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Abstract. In this paper, we study conditioning problems for convex
and nonconvex functions defined on normed linear spaces. We extend
the notion of upper Lipschitzness for multivalued functions introduced
by Robinson, and show that this concept ensures local conditioning in
the nonconvex case via an abstract subdifferential; in the convex case,
we obtain complete characterizations of global conditioning in terms of
an extension of the upper-Lipschitz property.

Key Words. Subdifferentials, upper-Lipschitz property, conditioning,
Ekeland variational principle.

1. Introduction

To solve the optimization problem
min f(x), xeX,
or the inclusion
0eT(x),

one may consider some iterative methods. In 1970,. Martinet (Refs. 1-2)
introduced the proximal method as a regularization in the context of convex
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optimization in Hilbert spaces. Since then, it has been studied by many
people for the general maximal monotone inclusion problem under various
instances (see Ref. 3 for survey). The proximal method consists in finding
a zero of a maximal monotone operator T from a Hilbert space H into itself.
This method generates iteratively a sequence as follows:

X1 =T+4T) " (x), k=0,1,2,3..., (1)

with xo known, where I denotes the identity operator and {4,} is a given
sequence of positive reals. Note that this algorithm can be considered as a
discretization of the following differential inclusion:

—du/dte Tu, >0,
u(0)=x,.

The finite convergence of the algorithm (1) was first proved by
Rockafellar (Ref. 4, Proposition 8) for T the subdifferential in the sense of
convex analysis of a proper closed polyhedral convex function defined on a
finite-dimensional space. To ensure the finite convergence of the algorithm
in the general convex case, several authors imposed the assumption

(0f)"'(2)=(af)""(0), 2
for all z near zero, or
f(x)=min f+cd(x, S), Vx, 3)

for some ¢>0, where S=arg min f is assumed to be a nonempty set. In his
paper (Ref. 4), Rockafellar studied this algorithm in the case of an arbitrary
maximal monotone operator 7. He showed that the algorithm (1) converges
superlinearly if the sequence {4} is such that A, —» +00, and if the operator
T is such that T~' satisfies the following condition: there exist @ =0 and
r>0 such that

d(x, T"'(0))<elz, 4

for |z <r and xeT~'(z), when T7'(0) is a singleton. Note that this result
has been extended by Cornejo and Jourani (Ref. 5) to the case where 7~'(0)
is a nonempty set. In the case where T= df, with f'a convex function, Lemaire
(Refs. 6-7) used the so-called w-conditioning to get the finite convergence
of Algorithm (1) when w is a linear function. A real-valued function f is
said to be w-conditioned if

f(x)zminf+y(d(x,5)), Vx, (5)
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where y: R. — R.. In finite-dimensional spaces, Zhang and Treiman (Ref.
8) showed that (4) implies (5) whenever fis a lower-semicontinuous function
(for short, Ls.c. function) and yw(¢f)=ct?, ¢>0, by using the Mordukhovich
subdifferential (Ref. 9).

In this paper, we study the conditioning problems for convex and non-
convex functions defined on normed linear-spaces. For other related results,
see the recent paper of Penot (Ref. 10). We extend the notion of upper
Lipschitzness for multivalued functions introduced by Robinson (Ref. 11),
and we show that this concept ensures the local conditioning in the noncon-
vex case via an abstract subdifferential. In the convex case, we obtain com-
plete characterizations of global conditioning in terms of an extension of
the upper-Lipschitz property. Other characterizations are also investigated
in the paper.

2, Background

Throughout this paper, X denotes a normed vector space and X * its
topological dual endowed with its dual norm. If xeX and x*eX¥, the ele-
ment x*(x) is denoted by {x, x*> or (x* x). If AcX, int A denotes its
interior, while conv 4 denotes the closed convex hull of 4. The set
RU {~o0, +o0} is denoted by R, while R, and R, denote the sets of non-
negative reals and R, u{oo}, respectively. Consider a function
f:X - Ru{}. The domain of f'is the set

dom f= {xeX|f(x)< w};
f is proper if dom f# &. The function f is convex if
FOx+(1 =)< x)+(1=D)f(p), Vx, yedom f, YA€[0, 1].

The subdifferential of f'at xedom f (in the sense of convex analysis) is the
set

Af ()= {x*eX*|<{x—% x*)<sf(x)—f(X), VxeX}.

If x¢dom £, then df (¥)= (. If the function is convex, we consider always
this subdifferential. The conjugate of f is the w*-ls.c. convex function
f¥*: X* - R, defined by

*(x% =§gg(<x, x*>—f(x)).
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The indicator function of the set 4 <X is the function I,: X - Ru {00},
defined by

0, X€A,
I4(x) ={
0, x¢A.

The convolution of the functions f and g is denoted by fAg and is defined
by

(fAg)(x) = inf(f(x=z2) +2(2)).

For a subset 4 of X, we denote the distance from the point xeX to A4 by
d(x, A)=infllx—y],
yed
with the convention that d{(x, &) = co. The closed ball centered at xeX and
having radius p>0 will be denoted by By (x, p); we also denote by By the

ball B(0, 1) and by By« the ball Bx«(0, 1). For C and D subsets of X, the
Hausdorff excess of C over D is defined by

e(C, D)= iléllic) d(x, D),
with the convention e((J, D) =0; the p-Hausdorff excess of C over D, for
p>0, is defined by
e,(C,D)y=e(Cn pB, D).
Let X, Y be normed linear spaces. We endow X X Y with the box norm
I1Ge, I =max{lix], Iy},  (x,y)eXx Y.
Generally, a multivalued mapping T: X3 Y will be identified with its graph
{(x, y)eXx YlyeF(x)};
the inverse of F will be denoted by F~'; of course,
F7'(y)={xeX|yeF(x)}.

3. Upper ¢-Lipschitz Multivalued Mappings: Error Estimates

We recall first the notion of diagonally stationary sequences introduced
by Lemaire in Ref. 12,

Definition 3.1. Let {7"} be a sequence of multivalued mappings from
X into X *. A sequence {x,} in X is diagonally stationary for {7} [for short,
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{T"}-DS} if
lim d(0, T"(x,))=0.

" — 0

Definition 3.2. Let T:X33X* be a multivalued mapping with
T7'(0)# &, and let @: R, — R, be a function. We say that 7~ is upper ¢-
Lipschitz at 0 on the nonempty set C< X * containing 0 if

ed(x, T O < Ix*l,  Yx*eC, VxeT '(x%).

Note that, for ¢(f) =1, we recover the definition of upper Lipschitzness
given by Robinson (Ref. 11). See Refs. 9, 13-15 for more details on various
Lipschitzian behaviors, other than the upper-Lipschitz continuity of multi-
valued mappings.

Example 3.1. Let the operator T be strongly monotone. Then, T~ is

upper @-Lipschitz at zero with ¢(¢) = at for some a >0.

Example 3.2, See Zhang-Treiman (Ref. 8). Letf: R"—» Ru {0} and
Zedom f. The subdifferential of f at Z, in the sense of Mordukhovich (Ref.
9), is the set

0 f (3 =lirp/sx;1p{v|(v, w) <f~(Z; w), YweR"},

where

f7Ew)y=liminf[ f G+ ) —f(2)]/t

u—-w
+
-0

is the contingent directional derivative of f at 7 in the direction w, and where
24 7 means that z — Z and f(z) —f (). Let C be a closed subset of R”.

(i) If f(x)=d(x, C), there exists r>0 such that, for all zerBg" and
x€(07f) '(z), one has

d(x, (01)'(0))=0,
ie.,
@) '@ f)'0), VzerBg.

(ii) Iff(x)=(d(x, C))? there exists r>0 such that, for all zerBg and
x€(07f)"'(2), one has

d(x, ()7 (0)=(1/2)]zll.
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The next result was established by Lemaire for subdifferentials
(Ref. 12).

Proposition 3.1.  Let {x,} bea {T"}-DS sequence with lim sup |[x,| <p
for some p>0. Assume that lim, _, , e,(7”, T)=0 and that 7' is upper ¢-
Lipschitz at 0 on rBy+, r>0, where ¢: [0, o[ — [0, 0] is a nondecreasing
function with ¢(0)=0 and such that ¢ is increasing, finite, and continuous
on [0, #] for some #,> 0. Then, there exists a sequence {x}} =X * converging
to 0 such that, for n sufficiently large, x}¥e T"(x,) and

d(xy, T"(0)) <ex(T", T)+ ¢ ' (|1x5]| +e,(T", T)). (6)

Proof. By hypothesis, there exists a sequence {xy}<X™ such that
xfeT(x,) and |xx¥|| =0. Also, from the hypothesis, there exists
6€]0, p[, 6 <@(to), and meeN such that 7' is upper ¢-Lipschitz on

Byx+(0, 8), lx¥<8/3, |x.| <p, and e, (T", T)<6/3, for n=ne. It follows
that, for n>nyg,

d((xn, x3), T)<e,(T", T).

Let us fix €€]0, §/3[. Then, there is a sequence {(u,, 4} )} = T such that
max{ | x, = ul, [|x¥ —urll} <e(T", T)+e€, n=ng.

It follows that
lurl < lux = x¥ |+ xd | <eo(T", T)+ e+ |Ix¥| <8, nzno. (7)

By the upper ¢-Lipschitz property of ™' on Bx+(0, § ), and using the prop-
erties of ¢ and (7), we get

dw,, T O <|uxl,  n=no.
So, for n=ny, we obtain
d(x,, T~ (0)) < 11X = eyl +d (11, T~'(0))
<e(T", T)+e+ o (x| +e,(T", T)+¢€).
Letting € — 0, we obtain that (6) holds for n>n,. O

In the next proposition, we obtain the following best approximation.

Proposition 3.2. Let {x,} be a {7"}-DS sequence with lim sup ||x,[| <p
for some p>0. Assume that lim, _, ., e,(T", T) =0 and that there exists r>0
such that

T '(x*<T7'(0), Vx*erBy-. 8)
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(i) If f(x)=d(x, C), there exists r>0 such that, for all zerBg" and
x€(07f) '(z), one has
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ie.,
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(P3) df(x) is equal to the subdifferential of f at x in the sense of
convex analysis whenever f is convex and l.s.c.;

(P4) 0edf (x), whenever xedom f is a local minimum point of f;

(P5) if fis l.s.c. on a neighborhood of x, and if g is convex and
continuous, then

0(f+ g)(x) =df (x) + 0g(x).
Definition4.1. Let y: R, — R, . Consider a functionf: X - Ru {+ w0}

whose set of critical points, defined by S=(3f)~'(0), is nonempty. We say
that f'is w-conditioned on the subset 4 of X with 4 n S# &, if inf fe R and

f(x)=inf f+y(d(x,S)), Vxed.
If A=X, we simply say that f'is y-conditioned.
We give now some examples of y-conditioning, putting in evidence the
function .
Example 4.1. Consider the quadratic programming problem
(#) minf(x)=(1/2){Ax, x)—<c, x),

where A is a positive-definite symmetric # X » matrix and ce R”". It is known
that f'is convex and that the unique optimal solution of 2 is

xo=A7"c;
therefore,
S={xo},
and so,
d(x, 8)=[lx—xol.
One has
)= (x0) = (1/2)<Ax, x) = e, x)+(1/2){c, A7'¢)
=(1/2){A(x—A"'c), x— A7 "D,
whence
f(x)zinf f+K|x—x0l>,  VYxeR",
where
K=inf{{4x, x>|||x|=1}>0.
Therefore, fis y-conditioned with w ()= Kt>.
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Another example is given by Bahraoui and Lemaire in Ref. 19, where
the solution set S is not a singleton.

Example 4.2. See Lemaire (Ref. 12) and Tiba (Ref. 20). Letf: X - R
be a convex proper function satisfying the Slater condition [i.e., there exists
Xo€X such that f(xo) <0}, and consider

C={xeX|f(x)<0}.
Then, for all r>0, there exists a,> 0 such that
f(x)=za.d(x, C), Vxe(xo+rBx)\C;

i.e., g=max(f, 0) is w-conditioned on xp+rBy with y(f)=a,t.

Indeed, for xe(xo+rBx)\C, we have
S (x)>0>f(x0).
We can assume that f(x) < co. Let us take
A=~f (x0)/[f (x) = f (x0)]€]0, 1[.
By the convexity of f, we get
S Ax+ (1= )x0) <A (x)+ (1= 1) f (x0) =0,
whence
Ax+(1-A)xpeC;
this implies that
d(x, C)<[|x— (Ax+ (1= A)x0)|
=(1=A)x—xoll
=L/ )/ (f (x)~f (xo))]lIx = X0l
<lr/=f (X1 f (x).

Example 4.2 can be stated in a more general situation.

Example 4.3. See Robinson (Ref. 11) and Ursescu (Ref. 21). Let X
and Y be Banach spaces, and let F: X3 Y be a multivalued mapping with
closed and convex graph. Suppose that 0 is an internal point of the range
of F. Then, for every xoe F~'(0), there exist ¢, r>0 such that

d(x, F7(0)) <c(r+1)d(0, F(x)), ¥xe(xo+rBy);
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i.e., g(x)=d(0, F(x)) is y-conditioned on xo+rBy with w(r)=(1/c(1+r))t.
So, Example 4.2 is a direct consequence of this example. Indeed, it suffices
to consider F(x)=—f(x)+ R- as a multivalued mapping.

Note that this result is extended in Jourani (Ref. 22) to y-paraconvex
multivalued mappings with y>1; F is y-paraconvex, y >0, if there exists
¢>0 such that, for all x, yeX, A€[0, 1],

AF(X)+ (1 =D F(y)cF(Ax+(1=A)y)+cllx—y|"By.

We establish now a relation between the upper-Lipschitz property of
the inverse of the subdifferential and the conditioning of a function f. Our
proof is in line with that given by Zhang and Treiman (Ref. 8). It uses the
Ekeland varational principle (Ref. 23).

Theorem 4.1. Let ¢: R, — R, be an increasing function with ¢(0)=
0, and suppose that there exists r>0 and #,> 0 such that
O<op(t)<r, Yte 10, t].

Let /1 X > Ru {+ow} be a Ls.c. proper function, such that the set of its
critical points S=(df)'(0) is nonempty. Suppose that (f)”"' is upper ¢-
Lipschitz on rBy». Then, f is y-conditioned on S+rBy, where w(z)=
(1—y)te(yt) for t =0, with €10, 1[ a fixed number satisfying yr <.

Proof. Let y€]0, 1[ be such that yr<t,. Suppose that f is not y-
conditioned on S+rBy, where v is defined above. Then, there exists
Xo€S +rBy such that

S (xo)<inf f+ y(d(xy. S)).
It follows that
y(d(xo, 5))>0,
whence there exists ce ]0, 1[ such that
[ (xo)<inf f+cy(d(x,, S)). (10)
Take
e=co(yd(x, S))>0.
By the Ekeland variational principle (Ref. 23), there exists e X such that
S )+ €llu—xoll <f (xo), (11)
f@)<f(x)+ellx—ul, VxeX. (12)
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From (12), taking into account (P5), we obtain the existence of u*edf (1)
such that |u*|| <e, while from (10) and (11) we get
Ixo—ul<(1—y)d(xo, S).
By the assumption and the choice of €, we have
lu*|<r and o(d(u, S))<lu*|.
But
d(u, S)=d(xe, S)— |lu—xoll
>d(xo, S} — (1 —y)d(x0, S)
=yd(xo, S),
and thus we obtain the contradiction
€2 ||lu*l| = p(d(u, $)) 2 p(yd(xo, §)) > co(yd(xo, S))=e€.
Therefore, f'is y-conditioned on S+ rBy. ]

Theorem 4.2. Suppose that T= df satisfies relation (8) of Proposition
3.2. Then, fis y-conditioned with y a linear function from R, into R,.

Proof. The proof is analogous to that of Theorem 4.1. |

5. Conditioning and Upper p-Lipschitz Inverse Subdifferentials: Convex
Case

In this section, we give necessary and sufficient conditions to get the
upper ¢-Lipschitzness and linear conditioning (i.e., y is a linear function)
in the convex case.

Theorem 5.1. Let X be a normed vector space, f: X — R a convex
proper ls.c. function, S<X a nonempty closed convex set, and ce ]0, oof.
Consider the following statements:

(i) S=argmin fand f(x)>inff+cd(x, S), VxeX;
(i) f*(0)eR and f¥(x*)=F*(0)+I%(x"), Vx*eX™, |x*| <c;
(i) I *(x*)cof *(0)=S8, Vx*eX*, |x*| <c.

Then, (i)<>(ii) = (iii). Moreover, if X is a Banach space, then (i)<«
(i) < (iii).
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Proof.

(i) = (ii)). Clearly,
—inf f=f*(0)eR.
Since
ac-, S)=IsA|- |,
and taking into account that
(gAR)*=g"+h",
from (i) we have that
XM < —inff+(cd(-, $))*(x*)
=f*0)+c(I3(x* /) + |- |*(x*/c))
=f*(0) + 15 (x*) + Lpe (x¥).
Therefore,
OO +IEY), v, ¥ <e.
Moreover, if a€S, then
(a, x*Y<f (@) +*(x*) == *(0)+/*(x"),
whence
SHO +IFM) <f* ().
Thus,
M) =r*0)+13(x%),  Vx*eX™ |Ix*| <c.
(ii)=>(i). As shown above, one has that
(cd(:,S)*=I%+1p.
Since cd(-, S) is a continuous convex function, we have that
I+ Lope)* =cd(-, S).
Condition (ii) implies that
SHSHO)+ IS+ Lpe;
passing to conjugates, we obtain the inequality in (i). As

AN =0+ 150,
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for x* in a neighborhood of 0, one has that
of*(0)=0I5(0)=S;
thus,
S=arg min f.
(ii) = (iii). This is obvious because
IF*(xM=05(x")=S=a*0), Ix*l<ec

(iii) = (i). Suppose that X is a Banach space. Since S=4f*(0), we
have that

S=arg min /.
By contradiction, suppose that there exists xeX such that
f(x)<inf f+cd(%, S).
It follows that x¢S. Therefore, there exists 0 <c¢’<c¢ such that
f(®) <inff+cd(x, ). (13)

Fix ¢’ < € <c¢. Using the Ekeland variational principle (Ref. 23), one obtains
ueX such that

S@u) +€llu—x| <f (%), (14)
Sw)<f(x)+€lx—ul, VxeX. (15)
The relation (15) is equivalent to
of (u) N €Bx+# .
Therefore, there exists #* with
uw*edf(u) and |u*|<e<ec.

From (iii), it follows that df *(u*) = S, whence ueS. Therefore, using also
(13) and (14), we have

ed(x, S)<ellu—x| <cd(x, S).
As d(x, §) >0, we get the contradiction e<c'. O
Remark 5.1. Note that (i) = (ii) in Theorem 5.1 is true for fand S
not necessarily convex, since the formula

(gohy*=g*+h*
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is valid for nonconvex functions. If (ii) of Theorem 5.1 holds, taking into
account that

I3 = (Ismvs)®,
from (ii) = (i) of Theorem 5.1 we get that

conv S=arg min f **

and

[**(x)=>inf f**+ cd(x,conv S),  VxeX.
But

inff**=inff and f>f**,
so that

f(x)=inf f+ cd(x, conv S, VxeX.

If we already know that S=arg min f and S is (closed) convex, we obtain
that the implication (ii) = (i) from Theorem 5.1 is true for f not convex. So,
we obtain Proposition 3.3 of Lemaire (Ref. 6), stated for f not convex, but
with S=arg min f a nonempty closed convex set. Note that, without assum-
ing that S is convex, (ii) = (i) in Theorem 5.1 can be false as shown by the
following example: take f'(x) =||x| — 1| ; then, f * verifies (ii) for S=[—1, 1]
and ¢=1, but arg min f={—1, 1}.

Corollary 5.1. Let X be a Banach space and f: X >R be a proper
L.s.c. convex function, xeX, and ce]0, oo[. The following statements are
equivalent:

(i) fx)2f(X)+clx—x[l, VxeX;

(i) f*©0)eR and FEOM) = *0)+ (X, x*), Vx*e X ¥, ||Ix* | <c;
(iii) of*(x*)={x}, Vx*eX™, |x*|| <c;

(iv) F*(x*)c{x}=a*0), Vx*eX ™, ||x*| <c;

(v)  cByscOf ().

Proof. The equivalences (i)<>(ii) <> (iv) are stated in Theorem 5.1.
The implications (ii) = (iii) = (iv) are obvious. Also, from (iii) it follows
easily that

int ¢cBy+«< df (x).
As 9f (x) is closed (even w*-closed),

cBy+ < 0f (%).
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Thus, we have (iii) = (v).
(v)=(). Let xeX and x*eX™, ||x*|| <c. Then, x*€df (x), whence
X=% x*><f () —f (%)
It follows that

c|x—X%| = sup
<

*
[l

(=% 3y < ()~ (D).

¢

The implication is proved. |

When X is not complete and £ is not convex, we still have some of the
equivalences stated above.

Corollary 5.2. Let X be a normed linear space, f: X — R a proper l.s.c.
function, ¥€X, and ¢>0. The following statements are equivalent:

(1) () 2f(x) +cllx—x], VxeX;

(i) f*(0)eR and f*(x)=f*(0)+ (% x*), Vx*eX™, |Ix*| <c;

(iii) cBx+cdf (%), Of (%) being meant in the sense of convex analysis;
(iv) cBy+cdf **(x).

Proof.

(i) = (iii). This is obvious: if |x*|| <c, one has
x=%, x*)<clx— N <f (x)=f(X).

(iii) => (). This is the same as (v) = (i) from Corollary 5.1.

(1) =(i1)). This follows from Theorem 5.1 and the discussion after its
proof.

(if) = (i). As in Remark 5.1, one obtains that arg min /** = {x} and

f(x)zinf f+¢|x— x|, VxeX.

One must show that f(X)=inff. In the contrary case, take u such that
J(Z)>u>inff As fis lsc. at X, there exists 7> 0 such that

SX)>p,  lx—x|<r.

From the relation stated above, for |x— x| >r we have
S(x)=inf f+c||x—%|| = inf f+cr.

Therefore
S (x)=min{y, inf f+cr}, VxeX,

whence inf /> inf f, a contradiction; the implication holds.
(ii) <> (iv). This follows from (ii) <> (iii) applied to f**. O
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Remark 5.2. The equivalences (i)<>(ii)<>(iv) from Corollary 5.1,
when X is a reflexive Banach space, follow from Theorem 2.1 in Ref. 24,
The equivalence (i) <> (iv) in a milder form is established in Hilbert spaces
by Tossing (Ref. 25, Proposition 4.8). The equivalences (i) <> (ii) <> (iv) from
Corollary 5.2 are stated by Lemaire in Ref. 6, Proposition 3.1.

Let us consider the function
v [0,[=[0, 0],  wAO)=inf{f(x)—inff|d(x, S)=1}.
Proposition 5.1. Let X be a normed vector space, and let f: X — R be
a proper convex function. Suppose that S=arg min f is nonempty. Then,
vr(et) = ey (1), Vt=0,Ve>1,
or equivalently ¢ — y,(#)/t is nondecreasing on ]0, cof.

Proof. Penot (Ref. 10, Proposition 2.2) obtained the same conclusion,
even for f starshaped at every u€S, so we omit our original proof. O

The aim of the following corollary is to show that the local conditioning
implies the global conditioning but with a different function y (more exactly,
with a prolongation of y).

Corollary 5.3. Let X and f be as in the preceding proposition. If
v: [0, a] = [0, o[, where a >0, is such that

f(x)=inf f+w(d(x, S)), VxeX, d(x, S)<a,
then

JS(x)zinf f+ y,(d(x, S)), VxeX,
where

1), te0, a],
”’"(’)={;/Iw((l)/a1r, o,
Proof. We have that y,>y on [0, a]. For d(x, §)=y>a, we have
Sx)zinff+y(y) zinf f+(v/a)y,(a)
zinf f+(v/@)y(a)
=inff+[y(a)/ald(x,S)
=inf f+ w.(d(x, S)).
Thus, the corollary is proved. |
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Now, under Corollary 5.3, in the convex case we can work with global
conditioning; the next theorem gives several characterizations for this. Con-
sider first the following class of functions:

F={y| y convex, Ls.c., w(1)=0<> =0 and y(t,) < co for some 1,>0}.

Theorem 5.2. Let X be a Banach space, let f: X — R be a L.s.c. proper
convex function with S=argmin f#J. The following statements are

equivalent:

(i)  there exists a function y: [0, co[ — [0, 0] and #,>0 such that
v(1)>0 for t€]0, t[ and fis y-conditioned on X;

(ii)  there exists yeF such that f'is y-conditioned on X;

(iii) there exists yeF such that f*(x™) <f*(0) + I (x*) + w*(Ix*|),
Vx*eX*;

(iv) there exists weF such that <(x—x x*>>w(d(x, S)),
Y(x, x*)ef, VXeS;

(v)  there exists ¢: [0, oo — [0, oo nondecreasing such that ¢(z)=
0<>t=0 and df ™ is upper ¢-Lipschitz at 0 on X *;

(vi) there exists 6: [0, o[~ [0, 0] nondecreasing such that
lim, . o*8(¢) = 0(0)=0 and
d(x, $)<6(Ix*(),  V(x,x*)edf;

(vii) f has good asymptotical behavior; i.e., (see Ref. 26), if {x,} =X

is such that (0, df (x,)) = 0, then d(x,, S) —0.

Moreover, in the implications (ii) <> (iii) = (iv), one can take the same
v; in (iv)=(v), one can take ¢@(¢t)=w(t)/t for t>0 and ¢(0)=0; in
(v)<>(vi), one can take ¢ and @ to be quasi-inverse to each other; in
(v) =>(ii), one can take

y(n=( ‘Y)j @(ys) ds,

with y€ 0, 1[ arbitrary, but fixed.

Proof.

(i)=>(ii). It is obvious that y, 2>y, so that y,(#)>0 for t€]0, t,]. As
t — y,(1)/t is nondecreasing on ]0, oo[ (see Proposition 5.1), it follows that

l[/f(f) >0

for t>0 and liminf,_, o y,(¢)/t>0. Using Ref. 24, Proposition

A.5, we obtain that y =conv y,€F. Of course, fis y-conditioned.
(ii) = (i). This is obvious.
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(ii) = (iii). Let x*eX*. Then,
SR =sup((x, 1) =1 (x))
< ilglg((% x*y —inf /= y(d(x, 5)))
=f*0)+(y - d(-, $))*(x*)
=/*(0) +r;1212 [¥™* () + (Ad(-, $)*(x™)]
=/*(0) +min [w*(A) +Ad(-, S)*(x*/A)]
=f*(0)+r;13f)1 ™) +AUsA - 1) (x*/A)]
=f*(0) +rAr1>1f)1 [W*(A) + A TE(X*/A) + Ipe(x*/2))]
=£*(0) +I;1>lf)1 [W*(A) +I5(x*) + Lp (x™)]

=f*0)+I4(x*)+ min y*(A)

Azl
=£*0) +I50(*) + w*(Ix*]),

because y* is nondecreasing.
(iii) = (ii). In the first part, we got

(w(d(-, S)* =If+y*<|-|.
Since the function x +— w(d(-, S)) is convex, proper, and L.s.c., we have that
TS+ o |- )*=w(d(, S)).

Dualizing the inequality in (iii), we get (ii).
(i) = (iv). Let XeS and (x, x*)edf. Then,

S 2f (X)+ y(d(x, §)),
S®)2f(x)+<{x—x, x*>.

Adding the above two inequalities, we get the conclusion with the same y.
(iv)=(v). From (iv), we obtain

Ix— X Ix* = w(d(x, $)), VxeS, V(x, x*)edf,
whence

Ix*d(x, )= y(d(x, S)),  V(x,x*)edf.
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Taking
o()=y()/t, >0,
and ¢(0) =0 we have the desired conclusion.
(v)=(vi). Take 6:[0, co[ — [0, o0] defined by
0(6)=sup{s 20| p(s) <1}.
The function 8 is nondecreasing and

tim 6(r)=0= 6(0).
1—0

Moreover, from its definition,
8(|x*1)=d(x, S), V(x, x*)edf.
(vi) = (v). Suppose that
o(lx*|)=d(x, S), Y(x, x*)edf.
Consider the function ¢: [0, co[ — [0, 0] defined by
o(t)=inf{s>0] 6(s) = ¢}.

It is obvious that ¢(0)=0 and ¢ is nondecreasing. If >0, then ¢()>0;
otherwise, there exists s,—0" such that 6(s,)=t contradicting
lim,_o+ 8(s) =0. From its definition, one obtains that

p(lx*)<d(x, 8),  VY(x,x*)edf.
(v) = (ii). Let us fix y€]0, 1[, and consider v : R, — R, defined by
y() =1 —y)te(yt).
Suppose that (ii) does not hold for this . Then, there exists XxeX such that
S (X) <inf f+ w(d(x, S)).
It follows that ¥¢.S and there exists 0 <c¢<1 such that
F @ <inf f+cy(d(x, S)).
Take
e=co(yd(x, S))>0.
Using the Ekeland variational principle (Ref. 23), there exists ue X such that
S+ ellu—xl<f (%),
S <f(x)+elx~ul, VxeX.
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The last relation being equivalent to 9f N cB* # (¥, there exists ™ such that
(u, u*)edf, |u*|<e.
It follows that
IX—ull <(1-y)d(x, S),
o(d(u, $)) < |u*| <e=co(yd(%, S)).
But
du,S)=2d(x%, S)— lu—x|2d(%, S)—(1—-y)d(x,S)=yd(x, S),
whence
@(d(u, §)) 2 o(y(d(X, §)) > cp(yd(%, S)),
a contradiction. Therefore, (ii) holds for this y. As

t
t(p(yt)ZJ o(ys) ds,
0
we can replace y by weF, where
v =(-7v) f o(ys) ds.
1]

(vi) = (viii). This is obvious.
(vii) = (vi). Let us consider ¢: [0, [0, co] defined by
(1) =sup{d(x, S)|(x, x*)edf, |x*|| <1}.
It is obvious that ¢ is nondecreasing and
d(x, S)<o(lx*),  Y(x,x*)edf.

If lim, o+ ¢ (£) >0, there exists (£,)]0 and €,> 0 such that ¢(t,) > €, for every
n. By the definition of ¢, we have that, for every n, there exists
(x4, x¥)edf such that

Ix¥l<t, and d(x., S)>¢€,. |

Remark 5.3. We have used that y is convex only for the equivalence
(i)<>(ii). For the other equivalences, it suffices to consider that ¢ — w(¢)/t
is nondecreasing. As seen in Proposition 5.1, the function v, satisfies this
condition.

Note that Theorem 5.2 covers Proposition 3.1 of Lemaire (Ref. 26).
The implication (i) = (iv) of Theorem 5.2 is just Ref. 26, Proposition 4.1; a
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similar result to (iv) = (i), under different conditions, is proved in Ref. 26,
Proposition 4.2, Taking in (i) of Theorem 5.2,

y()=ct’, fort€[0, a], (c, a>0),

and taking its prolongation to [0, o[ as in Corollary 5.3, and ¢(f)=ct in
(vi), one obtains Theorem 4.3 of Zhang and Treiman (Ref. 8). Applying
Theorem 5.2 for y(¢)=ct, one obtains a weaker form of Theorem 5.1.
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=

Then for n large enough, we have
d (2., T71(0)) < ¢,(T", 7).

Proof. The proof is analogous to that of Proposition 3.1. |

It is known that many problems in mathematical programming can be
formulated as inclusion problems for monotone operators. The proximal
algorithm is the most general method known for solving such inclusions.

Example 3.3 Let T be a maximal monotone operator from a Hilbert space
into itself and let {z,} be generated by the proximal point algorithm, i.e.

Tnp1 = (I + M) (), (9)

where \,, > 0 for every n and lim,,_,o, A,, = 0o. The relation (9) is equivalent

to
Tn4+1 — Tn

An

Let T" = T + 5= and suppose that 7-'(0) # §. Then the sequence {z,}
is bounded and, obviously,

0e T(.fl?n+1) +

lim d(0,7"(xp41)) = 0.

n—o0

Moreover, for every p > 0, we have
e,(T",T) =0 as n — oo.

Thus we get that lim, . d(x,, T~*(0)) = 0 provided that T~! is upper-
Lipschitz at 0.

4 Conditioning and upper ¢-Lipschitzian in-
verse subdifferentials: the nonconvex case

In this section we assume that X is a Banach space. Following Refs. 1618,
we will call subdifferential on X an operator 0 which satisfies the following
properties for functions f, ¢ from X into RU {+o0}:

P) Of(x) € X* and Of(x) =0 if = ¢ dom f,

Py) Of(z) = 0g(x) whenever f and g coincide on a neighbourhood of z,
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