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Abstract: In this paper, we study subdifferentiability and sub-
differential monotonicity of y—paraconvex functions. We introduce
a subdifferential and we show that it coincides with Dini and Clarke
subdifferentials for any y—paraconvex function, v > 1. We develop
sum rules for this subdifferential with and without constraints quali-
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its presubdifferential is y—monotone, vy > 1.
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1. Introduction

Rolewicz (1979a;b) introduced the concept of y—paraconvex multivalued map-
pings. A multivalued mapping F' between two normed vector spaces X and Y
is y—paraconvex if there exists a positive constant C' such that

AF(z)+ (1= AN)F(u) C FQAz + (1 — Nu) + Cllz — u||"By

for all z,u € X and X € [0, 1], where By denotes the closed unit ball of Y. To
this concept, he associated a class of functions called y—paraconvex functions.
An extended real-valued function f on X is y—paraconvex if the multivalued
mapping F' defined by

F(z) = f(z) + Ry

is y—paraconvex, or equivalently, there exists C' > 0 such that
fOz+ (1= Nu) < Af(2) + (1= A)f(w) + Clle — ul”

for all z,u € X and A € [0, 1].
The most important properties, given by Rolewicz (1979a;b;1981), are listed
in Section 2.
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The aim of this paper is to explore further properties of y—paraconvex func-
tions, namely the Lipschitz properties and the subdifferentiability. First, we
show that the well known classical theorem, which asserts that every continu-
ous convex function defined on an open convex set O C X is locally Lipschitz on
O, subsists for y—paraconvex functions. Second, we introduce a subdifferential
to these functions and we show that it coincides with the Dini subdifferential
and the Clarke subdifferential. This allows us to show that every y—paraconvex
function, v > 1, is subdifferentially regular. Third, we establish sum rules for
this subdifferential with and without constraint qualification conditions. Finally
we prove that a lower semicontinuous function is y—paraconvex whenever its
subdifferential is y—monotone.

We use the following notation. X is a normed vector space, X* is the
topological dual of X always considered with the weak-star topology, Bx is
the closed unit ball of X, and (-,-) the pairing between X and X*. We write

ximo and zim:o to express, respectively, z — zg with x € S and =z — 2o with
f(z) = f(zg). We denote by epif the epigraph of a real-valued function f.

2. Some properties of y—paraconvex functions

Rolewicz (1979a) considered 2-paraconvex functions and he showed that this
class of functions can be characterized as a difference of convex functions. More
precisely he proved that if X is a Hilbert space then f is 2—paraconvex iff it
can be represented in the form

f(z) = g(z) - Cll=||?

where g is a convex function and C' > 0. Example 1 in Rolewicz (1979b), shows
that for 1 < v < 2 the similar result does not hold even for X = IR.

Using Theorem 2 in Rolewicz (1979b), we may easily show that for v > 1
we have the following important characterization (see Jourani, 1995).

PROPOSITION 2.1 Let v > 1. Then f is y—paraconver on a nonempty open
convez set O C X iff there exists C > 0 such that

FOT+ (1= M) < Af(@) + (1 — (W) +Cmin(, 1 — Nz — u]]”
for all z,u € O and X € [0,1].

Note that this result is false for v = 1. Let, for example, f(z) = ||z]| — 1],
then f is 1—paraconvex with constant 2 but does not satisfy the inequality with
the minimum on A and 1 — .

As in the convex case we may establish the following proposition about the
Lipschitz properties of y—paraconvex functions.

PROPOSITION 2.2 Let v > 1. Then every continuous y—paraconver function f
defined on a nonempty open convex set O C X is locally Lipschitz on O.
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Proof. The same proof is used in the convex case. Let zg € O. Then, by
assumptions, there exist » > 0 and a > 0 such that zg + rBx C O and for all
r €xo+rBx

I/ ()] <a.

Letx,u6x0+gBX.For6>0,puta=6+||r1:—u|| andz:u—i——;—(u—m).
!

Then ||z — zo|| < |lu — 20l + 5z |lu — 2|] <7 and so
f(2) < a.

Set A = 20 .
r+ 2a

flu) = fAz+ (1 = Nz) <Af(2) + (1= N f(z) + CAl|z — ="
and hence
fu) = f(z) SAf(2) = £(@)) + ON T lu — 2|7

< 2aA + CAY Y |lu — 2|7

4a _ 2C(et||lu—z|) (r+2e+2|lu—z|)7 lu—z||”
< e+ lu—af) + 27 (e u—z )7

By Proposition 2.1

Since € > 0 is arbitrarily choosen, it follows that

#) — a2 (2 2 280 g, o

7 27

and changing the roles of v and = we obtain

[l — )] 2% 2O

s 20

o Al 5, & iy & gBX. M

REMARK 2.1 Relying on Lemma 2.5 in Jourani (1995), we may show that every
~y—paraconver function, v > 1, on a nonempty convex set O on which is bounded
from above is locally Lipschitz on O.

3. Subdifferentiability and subdifferential regularity of the
~v—paraconvex functions

It is well known that the subdifferential of an extended real-valued convex func-
tion is the set i

Of(zo) ={z* € X*: (2*,h) < f(xo+h)— f(x0), Vh}.

This set, which has good sum rules, is convex and weak-star closed. In addition
it is nonempty whenever f is continuous around zg. So can we adapt this sub-
differential to y—praconvex functions? Unfortunately no. To see this, let, for
example, f(z) = ||z| — 1|, so f is 1—paraconvex and 0(0) is an empty set.




724 A. JOURANI

Our aim is to introduce a subdifferential for this class of functions and to
show that this subdifferential inherits some properties of 0f. We also show
that this subdifferential coincides with the Dini subdifferential and the Clarke
subdifferential whenever v > 1.

DEFINITION 3.1 Lety > 0 and C > 0. Let f be an extended real-valued function
on X which is finite at To. z* € X* is said to be a (y,C)— subgradient of f at
zo if there exists a neighbourhood V' of O such that

(z*,h) < f(zo +h) — f(zo) + C|R|", VheV.
The set of (y, C)— subgradients of f at xo is denoted by 81‘“ f('z;o)

It is clear that 8L°° f(=o) is convex and weak-star closed. One of the other
important propertles og this subdifferential is that it verifies the Fermat rule
which states that if zg is a local minimum of f then it is a critical point, i. e.,

0 € 0825 f(z0)
For y—paraconvex function we have

PROPOSITION 3.1 Let f be y—paraconvex. Suppose that v > 1. Then there
exists C > 0 such that

e f (o) = By,0) f (o)
By (o) = {a € X* : (&*,h) < £+ b) — f(wo) + CIIAIP, Vh € X},

Proof. Let C > 0 as in Proposition 2.1. Let z* € BL C)f(mo) Then there
exists a neighbourhood V' of 0 such that

(z*,h) < f(zo+ h) = f(zo) + C|[B|]", VheV.
Let h € X and ¢ > 0 sufficiently small such that th € V. Then
(z*,th) < f(zo +th) — f(zo) + C||th|”
and so, by y—paraconvexity of f, it follows that
(@*,h) < f(zo+ h) = f(z0) + C|IAlI" + COH[A]".
Thus, as v > 1, passing to the limit on ¢ we obtain the result. i

More generally, we may show that the assumptions of this proposition imply
the following:

O(y,0) [ (z0) = seq — lin;sup 8@°%)f(m)

T—T0o
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where
seq —limsup F(z) = {z* € X" :
z—{»mo
3 sequences Tnbwo and zy — z* [z € F(z,) Vn}.
Before pursuing the connection of this subdifferential with the Dini sub-
differential and the Clarke subdifferential and the study of the subdifferential

regularity of y—paraconvex functions we pause to recall some definitions. Let
f be an extended real-valued function on X which is finite at zo. We set

d~ f(zo,h) = lign_’ilrllft_l(f(mo + tu) — f(zo))

t—o0+
d" f(zxo,h) = sup lim sup inf  t71(f(z +tu) — a)
. >0 epif u€Eh+eBx
P (z,a) = (zg,f(=0))
t—0t

0" f(zo) ={z" € X*: (z",h) <d" f(zo,h), Vh}
Bef(xo) = {z* € X*: (z*,h) < d'f(zo,h), Vh}.

The functions h — d~ f(xo,h) and h — dT f(zo,h) are called the (lower) Dini
directional derivative and the (upper) subderivative of f at zo and the sets
0~ f(zo) and O f(xo) are the Dini subdifferential and the Clarke subdifferential
of f at zo (sec Ioffe, 1983;1984;1989, Clarke, 1983, Rockafellar, 1979;1980, for
more details).

The geometrical characterizations of these derivatives are (see Ioffe, 1984,
Clarke, 1983, Rockafellar, 1979;1980)

d~ f(zo, h) = inf{r: (h,r) € K(epif,zo, f(0))}
d' f(zo,h) = inf{r: (h,r) € Te(epif, o, f(z0))}
and consequently
0 f(mo) = {z* € X*:  (z*,~1) € K°(epif, 20, f(z0))}
Ocf(z0) = {z* € X*: (2%, —1) € Ne(epif, o, f(x0))}
where
H°={z*eX*: (z*,h) <0, VheH}
K (S, z0) is the contingent cone to S at zo € 9, i.e.,

K(S,zo)={heX: It,— 0%, 3h, — h such that zo + t,h, € S, Vn}
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Te(S, o) is the Clarke normal cone to S at zg, i. e.,
TC(S, .’L‘o) = {h e X:
V., 5 zg, Vtn — 0T, 3h, — h such that =, + tph, € S, Vn}

and Ng(S, 7o) = (Te(S,%0))? is the Clarke normal cone which can be expressed
in terms of the subdifferential of the distance function as follows

N.(S, o) = cI*[ Ry0.d(z0, S)].
It is known that when f is a convex function
Te(epif, o, f(zo)) = cl [ Ry (epi f — (2o, f(20))].

In the y—paraconvex case we have

LEMMA 3.1 Let f 'be a y—paraconver function with constant C > 0, v > 1.
Then for all (z,r) € epi f,

(z —mo,7 — f(z0) + Cllz — 20||”) € Tc(epi f, 7o, f(20))-

Proof. Let ((zn,ms)) C epi f converges to (zo, f(zo)) and let t, — 0F.
Then since f is y—paraconvex and -y > 1 there exists C' > 0 such that

f(@n +in(z —2n)) — Clallz — zn||” <
tnf(T) = (1 - tn)f(mn) < (]- = tn)'rn + lnry

(Proposition 2.1) and hence

(Zn,Tn) + (T — T, 7 — T + Cllz — 24 ||7) € epi f
which yields

(2 — 0, — f(@0) + Cll — wll") € To(epi £, 0, £(z0)).

THEOREM 3.1 If f is y—paraconvex with constant C >0, v > 1, then
Oy,0) f (o) = 07 f(wo) = Oef(x0)-
Proof. For all h € X there exists t, — 01 and h,, — h such that
d~ f(wo,h) = lim 17%(f(w0 +tnhn) — [(w0))-
Let 2* € O(y,¢)f(70). Then
(z*, tnhn) < fzo 4 tnhn) — F(20) + Ctatl | hal”
and hence

(2, h) < d~ f (w0, h).
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Whence the first inclusion. The second inclusion is trivial. So let us prove
the last inclusion O.f(zo) C O(y,c)f(w0). Let * € O.f(x0). Then (z*,—1) €
N(epi f,xo, f(z0)), or equivalently

<$*7 h) —r <0, V(h,?") € Tc(epi fa .’L‘o,f(.’llo))-

Using Lemma 3.1 we get for all z € X, (z — zo, f(z) — f(zo) + C|lz — z0||7) €
Te(epi f,zo, f(zo)) and so

(z*,z — z0) < f(z) — f(z0) + Cllz — zol|
Thus z* € 0(y,c)f(Z0)- |

This result is not correct when v = 1. Let, for example, f(z) = ||z| — 1],
then f is 1—paraconvex, 0~ f(0) = @ while 9(1,2)f(0) = 9.f(0) = [-1,1].

Comparing the Dini directional derivative and the subderivative we always
have

d~ f(zo,h) < d'f(zo,h), VheX.

DEFINITION 3.2 Rockafellar (1980). When the equality holds we say that f is
subdifferentially reqular at xg.

When f is the indicator function of a set .S (containing z), this means that
K(S, .’I)o) = TC(S, ’I‘o)

COROLLARY 3.1 Let f be a y—paraconves function, with v > 1. Suppose that
O.f(z0) # 0. Then f is subdifferentially regular at x.

Proof. By Theorem 3.1 we have for all z* € 0. f(zo)
<I*7 h) £ d_f(m(); h’)’ Vhe X

and hence
sup{(z*,h): z* € B:f(z0)} < d” f(zo,h).
So, by Theorem 4 in Rockafellar (1980), d' f(zo, k) < d~ f (=0, h). u

4. Connection with Gateaux-differentiability

Let f be an extended real-valued function on X. It is said to be Gateaux-
differentiable at xg if there exists z* € X™ such that

lim+ t71(f(zo + th) — f(mo)) = (z*, h), for all h € X.
t—0

z* is called the Gateaux-differential of f at zo, and is denoted f’(zo).
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PROPOSITION 4.1 Let f be a Gateauz-differentiable function on a nonempty
open convex set O C X and let v > 1. Then the following assertions are equiv-
alent

i) f is y—paraconvezr on O with constant C > 0,

i) (f'(u),z —u) < f(z) — f(u) + Cllz —ul]?, Vz,u€O.

Proof. The implication i) = 4i) is a consequence of Theorem 3.1, since
9~ f(u) = {f'(u)}. So let us prove the inverse implication. By ) we have for
allt €[0,1] and all z,u € O

(@ +t(u—2)),z —u) + f(z + (v - 7)) < f(z) + Ct" ||z — u|]”

(1= (& + tu — o)), u—2) + f(z+ t{u - 2)) <
fw)+CA =)z —u|”
and so
t(1L=t)(f" (@ +t(u—=)),z—u) + (1 - t)f (& +t(u—2z)) <
1-8)f(z)+CA-t)|z —ul”
t(1—-t)(f(z+t(u—1x)),u—1z)+tf(z+tlu—2)) <tf(u)+Ctllz — u|".
Thus
fl@+i(u—12)) <A -1)f(z)+tf(u) + Cllz —ul”.
|

5. Subdifferential calculus under constraint qualification
conditions

The aim of this section is to show how the assumptions guaranteeing sum rules
in the convex case ensure sum rules in the y—paraconvex case. To begin we
introduce (Ioffe, 1989) the following sets associated to the functions fi and fs

S1={(z,r,s)eXx Rx R: fi(z)<r}
So ={(z,r,s) eXx Rx R: fa(z) < s}
S={(z,r,s) e Xx Rx R: (fi+ fo)(z) <r+s}

We easily show as in Ioffe (1989)

LEMMA 5.1

Ne(S1,70, f1(20), f2(z0)) = {(z",2,0) € X" x Rx IR: (z7,})
& NC(EP’L f17z07f1(x0))}
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Nc(Sz,mo,fl(xo),fz(ng)) = {(.’E*,O,)\)EX*X Rx IR: (.’L‘*,/\)
€ Nc(epz f27$07f2($0))}

NC(S, (Eo,fl(fl‘o),fz(mo)) = {(’II*,)\,A) €eX*x Rx R: (.'1,‘*,>\)
€ Nc(epi (fl + f2)7x07 (fl 5 fz)(l‘o))}
Ne(8, %0, f1(w0), f2(%0)) C Ne(S1 N 82, w0, fi(z0), falwo)).
The following result will be our basic tool.

PROPOSITION 5.1 Let fi and f be extended real-valued y—paraconver functions
on X, v> 1, which are finite at xo. Suppose that there exist B1 > 0 and Bz > 0
such that

BBy, g Cepi fiN BBy, |k —epifaNP2By, R (1)
Then there exists a > 0 such that

d(z,r,s,51 NS2) < ad(z,r,s,Ss)
for all (z,7,5) € f1Bx, Ry« RN S1-

Proof. Note that (1) is equivalent to

PiByxy Rx R CS1MN BBy, Rx R —52NP2Bxy Rx R (2)

Let (z,7,8) € B1Bx, Rx R NS1. Choose ¢ €]0,1[ and take (z.,7e, sc) € Sz
such that ’

(z — zey 7 — 7ey 5 — 5)|| < d(z,7,8,52) + €.

Set t = ||(x —ze,r — e, 5 —S¢)||. If £ = 0 then there is nothing to prove. If ¢t # 0
we have by (2) the existence of (z;,7,5:) € SiN 2By, Rx Ry % = 1,2, such
that '

/81(3:5 = PPyl S) == t(ml = @0 Ty —=TgpSi = 52)

and so
Z = (t+pB) Bz +tzy, fir +try, Bis +1sy) =
(t + B1) " H(Brze + txg, Pire + tra, PrSe + ts2).
Set A = ﬁﬂ—ll—t' As (ze,7e, Se), (T, 79, 52) € S2 and (z,7,5), (x1,71,51) € S1 we
1

have, by the y—paraconvexity of f; and fo the existence of C; > 0 and Cy > 0
such that

Az + (1= Nz1) < Aa(z) + (1= A) falz1) + Cr(1 = A)lJz — 24|
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fa(Aze + (1 = N)z2) < Afa(ze) + (1 — A) fa(@2) + Co(1 — A)||ze — z2f”
and hence

Z+(0,C1(1 = Az — z1||" + Co(1 = Allze — z2|7,0) € 5y
and

Z+(0,0,C1(1 = Az — z1||" + C2(1 = A)[|lze — 22||7) € S2

or equivalently

W = Z+(1-X
(0,Cillz — 21" + Callze — 227, Cullz — 217 + Callze — 22[")
e S1NS,.
Thus
“(.’L‘,’f‘, S) - W” <

(z,7,5) — ZIl +2(C1 + C2)(1 = N[llz — 21 || + [lze — 2]|"]
< A=W =217 —r1,5 — s1)[| +2(C1 + Co)[llz — || +

e — 22[|]]

%[3(& 4 Ba) + 2C1 + Ca) (B + o) +2(Cy + Ca)(2B1 + 1)7]

BrY3(B1 + Ba) 4 (Cr + C2)(Br + B2)” + (C1 + C2) (261 + 1)7]
(d(z,r,s,S2) +¢€).

IA

IN

As ¢ is arbitrary and W € S; N Ss we conclude that

d(z,7,8,81 N S2) < BT [3(B1 + Ba) +2(C1 + Cs)
(B1 + B2)" + 2(Cy + Co)(261 + 1)]d(z, 7, 5, 52)-

Now we may state the main result of this section.

THEOREM 5.1 Let fi and fo be two extended real-valued y—paraconver func-
tions on X, v > 1, with constants C; and Co respectively. Suppose that X is
complete. Suppose also that fi and fo are finite at xo and that (1) holds. Then

6(7,(6’1-{-02))(.)01 43 f2)(770) = 6(7,Cl)f1($0) I 6(7,02)f2($0)- .
Proof. Step 1: We show that there exists a > 0 such that

ded(zo, f1(20), f2(w0), 51N S2) C
ald.d(zo, f1(%0), fa(To), S1) + Oed(zo, f1(20), f2(Z0), S2)]-
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By Proposition 1.3 in Thibault (1991)

dld(-, 81 N 82)(zo, f1(x0), f2(0); b, v, B) =
lim sup t~td((z,r, s) + t(h,a, B),S1 N Sy)

518
(z,r,8) = " (w0, f1(x0),f2(x0)
t—0

and hence, by Proposition 5.1, there exists a > 0 such that for (z,7,s) € S1N S5
near (o, f1(%o), f2(x0) and t sufficiently small

d(m,r, S, Sl n 52) <
ald((z,r,s) +t(h, o, B), S1) + d((z,7,s) + t(h,a, B),Sa)]

and so

dld(-, 51 N S2)(zo, f1(z0), f2(z0); h, @, B) <
ad'[d(-, 1) + d(-, S2)](zo, f1(z0), f2(z0), b, a, B).

Thus
Ocd(z0, f1(x0), f2(x0), 51N S2) C
adld(-, S1) + d(-, S2)](zo, f1(z0), f2(z0))]

and by subdifferential calculus we conclude that

Oed(0, f1(x0), f2(20),S1 N S2) C
a[0.d(zo, f1(%0), f2(20), S1) + Ocd(z0, f1(z0), f2(T0), S2)].

Step 2 : We show that the set
N¢(51,70, f1(T0), f2(z0)) + Ne(S2, To, f1(20), f2(z0))

is weak-star closed. Using Lemma 3.1 we easily show that (2) implies
Te(S1, %o, f1(20), f2(20)) — Te(S2, %o, f1(z0), f2(z0)) = X x Rx R

and hence by Theorem 6.3 in Borwein (1986), we obtain the weak-star closedness
of

Nc(517m07 fl(fEO); f2(730)) + NC(SQ?mO7f1(:E0)7f2("EO))‘

Step 8 : Let o* € O(y,(c1+02))(f1 + f2)(zo) then by Theorem 3.1 z* € 0.(f1 +
f2)(zo), or equivalently (Lemma 5.1),

(z*,—1,—1) € N(S, zo, f1(20), f2(0))-

So Lemma 5.1 implies that

(z*,—1,—1) € N(S51 N Sa,z0, f1(z0), f2(Z0))-
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By Steps 1 and 2

(z*,—1,-1) € Ne(S1,z0, f1(20), f2(20)) + Ne(S2, o, f1(z0), f2(z0)).

By Lemma 5.1, * = u*+v*, with (u*, —1) € Ne(epi f1,zo, f1(z0)) and (v*,—1) €
N(epi fa,20, fa(%o)). Thus u* € O.f1(xo) and v* € O.f2(xo) and so, by Theo-
rem 3.4, u* € O(y,c,)f1(20) and v* € Oy, c,) f2(z0). 5]

COROLLARY 5.1 Let fi and fy be as in Theorem 5.1. Suppose that fr is con-
tinuous around xg. Then

Or,(C1+C2)) (f1 + f2)(T0) = 0,01 f1(T0) + O(y,0) f2(T0)-

Proof. Without loss of generality we may assume that o = 0 and f;(zo) =
0, 2 = 1,2. Since f; is continuous around 0 there exist a > 0 and r €]0, a[ such
that

fi(z) <a, VzerBx.
Let (z,8) € 7By, R- Then
(z,8) = (z,a) — (0,a —s) €epi fiN(r+a)By, R —epi fa.

and the proof is complete by applying Theorem 5.1. |

6. Subdifferential calculus without constraint qualification
conditions ’

In this section we assume that X is a Banach space admitting an equivalent
norm which is Gateaux-differentiable off zero.

THEOREM 6.1 Let fi and fy be two extended real-valued y—paraconvezr func-
tions on X, v > 1, with constants C1 and Cy. Suppose that f1 and fo are lower
semicontinuous around xo. Then

Oy, (cr+a(f1 + fo)(mo) € limsup  [0(y,61)f1(21) + Oy, 00) fa(2)].

fi ,
r;xg, i=1,2

Proof. Let z* € Oy (c;+c,))(f1 + f2)(z0). Then, by Theorem 3.1, z* €
0~ (f1 + f2)(wo) and hence for all n € IN\{0}, z* € 07 (f1 + f2)(wo), where

07 f(zmo) ={z" € X" (z",h) <d” f(zo,h) +elhll, Vh}.
So (see Ioffe, 1983)
z* € limsup[07 f1(71) + 01 fa(w2)]

i
Ti—Tg




Subdifferentiability and subdifferential monotonicity ’ 733

and since f; and fy are y—paraconvex, v > 1, we get (Theorem 3.1)

* 1 2
z* € imsup[0(y,0,) f1(21) + O(y,c5) fa(@2) + ;BX*]-

i
Ti—T0

Thus there are nets =7 i To, Uy i To, Tp j € O(y,c1)[1(27), Up, ; € O(y,0) f2(u})

2
and by, ; € ;BX* such that

* * * *
Tp gt Un +0h; — 27

; 2
As (b}, ;); is bounded we may assume that by, ; — b, € —Bx+ and we obtain

* * * *
tu. o T —
mn,] n,j bn

and hence

z* — by, € limsup[O(y,0y) f1(1) + O(y,c5) f2(22)]-

i
Ti—T0

But by, — 0 and then

z* € limsup[0(y,0y) f1(21) + O(y,c5) f2(x2)]-

i
Ti;—T0

7. Subdifferential monotonicity

Let v > 0. A multivalued mapping A : X _ X* is y—monotone if there exists
C > 0 such that for all z,u € X, z* € A(z), u* € A(u)

(z* —u*,u—z) < Cllu—2z|".

As 0(y,c)f is always y—monotone, it follows that any subset of the graph
of the multivalue mapping 9(,,c)f is also y—monotone. In fact, as in Correa,
Jofré and Thibault (1994), we show that every presubdifferential 0 (Thibault
and Zagrodny, 1995, Thibault, 1994) on X, which is an operator satisfying the
following properties:

for any function f : X — IR U {oo}, any continuous convex function g :
X — R,and any z € X

i) 0f(z) C X* and 9f(z) = @ whenever f(z) = 400

i1) if f is lower semicontinuous (Isc) and convex then Of(z) coincides with
the subdifferential in the sense of convex analysis of f at x

i1i) 0 € Of (z) whenever z is a local minimum of f

iv) Of (z) = Oh(z) whenever f and h coincide around =
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v) when f is Isc,

A(f + Ag)(z) C limsup df (u) + Ag(x)

u—x

where -limsup denotes here the weak-star sequential limit superior and ubx
means v — z and f(u) — f(z),

verifies

PROPOSITION 7.1 Let X be a Banach space. If f : X — IRU {oo} is lower
semicontinuous and if Of is y—monotone, v > 1, with constant C then

' 1) for all z in the domain of f (f(z) < +o0) and y in the domain of Of

(0f(y) # 0) we have [z,y] is a subset of the domain of f and

2) 8f(z) C O(y,0)f (2)-

Before giving our main result of this section let us show that the result of
Mc Linden (1982), subsists for this subdifferential.

PROPOSITION 7.2 Let f be a lower semicontinuous function on X. Then for all
To, with f(zg) < oo there exisls sequence :En—fmzo such that 8f (z,) # 0.

Proof. It is a direct consequence of the main value theorem by Thibault
(1994) for this presubdifferential or Zagrodny (1988) and Mc Linden (1982) for
Clarke subdifferential (see also Thibault and Zagrodny, 1995). |

The following theorem is an adaptation of the main theorem in Correa, Jofré
and Thibault (1994) (see also Correa, Jofré and Thibault, 1995, where the result
is expressed in terms of the presubdifferential) to the case of y—paraconvex
functions. For the convenience of the reader we include its proof.

THEOREM 7.1 Let X be a Banach space and lety > 1 and let f : X — RU{co}
be a lower semicontinuous function. Suppose that Of is y—monotone. Then
there exists C' > 0 such that for all z,y € X and X € [0,1]

fOz+(1-Ay) <
M(@) + 1 =N+ CAL =2+ (1= )\)|lz -yl

In particular f is y—paraconvez.

Proof. Let z,y in the domain of f and z = Az + (1 — A)y, with A €]0, 1].
By proposition 7.2, there exists a sequence (yj) in the domain of df such that
yr — y and f(yx) — f(y). From Proposition 7.1 1) 2 is in the domain of f.

Step 1: If 2 is not a local minimum of f we can choose z;, such that

I — 2l < 1 and f(24) < £().
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By applying Theorem 4.3 in Zagrodny (1988) (which remains valid for this
subdifferential see Thibault, 1994) on [z, 2;,] we obtain sequences zx ., — ci €
12k, 2 [, 25 € Of (2k,n) such that

llee — zell o 0

lim inf (2 , 2 — 26,n) 2 [ (28) — £ ()] =zl >
k

By Proposition 7.1 2) we have zj; , € 0(y,c)f(2kn)- Hence

f@) = f(2hn) + Cllz = 2kl 2 (20, — 26,m)

and

F(ye) = f(zkn) + Cliyk = 2enll” 2 (200 Y6 — 28,m)

which also implies by the lower semicontinuity of f that

Af(@) + (1= A)f () + CAllz = cell” + (1 = Mllyx — ]
> limninf[f(zk,n) + (s Ui = Zhie )]
> flex).
Letting k go to oo we get
Af(@)+ 1 =f(y) +CAA ="+ (1 =)\ )|lz —y||” =
Oz + (1= Ny).
Step 2 : If 2z, is a local minimum of f then 0 € 9f(zx) and, by ), 0 €
O(y,c)f(zx) Hence putting ¢, = 2z, we obtain
flex) < f(@) + Cllee — |7 and f(ck) < f(yr) + Click — yell”
which implies in this case that _
flew) SAf(@) + (1= A)f(ye) + CAller — zf|” + C(1 = A)llee — el
As f(yr) — f(y) and ¢ — 2, it follows from the lower semicontinuity of f that
f@) < Af(@)+ (1= Nf ) + CAL=A)7 + (1= )A)]lz -y
|

As a consequence of this theorem and Theorem 3.1 we obtain the following
characterization of y—paraconvex functions for v > 1.

COROLLARY 7.1 Let X and f be as in Theorem 7.1 and suppose that v > 1.
Then the following assertions are equivalent:

1) [ is y—paraconvex;

1) O.f is y—monotone;

iii) there exists C > 0 such that for all z,y € X and A € [0,1]

FOz+ (1= Ny) <Af(z) + (1 =2 F@) + CAM1 =Nz -yl
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