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ABSTRACT 

Our goal iD this note is to give a simple praof of the result by Attauch-BailIon
Théra concemiog variational sum of subdi&'erential of convex functions. We 
extend their result from Hilbert spaces to refiexive Bana.c:h spaces. The obtained 
results are applied ta derive chain rules for subdilferential of convex functions 
a1'.Id to estimate the subdifFerential of the marginal function without qualification 
conditions. 

1. Introduction 

Let X be a Banach space and X' be its topological dual. We denote by Bx 
(respectively Bx.) the closed unit ball of X (respectively X'). The domain of 
a function 1 : X -)0 R U { +oo} is the set 

dom 1 = {x EX: I(x) < +oo}. 

and 1 is said to be propre if dom l '# 0. The pairing between X and X· is 
denoted by < ... > . The regularized function of Moreau-Yoshida of 1 is the 
function f>. : X -)0 R defined by 

f>.(x) =inf{f(u) + 2~!lx - :uE X} 

where ,\ > O. The variation al sum of two subdifferentials of convex functiollS 1 
and 9 : X -)0 R U { +oo} is the set ' 

ôl+ôg = -liminf81.\ + 8g,... ,\...0+ 
Jl~O+ 

Le.• (x, x') E ô1+8g iff for ail sequences'\n -)0 0+. "'" -)0 0+ there exist sequences 
(xn ) and(x~) 5uch that 
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x~ E ah.n(xn) + ag",,,(xn), IIxn - xlI-+ 0, and IIx~ - x'II-+ o. 1
;' 

Here af(x) denotes the subdifferential in the sense of convex analysis of fat x. 
! 

f 
t 

Our goal in this note is to e~:tend to refiexive Banach spaces and to give a ~ 

simple proof of the result by Attouch-Baillon-Thêra [1] which is established in f 

4

the case of Hilbert spaces. t· 

~ 
<,. 


Theorem 1.1 Let f,g: X -+ RU {+oo} be two lower semicontinuous convex i 


propre functions such that dom f ndom 9 =f:: 0. Suppose that X is a Hilbert space. 

Then 


af+ag = II·II-limsupaf.x + 8gJ.l au + g). 
u À~O+ 

JI~()+ 

2. Variational sum of subdifferentials of convex functions 

Theorem 2.2 Suppose in Theorem 1.1 that X is refiexive instead of Hilbert. 
Then 

af+ôg. = -limsupaf.x + 8gJ.l = 11·11 lim af>. + ag =au + g) 
~ ...o+ >. .... 0+ 
~-tO+ 

The proof of this theorem is based on the Ekeland's variational principle [2] 
and the following lemma whose pro of is very simple to obtain. Note that our 
proof also works in the nonconvex case. 

Lemma 2.1 Let r > O. Under assumphons of Theorem 2.2, the followmg as
sertions are equivalent: 

1. 
x· E âU + g)(i); 

2. 
'rI~ > ° 31] > ° 'ri À, Il- E]O, 1][ 


f>.(x) + gJ.l(x) - f>.(i) - gJ.l(i) - (x',x - i) + e 2: ° 'rIx E x + rBx; 


Variational SUffi ofsubdifferentials 

3. 
'rie > °3À, Il- ElO, e[ stLch that 


f>.(x) + gJ.l(x) - f>.(x) - gJ.l(i) - (x', x - i) + é 2: 0, 'rIx E x + rBx; 


4· 
'rie> 031] > O'rlÀ ElO,1][ 


f>.(x) + g(x) - f>.Ui) - g(x)- < x',x - X > +e 2: O'rlx E f +rBx 


5. 

'rie > °3À ElO, e[ such that 


f>.(x) + g(x) - f>.(i) - g(x) - (x', x - i) + e 2: 0, 'rIx E x + rBx· 

Proof. It suffices to show that (1) is equivalent to The other equiva
lences may be obtained similary. 

(1) ==> (2) : Suppose that (2) is false. Then there exist e > 0 and sequences 
Àn -+ 0+, P-n -+ 0+ and (Xn)n C x + rBx such that 

f.xJxn) + g~ (xn ) - f>.Jf) - 9J.l" (x) - (x', In - i) + e < O. 

Since X is refiexif, Bx is sequentially weakly compact, and hence, extracting 
subsequence, we may assume that the sequence (xn)n weakly converges to sorne 
x in i + r B x. So using the Mosco-convergence of (f>.,.) to f and (g/oln) to 9 we 
get 

f(x) + g(x) - f(i) - 9(X) - (x*, x - i) + e:::; 0 

and this contradicts (1). 

(2) ==> (1) . This implications comes from the fact that (f>.(x)) goes to f(x) 
as À goes to 0+. • 

Proof of Theorem 2.2 It suffices to show that 

.II-limsupâf), + âgJ.l C ôU + g) C âf+âg.
A~O+ ~ 
ss .... o+ 

The other inclusions may be obtained in a similar way. 

Let (x, x') E - lim sup aJ>. + agw Then there are sequences Àn -+ 0+, 
>'-+0+ 
j.l ........ O+ 


P-n -+ 0+, X -+ x and x~ -+ x· (in norm) such that, for n sufficiently large n 

x~ E âi>.., (xn) + ôgJ.ln (xn). 
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So for aIl x E X 

- gl1.{X~,X - ::; + g/-'n 

and using the fact that (f>..) and (gl1J converge and epi-converge to f and 9 
repectively, and the norm-convergence of (x~) and (xn ) to x' and x, we get 
x' E aU + g)(x), whence the first inclusion. 

For the second one, we let r > a and (x, x') E aU + g). Then for ail 
uEx+rBx 

f(u) + g(u) f(x) g(x) (x', u - x) 2: o. 
By Lemma 2.1, we have for ail Ela, ~[ there exists Tl > a such that for ail 
A, p. EJO, TI[ and U E x + rBx 

+ (x', u - x) + t: 2: 0, 

or 

+11(7:) < + Q,,(u) - (x', u - x)) +::. 

Thus, by Ekeland variational there exists XE X t ,>",11 such that 
x.Ex+rBx 

Ilx - xllt: <.Ji 
and 

f>.(x,) + gl1(x,) + (x') U S; f>.(u) + gl1(u) +/Ellu - x.ll, Vu E x + 

As h, and g), are locally Lipschitz around XE which is an internaI point to 
x + rEx, we obtain 

x· E âh(x,) + ogl1(x€) +/EBx· 

and the is ('()mnIArA • 
3. Subdifferential calculus without qualification conditions 

Our result may be applied to the subdifferential calculus of convex func
tions without qualification conditions. The following result is an extension of 
that of Attouch-Baillon-Théra[l] to reflexive Banach spaces. Note that other 
results concerning subdifferential calculus of convex functions without 
ification conditions have been obtained by Hiriart-Urruty-Moussaoui-Seeger
Volle[3], Hiriart-Urruty-Phelps[4], Thibault[7, 8, 9, la] and Penot[6J. 

".""'\.-. _..~~~~.:.:.......~ 

Variational sum of su bdifferentials 

Theorem 3.3 Under the assumptions of Theorem 2.2 we have for all i E 
domf n domg 

+ g)(i) {x' EX' . 3un -t i, vn -t i, u~ E af(unl, v~ E og(vn ), 

-t 0, lim inf un - > 
n4+OO 

Proof. Let x' E au + g)(x). Then, by Theorem 2.2, there are 
X n -t i and x~ -t x' (in norm) such that x~ E 
chat, extracting some subsequences, we may assume 
g),n (xn) -t g(x). Let u~ E ohJxnl and v~ E og),Jxn ) 

the definitions of hn and g),n there are sequences u~, 

f(u~) + 2~ Ilu~ - xn l1 2 
S; hn(xnl +,\~ (6) 

n 

and 
l 

- xn l1 
2 S; g),n (xn ) + ,\~ (7)+ 2An 

and hence 
u- < + ,\~, Vu E X 

and 
"Iv E X.+ 

By Ekeland variational lIlClplt!l"J : there exist Un, Un E X such that 

2::; ,\~, < A- n 

f(un) S; f(u) (u~, u - un) + An VuE X 

g(vn ) S; g(v) (U~, V - V n ) + Anilv - "Iv E X. 

The proof of the first inclusion is then terminated if we show that 

hm inf (v~, Un - Vn ) 2: o. 
n--++oo 

As 

')...j...('! ') (.1 )un Un - Un ' Vn' un - Vn + Vn' Vn Vn 

and for sorne K > a not depending on n 

K 
<
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we get, from (8) 

I(v~, Un - U~)1s K Àn and I{v~, Vn - v~)1 S K Àn 

it suffi ces to show that 
· . f (* 1 , )1ImIn 	 Vn'Un -Vn ;::: O. 
n--.+oo 


Using (6), and u~ E âb.,,(xn) and v~ E âg).,,, (xn), we get 


- v~112 	 S 211u~ - xnll 2 + 211v~ - xnll 2 

S 4Àn[h" (xn) - f(u~) + g).,n(xn) - g(v~) + 2À~1 
)< 	 4Àn[(u~, Xn - u~) + (v~, Xn - v~) + 2À~1 :-, 

4Àn((u~ + v~, Xn u~) + {v~, u~ - v~) + 2À~1 ~ 
and hence 

-(u; + V~, In - U~) - 2À~ S (V~, U~ - v~). 
f· 

As f and 9 are convex and Jower semicontinuous, we get from (6) and (7) that 

Ilxn - u~1I -+ 0 and !lxn - v~11 -+ 0 

(because f and gare bounded from bellow by functions of the form (p*, . ) + b 
and (q',.) +a). Then, since IIx' - (v~ + u~)lI-+ 0 and IIxn - u~ll-+ 0 

lim inf u' - ;:::0nn-t+OO 

and this completes the proof. • 
Many corollaries may be deduced from this result: for example the result 

concerning exact chain rules for the sum of two com'ex functions when qualifi
cation conditions hold. But we let this to curious readers. 

4. 	Marginal function and composition of convex functions 

Calculus rules may be applied to produce characterization of the subdiffer
ential of the marginal function 

V(x) = 	 inf f(x,y) 
lIEF(x) 

where f : X x Y -+ Ru {+oo} is a proper lower semicontinuous convex function 
and F : X -+ 2Y a multivalued mapping \Vith closed convex graph GrF, and Y 
is a Banach space. Note that v is convex. 

Variational sum of subdifferentia.ls 

Theorem 4.4 Let X and Y be two refiexive Banach spaces, and let f) E F(i) 
with v(i) :::: f(x, f). Then the following assertions are equivalent: 

1) x· E âv(x); 

2) there exist (Xn,Yn) -+ (x,f), (Un,vn) -+ (x,f), (x~,Y~) E af(xn,Yn), 
(u~, v;) E N(GrF, (un, Vn» such that 

Ilx; +U;- + lIY~ + v; Il -+ 0 and lim inf[(x~, Un - Xn) + (y~, Un - Yn)] ;::: O. 
n--.+oo 

Here N(GrF, (x, y» = âWGrF(X, y) and WOrF denotes the indicator function of 
GrF. 

Proof. It suffices to see that x' E âv(x) Hf (x', 0) E au + WOrF) fi) and 
to apply Theorem 3.3. • 

We have the following corollary. 

Corollary 4.1 Let the hypothesis of Theorem 3.3 be satisfied with F(x) = .'lx, 
where A lS a linear continuous mapping. Then the following are equivalent : 

1) 	x· E âv(x), 

2) there exist (xn , Yn) -+ (x, y), Un -+ x, x~ E X', and v~, e~ E Y' such that 
(x~, v~ + e;) E af(xn, Yn) and 

IIx~ - v~ 0 A x"11 + lIe~1I -+ 0 and lim inf(1:;, Yn - AXn) ~ O. 
n....+oo 

As in the paper by Thibaultl9] we may derive chain rules for composite 
convex functions. For this we need sorne notations. Let a closed convex cone P 
inducing a preorder Sy on Y defined by YI Y2 iff Y2 - YI E P. Let +00 be 
an abstract maximal element adjoined to Y. 

Recall that a mapping 9 . X -+ Yu {+oo} is convex if for ail x, x' EX, and 
t ElO, I[ 

g(tx + (1 t)x') Sy tg(x) + (1 - t)g(x'). 

We set domg := {x EX: g(x) E Y} the effective domain of g, Img := g(X) 
the effective image of 9 and epig := {(x, y): g(x) y} the epigraph of g. 

A function f : X -+ Ru {+oo} is P-nondecreasing on a subset S of Y if 
!(Yl) s f(Y2), for ail Yi> Y2 E S satisfying YI Sy Y2· By convention one puts 
f (+00) = +00. We easily see that if f is convex and P -nondecreasing over 
Img + P, then f 0 gis convex. 

Corollary 4.2 Let X and Y be two refiexive Banach spaces. Suppose that 
9 : X -+ Y u {+oo} is a convex mapping with closed epigraph and that f : 
X -+ R U {+oo} is a proper convex lower semicontinuous function which is 
P - nondecreasing on Img + P. Then for il = g(i) the following are equivalent : 

http:bdifferentia.ls
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7. L. THIBAULT, Limiting subdifferential calcu/us for convex functions, 1996,
1. x' E ri( t 0 

to appear. 

E u~ E X' and v: E _po 8. 1. THIBAULT, A direct proof of a sequential formula for the subdifferentia/ 
such that 

2. There exist Yn 	 fi, (u~. v" 1 -t 
the sum of two convex fu.nctions, 1996, to appear. 

9. L. THIBAULT, Sequential convex subdifferential calculus and sequential 
• (v~, Vn g(un )) = 0; Lagrange multipliers, SIAM J. Cont. Optim., 35 (1997), 1434-1444 
• Ilu~ xïl + IIY~ - v~11 -t 0; 10. 	 L. THIBAU LT, A generalized sequential formula for subdifferentials of suros 

of contiex functions defined on Banach spaces, Recent Developments in 
Optimization, Seventh French-German Conference hold at Dijon in June 

• u~ E ô(v~ 0 g)(u n ); 

• lim inf(v~, Yn g(un»2: o. 
n-++oo 27-July 2, 1994. Edited by R. Durier and C. Michelot, Lecture Notes 

in Economies and Mathematical Systems, Springer-Verlag, 429 (1995), 
340-345. 

Here po denotes the negative polar of P. 

Proof. Consider the multivalued mapping F defined F(x) = g(x) + P. 
Then its is exactlv the epigraph of 9 and hence Gr F closed and convex. 
Since 

o Oll.'!:l 

and, by Proposition 3.2 in Jourani[5], 

N(GrF, (x, y)) 	 {(u', -v') EX' x Y': u· E ô(v' 0 g)(u), 

v· E _po, (v', v - g(u)) o} 9 


the result follows from Theorem 4.4. 	 ~• 
" 
! 
':, 
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