controllability of the system
(1) under Mordukhovich regularity of the solution set C' to the following
system :

x(t) € F(t,z(t)) N B(2(t), R(t)) a.e.t €]0,1] (15)
We say that C'is Mordukhovich reqular at z if
rd(C,z) = 0"d(C, 2).

This happens, for example, when the set-valued mapping x — F(t, ) is
convex, in the sense that its graph is.

Theorem 6.1 Let z be a solution of the system (1). Suppose that C
15 closed and Mordukhovich reqular at z and that F' is Clarke’s pseudo-
Lipschitz and satisfies the tempered growth condition for radius R near
z. Then the system (1) is strongly locally controllable at z, provided that
there is nontrivial arc p satisfying the inclusions (9) and (10) as well as
the following maximum condition

t),2(t)) = max t),v) a.e. 16
)0y = max ()0 (16)

The proof of the theorem uses the following lemma whose proof’s is a
consequence of Theorem 4.1.1 in [3].

Lemma 6.1 Let a*,0* € R™ be such that —w*(a*,b*) € 0,d(C,z).
Then, under the assumptions of the theorem, there exists un arc p which
satisfies, in addition to relations (9) and (16), the following ones : p(a) =
a* and p(b) = —b*.

Proof. Let —w*(a*,b*) € 0,d(C, z). Since C' is Mordukhovich regular
at z, we have for all v > 0 there exists 0 > 0 such that

(w*(a*,b"),x — z) + y||]xr — z|]| > 0Vx € B(z,)NC
or equivalently
(@ 20) =20+ 0,20 (0 @)~ =@ 7 [0 (0l > 0
for all z € B(z,0) N C. Since F' is pseudo-Lipschitz for radius R near z,

with a summable function k, there exists € > 0 such that for almost all
t € [a,b], for every x and 2’ in B(z(t),¢)

F(t,z) N B(:(t), R(t)) € F(t,2) + k(t)|z — /| B (17)
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The tempered growth condition for radius R near z implies the existence
of 5 > 0, A\s €]0,1[ and a summable function ry such that for almost
every t € [a,b] we have 0 < r4(t) < A\;R(t,s) and

lv — 2(t)| < es = F(t,x) N B(2(t),r5(t)) #0

We may assume that ¢ = gy = §. Consider the function L : [a, b] x R™ X
R™ —» RU {400} and £: R™ x R™ — R defined by

_ Jly—z2@)] ifye F(tz)
Lit,z,y) = { +00 otherwise

and
Uu,v) = (a",u— z(a)) + (b",v — 2(b)) + v|u — z(a)|.

So z is a local solution of radius R (in the Clarke sense [3]) of the problem

b
minﬁ(x(a),x(b))+/ L(t,z(t), z(t))dt.

It is not difficult to see that all the assumptions of Theorem 4.1.1 in [3]
are satisfied and to apply this theorem to complete the proof.{»

Proof of Theorem 6.1. We are ready to show that relation (7) is
satisfied and to apply Theorem 4.1. Let (a*,b*) € 9.d(S, (z(a), 2()))
be such that w*(a*,b*) € —0,d(C,z). Then, Lemma 6.1 ensures the
existence of un arc p satisfying relations (9) and (16) and p(a) = a*
and p(b) = —b*. So that (p(a), —p(b)) € 0.d(S, (z(a),z(b))), and the
assumption of the theorem implies that p = 0. Thus a* = b* = 0. The
proof is then completed. <>

6.2 Controllability under the closedness of the attainable set

In this section, the set S in (1) takes the following form
S = S() X Sl

where Sy and S; are closed sets in R™.

We are concerned with local controllability of the system (1) under the

closedness of the attainable set A(F,Sy) with a pseudo-Lipschitz differ-

ential inclusion. For a set Sp C R and a parameter s > 0, the attainable

set for trajectories of F' emanating from S, is defined by

As(F,So) :={x(b):  @(t) € F(t,z(t))NB(2(t), R(t,s)) a.e., x(a) € Sp}.

For s > 0, we say that As(F,Sy) is locally closed near z if for each € > 0

sufficiently small the following set is closed in R™ :

As (F,S) :=A{x(b) : ||z — 2| <e, @(t) € F(t,z(t)) N B(:(t), R(t,s)) a.e.,
z(a) € Sp}.
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Theorem 6.2 Let z be a solution of the system (1). Suppose that, for
each s > 0, the attainable set As(F, Sy) is locally closed near z and that F
15 Clarke’s pseudo-Lipschitz and satisfies the tempered growth condition
for radius R near z. Then the system (1) is locally controllable at z,
provided that there is nontrivial arc p satisfying relations (9) as well as
the following ones

pla) € Ni(5,2(a)),  —p(b)) € Ni(51,2(b)) (18)

t),2(t)) = max t),v) a.e. 19
(P(8) 200 = L, DA ey P ) (19)

Where for almost all t € [a,b], we set

R(t) = liminf R(¢, s) (20)

S$—+400

Proof. Note that we may put @ = 0 and b = 1 and assume that

S is a compact set and so there exists » > 0 such that S C 2rB. We

introduce the following transformation of system (1), which is in the line
of Theorem 3.5.3 in [2] :

(&(1), 9(t) € F(t,z(t),y(t)) a.e.t € [0,2]; (21)

(2(0), 4(0)) € Co, (2(2), 4(2)) = (0,0) (22)

where F' : [0,2] x R™ x R™ +— R™ x R™ is the multivalued mapping
defined by

~ | Ft,z+y)x{0} if0<t<1
F@xw»_{{ﬂx2ﬂ3 if1<t<2

and Cy = {(co — c1,¢1) : (co,c1) € S}. Define the arc Z by

—2(1),2(1)) fo<t<1
(1) if1<t<?2

It is not difficult to see that Z is a solution of system (23) and F'is Clarke’s
pseudo-Lipschitz and satisfies the tempered growth condition for radius
R near z, where

5, [ Rlts) if0o<t<1
Rﬁﬁy_{Qr ifl<t<2

Then, we have the following properties.

14



Lemma 6.2

1. Define two functions f; and g; by
ft(ya Zs U) = d(”? F(ta Y + Z)) and gt(xa U) = d(1)7 F(t7 [E))

Let (y*, z*,v*) € Opfi(y, Z2,0). Theny* = z* and (y*,v*) € Opg:(y+
z,0).

9 I0<t <1, 0€F(t,g+7) and (s, 2*) € DLF(t, (7.7), (5,0) (v, w?)
then y* = z*, y* € D} F(t,y + z,0)(v").

3. If1 <t <2and(y*, z*) € D;F(t,(0,(2—t)z(1)), (0, —2(1)))(v*, w*),
then y* = z* = w* = 0.

4. Let (z0,v0) € Coy and (z*,y*) € Nr(Co,(x0,y0)). Then z* €
NL(So, o + yo) and y* — x* € N(S1,yo).

Proof. We establish only the item 1. The other ones are easy to ob-
tain. Let (y*, z*,v*) € O f(y, Z,0). Then, by the definition of the Mor-
dukhovich’s subdifferential, there are sequences (v, 2%, v¥) — (y*, 2%, v*),

(Yn, Zn, 0n) = (9, 2,0), 0, — 07 and &, — 0T such that
d(l}, F<t’y + Z) - d(Un,F(t,yn + Z'fl) - <y:my - yn> - <Z:L7Z - Z’ﬂ>_
(vp, v =vn) +&nllly = ynll + Iz — zull + [l —val] 2 0

for all y € B(yn,0n), 2 € B(zn,0,) and v € B(v,,d,). Putting z,, =
Yn + 2, and x = y + z, the last inequality implies that

d(v, F(t,x) — d(v,,F(t,xn) — (Y, x — x) — (28 —yl, 2 — zp)—

(vn, v = on) + 2en[l|z — 2all + [I2 = zall + [0 = ] =2 0
for all x € B(x,, %), z € B(zy, %)) and v € B(vp,0,). Take z = z, (resp.
r =z, and v = v,) we get
d(v, F(t,x) — d(vn, F(t,z,) — (yp, & — xn)— (v, 0 — v,)+

2enlle = 2nll + flv = vall] 2 0

for all z € B(zp, 5;—) and v € B(v,,0,) (resp. ||yi — z%|| < 2¢,). Thus

(y*,v*) € Opgi(y + z,v) and y* = 2*.$

The following lemma shows that the local closedness of the attainable
set for F' implies that for F.

Lemma 6.3 For each s > 0, the attainable set A (F,Cy) for trajecto-
ries of F' emanating from Cy is locally closed near Z.
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Proof. Let ((un,v,)) be a sequence of {ls(F ,Cy) converging to some
(g, vy). We will show that (u.,v,) € As(F,Cy). Indeed, let (z,,yn) be
a trajectory for F' be such that

(n(t), 9n(1)) € B(2(1), R(t,5)),  (24(0),4n(0)) € Co,  (€a(2),yn(2)) = (tn, Vi)
Then ,(0) + y,(0) € Sy, y.(0) € Sy and

{ Un(t) =0, @,(t) € F(t,zn(t) +yn(t)) N B(2(t), R(t,s)) a.e.t € [0,1]
To(t) =0, Uu(t) € 2rB a.e.t € [1,2]

It follows that x,(1) = z,(2) = u, and y,(1) = y,(0) € S1. Set w,(t) =
xn(t) + yn(t) for all t € [0,2]. Then w,(0) € Sy and

{ Wi (t) € F(t,w,(t)) N B(2(t), R(t, s)) a.e.t € [0,1]
Wy (t) € 2rB a.e.t € [1,2]

First, we consider the case w,(t) € 2rB a.e.t € [1,2], with w,(1) — u, =
yn(1) € Sy. Set W, (t) = w,(t) — u,. Since S is compact, Theorem 3.1.7
in [2] asserts that there exists a subsequence of (W,,) which converges
uniformly to an arc W satisfying

W(t) € 2rBae.t€[1,2] and W(1) € S,
and hence (w,,) converges uniformly to an arc w which satisfies

w(t) € 2rBa.et € [1,2] and w(l) —u, €5

Second, (w,(1)) is a sequence of the set A;(F, Sy) which is closed. Then,
since w,, (1) — w(l) € A4(F, Sp), there exists an arc v such that

0(t) € F(t,v(t))NB(2(t), R(t,s)) a.et € [0,1], v(0) € Sp, v(1) =w(1).
Now since y,(1) = wy, (1) — u,, then y, (1) = w(l) — u,. Set

o) —v()+u, f0<t<1 Jw@)—u, f0<t<1
x(”—{um it1<t<2 MUY=, if1<t<2

with w(2) = u, + v,. Then (z,y) is a trajectory for I which satisfies

(@(1),5(t)) € B(2(t), R(t,s)), (x(0),5(0)) € Co, (2(2),4(2)) = (us,v,)

and the proof is completed.

The following result is a consequence of Theorem 2.3.3 in [3].
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Lemma 6.4 Let z be a solution to the system
x(t) € F(t,z(t)) a.e., z(0) € Sy (23)

where Sy C R™ is closed and F' is Clarke’s pseudo-Lipschitz and satisfies
the tempered growth condition for radius R near z, and that for each
s > 0 there exists €5 > 0 such that z(1) is a boundary point of the set

As(F,So) == {x(1) : ||lz—z| <es, (t) € F(t,z(t))NB(2(t), R(t, s)) a.e., x(0) € Sp}.
Then there exists a nontrivial arc p such that

p(t) € coDLF(t, 2(1), 2(1))(—p(t)) a.e.
p(0) € Ny (Sp, (0))

t),2(t)) = max t),v) a.e.
(P 20 = | A ey P2

Proof of Theorem 6.2 (be continued) : It is easy to see that F
satisfies the Clarke’s pseudo-Lipschitz property near Z as well as the
tempered growth condition of radius R near . We will show that the
conlusion of Lemma 6.4 does not hold for F at 2. Let p and ¢ be two
arcs satisfying:

the FEuler-Lagrange inclusion
(B(1),4(t)) € coD*F(t, 2(t), (1) (=p(t), —a(t)) a.e.  (24)
the transversality condition
(p(0),q(0)) € Nr(Co, 2(0)) (25)
as well as the maximum condition

((p(t),q(t)), (1)) = _max - (p(t), wr) + {q(t), w2)(26)
(wrwo) P (LAONBE(),R®)

By Lemma 6.2, the Euler-Lagrange inclusion (24) implies that
P = () and (1) € coDyF(t, 2(t), 2(0)) (—p(t)) aet € [0,1] (27)

This implies, in particular, that p(1) — p(0) = ¢(1) — ¢(0). The transver-
sality condition (25) and Lemma 6.2 ensure that

p(0) € Ni(50,2(0)) and ¢(1) —p(1) = ¢(0) — p(0) € NL(S1, 2(1))(28)

17



It follows from the maximum condition (26) that

t),2(1)) = max t),w)a.et |01 29
PO = s G0waere01](29)
and ¢(t) = 0 for all ¢ € [1,2]. So that ¢(1) = 0 and hence —p(1) €
N (S1, 2(1)). Now, it is time to use relations (9), (18) and (19) to get
p = q = 0. This allows us to apply Lemma 6.4 to get the existence of
s > 0 such that for all € > 0, 2(2) is not a boundary point of the set

A, (F,Cy).

But as this set is closed and 2(2) € A, (F,Cy), it follows that Z(2)
is an internal point of A, (F,Cp). A simple computation leads to the
conclusion of our theorem.<>

The following example shows the necessity of the tempered growth con-
dition.

Example 6.1 Let k : [0,1] — [0, +o00[ be a summable function, which is
unbounded on any open interval. Define ([3]) the multivalued mapping
F :[0,1] x R — R by F(t,z) =] — oo, —k(t)|z|]. Then F is pseudo-
Lipschitz for any choice of radius function R near z = 0. Then for
any essentially bounded function R, the attainable set A(F,{0}) = {0}
(since the only trajectory x for F' emanating from 0 and satisfying ©(t) €
B(0,R(t)) is x = 0) and hence the following system is not locally con-
trollable at z = 0:

&(t) € F(t,z(t)) a.e.t € [0,1] x(0) = 0.

However the only adjoint arc p satisfying relations (9), (18) and (19) is
p=0.
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