ENVELOPES FOR SETS AND FUNCTIONS: REGULARIZATION
AND GENERALIZED CONJUGACY
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ABSTRACT. Let X be a vector space and let ¢ : X — RU {—o00,+00} be an
extended real-valued function. For every function f : X — RU {—o0, 400},
let us define the p-envelope of f by

fe(z) = sup p(z —y) ~ f(y),
yeX

where — denotes the lower subtraction in R U {—o00, 400}. The main purpose

of this paper is to study in great details the properties of the important gen-
eralized conjugation map f +— f¥. When the function ¢ is closed and convex,
p-envelopes can be expressed as Legendre-Fenchel conjugates. By particular-
izing with ¢ = p%\” - ||P, for A > 0 and p > 1, this allows us to derive new
expressions of the Klee envelopes with index A and power p. Links between
p-envelopes and Legendre-Fenchel conjugates are also explored when —¢ is
closed and convex. The case of Moreau envelopes is examined as a particular
case.

Besides the p-envelopes of functions, a parallel notion of envelope is introduced
for subsets of X. Given subsets A, C' C X, we define the A-envelope of C' as
ch = Nzec(z 4+ A). Connections between the transform C > CA and the
aforestated p-conjugation are investigated.

1. INTRODUCTION

Given two topological vector spaces X,Y and a function ¢ : X xY — RU
{—00, 400}, extending the Legendre-Fenchel conjugacy, Moreau [20, Chapter 14,
Section 3] defined, for any function g : Y — R U {—00, 400} its c-conjugacy as the
function ¢¢: X — RU {—o00,+00}

g°(z) := sup (c(z,y) —~ g(y)) forallz € X;
yey
see Section 2 for the (extended) lower subtraction —. We refer to [4, 6, 7, 9, 17,

20, 27, 35] and the references therein, for various duality results in such a context
and for several applications. Given a function ¢ : X — R U {—o00,+o0} we will
focus on the case ¢(x,y) := ¢(z —y) and Y = X. Otherwise stated, for a function
f:X = RU{—00,+00} we will be interested in the function f*¥, that we call the
p-envelope of f, defined by

f7(@) = sup (p(x —y) < f(y)) forallz € X.

Our first aim in this paper is to study in great details the structure of the transform
f— f¥ and provide various properties of y-envelopes.
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On the other hand, considering the class Bx of closed balls of a Banach space X,
Mazur [19] studied some Banach spaces X for which every closed bounded convex
subset is the intersection of some subclass of Bx; we refer to [10] for a rich survey
on the subject. Any such Banach space is actually called in the literature a Banach
space with the Mazur intersection property. In his 1983 paper [34] Vial defined
strongly convex sets of a normed space as convex sets which are intersections of
closed balls with a common radius; sets which are intersections, for a fixed real
r > 0, of closed balls with radius equal to r are called r-strongly convex sets in [34].
This class of convex sets is thoroughly studied by Polovinkin [24] (see also [25] and
the references therein). Denoting by Bx the closed unit ball of X centered at zero,
any r-strongly convex set can be represented in the form

ﬂ (x 4+ rBx) with some subset S C X.
zeS

So, given a subset A of the space X, our second aim in the paper is to analyze
properties of the transform which assigns to each subset C of X the set

ch = ﬂ (x4 A).

zeC

We will also provide the connections between the latter transform and the aforestated
transform related to p-envelopes.

In Section 2 we recall the lower and upper additions (resp. subtractions), and we
also recall various concepts and results in Convex Analysis which will be needed in
the paper. Section 3 offers a large list of general properties of p-envelopes. Section 4
establishes the connections between (p-envelopes and the aforementioned transform
C +— C%; many properties of sets which can be represented in this form are also
provided. In Section 5 we examine the question whether ¢ = ¢(- —a) — a (for some
a € X and « € R) whenever 1 is a p-envelope and ¢ is a ¥-envelope. A counter-
example is constructed and various sufficient conditions are given. The analogous
question is also investigated with sets instead of functions. Section 6 considers
additional properties in the case when the function ¢ is either superadditive or
subadditive. In Section 7, assuming that ¢ is convex and lower semicontinuous,
we provide several links between -envelope of a function and Legendre-Fenchel
conjugates of other functions related to f. Taking ¢ as a power of the norm, we
also provide various results concerning the Klee envelope k) ,f (with index A and
power p) of a function f, where

1
K z) = sup (—|lz —y||P — forallz € X.
Aol () sup (p/\ll ylIP — f(v))

Finally in Section 8, assuming that —¢ is convex and lower semicontinuous, we
continue to explore the links between -envelopes and Legendre-Fenchel conjugates.
By particularizing with ¢ = *]%H ||, for A > 0 and p > 1, we obtain several
properties of Moreau envelopes with index A and power p.

2. PRELIMINARIES

Following Moreau [20], we extend the usual addition on R to R = [—o0, +00].

We define the upper addition + and the lower addition + as the laws extending the



usual addition via the following conventions
(—00) + (+00) = (+00)+(-00) = oo
(-00) + (+00) = (400) +(-00) = —oc.
This leads to introduce the upper subtraction — and the lower subtraction —,

respectively defined by
stt=s+(-t) and s—t=s+(—t) forallsteR.

Let X be a vector space; all vector spaces will be real vector spaces. Given two
extended real-valued functions f, g : X — R, the (Moreau) inf-convolution (also
called infimal convolution) of f and g is defined as follows: for every = € X,

(fvo@ = il [f)+g(=)]

Yyt+z=x
= nf [f(y) +glz— y)}
= inf {f(x —2) +g(z)] .

zeX

In a symmetric way, the (Moreau) sup-convolution (or supremal convolution) of f
and g is defined by

0@ = s |f)+a)]

y+z=x

= Sup[f )tglz—y }
yeXx

= sup {f r—2z)+g(z ]
zeX

For the function f as above, the set dom f = {x € X, f(x) < +o0} is called the

effective domain of f. We call f a proper function if f(z) < 400 for at least one

x € X, and f(z) > —oo for all z € X, or in other words, if dom f is a nonempty

set on which f is finite. The function which is constantly equal to +oo (resp. —oo)

on X is denoted by wx (resp. —wx).

Now assume that X is a locally convex space; all such spaces in the paper will
be Hausdorff. We will denote by X™* the topological dual of X. Then, following
again [20] we set

['(X) := {f:X —R, fis a pointwise supremum of a family of continuous

affine functions with slopes in X*}

and

I'(X*) = {g:X* =R, gisa pointwise supremum of a family of continuous

affine functions with slopes in X}.

We denote by T'y(X) the set of f € T'(X) which differ from wx and —wx. In the

same way, [o(X™*) is the set To(X*) = I'(X*) \ {wx~, —wx+}. The classes I'o(X)

and T'g(X™*) are respectively characterized by

I'o(X) = {f:X — R, fis closed, convex and proper}

= {f: X =R, fis w(X, X*) closed, convex and proper},
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and
Fo(X*)={g: X* =R, gis w(X*, X) closed, convex and proper},

see for example [1, 8, 20]. Above and in all the paper, w(X, X*) and w(X*, X)
stand for the weak topology on X and the weak star topology on X* respectively.

With the function f : X — R is associated, in the duality pairing from X to X*,
its Legendre-Fenchel conjugate f* : X* — R defined by

Vot e X* f*(x*) = sup{(z*, &) — f(€)}.
cex

In the same way, throughout the paper (uilless ontherwise stated) the Legendre-
Fenchel conjugate of a function g : X* — R defined on the dual space X* will be
taken in the duality pairing from X* to X, that is, ¢* : X — R is defined on X by

Vee X, g"(xz)= sup {(",z)—g(&)}.
§reX

The Legendre-Fenchel transform f — f* (see, for example, [20]) is known to be a
one-to-one mapping from I'g(X) onto T'o(X™*). For any f € T'g(X) one has f = f**
and for any g € T'o(X™) one has g = g**, see for example [1, 8, 20].

Given a set C' C X, we denote as usual by d¢ the indicator function of C, i.e. ,
dc(z) =0if z € C and 6¢(z) = +oo if x ¢ C. The support function oc : X* — R
of C' is defined by

Va* € X*, oc(z*) =sup (*,§),
el
so o¢ coincides with the Legendre-Fenchel conjugate of . For a nonempty cone
K C X, the support function ok is equal to the indicator function of the polar
cone K° of K defined by

K°={z"e X", (z",z) <0 for all z € K}.

For a set C' C X, we denote by co (C) (resp. @(C)) the convex hull (resp. closed
convex hull) of C. The w(X™*, X)-closed convex hull of a set D C X* is denoted by
€6“* (D). For a function f: X — R, its convex hull co(f) (resp. lower semicontin-
uous convex hull @o(f)) is the greatest convex (resp. lower semicontinuous convex)
function less or equal to f. The w(X*, X)-lower semicontinuous convex hull of a
function g : X* — R is denoted by c6“*(g).

If f €eTy(X) and if T € dom f, the recession function f>° is defined by

VueX, f¥(u)= lim_ f(f+m;) —f@) _ sup f(f+t1;) - f@)

The function f*° : X — R U {400} does not depend on the point T € dom f since
it is also given by

Vue X, [f¥u)= sup (f(z+u)—f(z)).
zcdom f

The function f° satisfies f> € I'o(X), it is positively homogeneous and we have
f°° = 0dom s+ Given a closed convex set C C X and T € C, the recession cone C*
is defined by

C*={ueX, TH+tueC forallt>0}.

The set C'°° does not depend on T € C' and is also given by
C*={ueX,u+CcCC}
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It follows from the definition that C*° is a closed convex cone and we have dgee = (d¢)°.
For more details on recession analysis, see, for example, [1, 2, 13, 28].

Let us end these preliminaries with the subdifferential of convex analysis. We
recall that the subdifferential Of(z) of a convex function f : X — R U {400} at
x € dom f is the set

Of(x) ={¢" € X7, f(y) = f(x) + (", y — x) for every y € X}. (1)
When x ¢ dom f, then df(x) = () by convention. The domain and the range of the
operator f : X =% X™* are respectively given by
dom (8f) ={zx € X, 0f(x) # 0} and Rge (0f) = {z* € X*, Ix € X, z* € df(x)}.

If f € Ty(X), the subdifferentials of f and f* are connected through the following
relation

¥ € 0f(x) < xz € df*(a"), (2)
for all z € X and x* € X*. For further details, the reader is referred to the classical
textbooks on convex analysis, see for example [13, 28].

3. DEFINITIONS. GENERAL PROPERTIES

Let X be a vector space. For functions ¢ : X — R and f : X — R, the
p-envelope of f is defined as follows:

Vee X, ff(x)= jlelg{cp(m —y) - fly)} = SEE{“’(Z) ~ fle—2)}

A function ¢ : X — R is said to be a @-envelope if there exists f : X = R such
that g = f#. It is immediate to check that for every function f: X — R,

—wx _ . wx wx if f;éwX
f = —wy, while f —{ Cwx i f = wy.

It ensues that the unique (—wx)-envelope is the function —wy, while the wx-
envelopes are twy. The function f% can be expressed via the inf-convolution and
sup-convolution operators

fe=0 A (=f)==((=p)V ) 3)
The roles played by f and ¢ in the definition of f¥ are opposite in the sense that
()T =(=HL(=(=p) = (- Le=f* (4)

The definition of f¥ is closely connected to the deconvolution operation. For any
g, h: X = R, the deconvolution of g and h is the function g © h defined by

(goh)(x) = sup (g9(y) ~ h(2)),

Yy—2=2x

for every € X. Denoting by h_ the function defined by h_(z) = h(—z) for every
x € X, we deduce immediately from the above definition that

goh=gA(~h )= (h ). (5)
It ensues that for any f, ¢ : X — R,
Y=pof.

The deconvolution operation has been studied in details by many authors, see for
example [3, 12, 14, 36].
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Following the terminology of Moreau [21], we call p-elementary function a func-
tion of the form ¢(- —y) + A with y € X and A € R. By using a generalized
conjugacy argument, one can show that for any ¢, f: X - R

(f¥-)% is the upper envelope of the y-elementary functions that minorize f, (6)

see for example [21, Section 4] and [30, Section 11.L]. It can easily be deduced the
following characterization of ¢-envelopes: for any g : X — R,

g is the upper envelope of a family of p-elementary functions (7)
)

g=1(9")" (8)
)

g is a p-envelope. (9)

The expression of the double envelope (g¥-)? can be developed as follows

(677)7 = ¢A(=¢"")
= A (=(p-2(-9))
= ¢A((=p) v 9)
By using the deconvolution operation, we obtain
(077)7 = po(pl(-g-))
= po(poy).

From the equivalence (8) < (9), we deduce that
g is a p-envelope

)
9= L ((=p-)V9) (10)
)
g=¢6(pog).
Now let f, v : X — R. Following the terminology of Martinez-Legaz & Penot [18],
the function f is said to be (exactly) vy-regular if f = (f © ) v ¢. By taking the
opposite in each member of the equality (10), we find
—g = () V(p-A(=9))
= (—p)v((=9) e (=9))
In view of the above equivalences, this implies that
g is a p-envelope <= —gis (—¢p)-regular in the sense of [18].

We denote by £#(X), or £¥ if there is no risk of confusion, the set of p-envelopes
and by Fy, : £9~ — £ the map defined by F,(f) = f¥ for every f € £¥-. The
equivalence (8) < (9) says that Fi,o F, = Idge and F,,_ o F, = Idge-, otherwise
stated we have:

Proposition 3.1. The map F, : E9~ — E¥ is bijective and (F,)™' = F, .

As a consequence of the previous proposition, if ¢ is even the map F,, : £¥ — &%
is bijective and (F,)~! = F,.
Let us now state several general properties of p-envelopes.



Proposition 3.2. Let X be a vector space and let ¢ : X — R.

(i) For every function f : X — R and every a € X and B € R, we have
(f(-—a)—B)? = f#(-—a)+B. If g € £, then g(- —a) + B € £ for every
a € X and B €R.

(i) Given a family (f;)ier of functions f; : X — R, we have (infer f;)¥ =
sup;er fF. If g = sup;c; gi with g; € 9 for every i € I, then g € .

¢
(iii) For f1, fa : X — R, we have (fi v f2)¥ = fl(fz). Let g, h : X = R.
If h € €9 and g € £¥, then h € £¥. Otherwise stated, if g € £¥, then
g9 C &%,
(iv) For f: X — R, we have (f?)_ = f_¥~. As a consequence, g € £ if and
only if g_ € £¥~.
Proof. (i) Let a € X and 8 € R. For every z € X, we have

(f(-—a)=B)?(x) = Slelg{w(x—y)ff(y—awrﬁ}
= sup{p(z—a—y) - fy)+B}=fP(x—a)+ 5

y'eX
For the second assertion of (4), it suffices to apply the first part with g = f%.
(#i) By definition, we have
inf /)¢ = @A (—inf f;
(inf £i) v A (—inf f;)
@ Asup (—fi)
iel

= sup(pA(—f;)) =supf’, see for example [20].
i€l iel

Now assume that g = sup;c; g; with g; € £¥ for every ¢ € I. Then, for each i € I,
we have g; = f7 for some f;. It ensues that g = sup;c; f/ = (infier f;)¥, hence
g€ E®.

(#4i) By definition, we have

1(f2) = QOA( f1)
= ( A (=f2)) & (=f1)
= e A((=f2) A (=f)
= A (=(f2v fr))

= (f2 v 1)f =1V f2)%
Now assume that h € £9 and g € £?. Then there exist fi, fo : X — R such that
@
h = f{ and g = f§. It ensues that h = fl(f2) = (f1 V f2)%, hence h € £%.
(iv) For every z € X, we have

(f?)-(z) = sup{p(—z—y)~ f(y)}

yeX

= gg}g{w(—w%)ff(—f)}

= sup{p_(z—§&) =~ f_(§)} =7 (o).
feX

If g € £%, there exists f : X — R such that g = f¥. It ensues that g_ = (f¥)_ =
(f_)?-, hence g_ € £9-. The proof of the reverse assertion is identical. O
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In the next proposition, we show that the p-envelope of a continuous linear
functional is affine and we characterize the elements of £¥ that are linear.

Proposition 3.3. Let X be a locally convex space. Let ¢ : X — R and £ € X*.
Then we have

(1) (€7,)7 == (&) + (=9)" (7).
(i3) If p # —wx, the following equivalence holds
(€*,)ye&? <« £ € —dom(—yp)".
Proof. (i) For every x € X, we have

(€5, )%(x) = sup{p(y) — (2 —y)}

yeX

= () + (=) ()

(i1) Let g = (£*,-). We deduce from (i) that
9°= = (€ )+ ()" (€)= = (€ ) + (=) (=€) (11)
First assume that (—¢)*(—£*) = +00. Then we have g9~ = wx, thus implying that
(g¥-)%? = —wx. It ensues that (¢¥-)% # g, which shows that g ¢ £¥ according to
the equivalence (7) <= (8). Now assume that (—¢)*(—£*) < +00. Observe that
(—p)*(—=£*) € R since
(o) (=8 =—00 = sup(-{a)+pr)=-c0 = ¢=-wx,
TE

which is impossible by assumption. Since (—¢)*(—¢*) € R, we deduce from (11),
(7) above and Proposition 3.2 (i) that

(977)7 = (&) + (=) (=€") = (=9)" (=¢") = (£, ) = g,
and therefore g € £¥. O

For every set C' C X, let us set
Yo={f:X—> R, domfCC} and X% ={f* feXc}
We adopt the same notations Xp and >7, for a subset D C X*.

Theorem 3.1. Let X be a locally convex space and let ¢ : X — R be such that
@ # —wx. For every subset D of X*, the following assertions are equivalent

(1) 7, C &%;
(i) {f € To(X), dom f* C D} C E%;
(iii) D C —dom (—p)*.
Proof. (i) = (i) Let D C X*. Observe that
{feTo(X),domf* Cc D} = {g*,domgC D and g€ T'o(X)}
C {g¢*,domg C D} =%7%,.

The implication (i) = (i7) follows immediately.
(#9) = (4i1) Assume that

{f €To(X), dom f* C D} C &%. (12)
Let £* € D. Observe that (¢*,.) € T'g(X) and that
dom ((¢7,.))" = domde-y = {€*} C D,



9

hence (£*,.) € &% in view of (12). We then deduce from Proposition 3.3 (i7)
that £* € —dom(—)*. Since this is true for every £&* € D, we conclude that
D C —dom (—¢)*.

(#9i) = (i) Now assume that D C —dom(—¢)* and let f € ¥7,. There exists
g : X* — R such that f = g* and domg C D. The definition of the Legendre-
Fenchel conjugate yields

fo=sup {(¢,) —g(&)}

ExeX*

= sup {(€%,.) —g(&M)} (13)
£*edomg

Recalling that domg C D C —dom(—¢)*, we deduce from Proposition 3.3 (%)
that the linear function (£*,.) is a g-envelope for every &* € domg. In view of
Proposition 3.2 (7), the affine function (£*,.) — g(£*) is also a y-envelope for every
&* € domg. Coming back to formula (13), we infer from Proposition 3.2 (i¢) that f
is a g-envelope as a supremum of p-envelopes. Finally, we have shown that f € £¥,
which proves the inclusion X7, C £%. O

Given a set D C X*, the following result explores the links between the class
Y%, and the class of functions f € I'g(X) satistying dom f* C D. When the set D
is w(X™*, X)-closed and convex, these classes can be characterized via the support
function of D.

Proposition 3.4. Let X be a locally convex space and let D be a nonempty subset

of X*.
(i) We have
{f €Ty(X), dom f* C D} U{wx,—wx} C X}, (14)
5 € {f € To(X), dom f* € 5" (D)} U {wy, —wx ) (15)
As a consequence, if the set D C X* is w(X*, X)-closed and convex, the
following equality holds true
Y ={f e€TyX),domf* C D} U{wx, —wx}. (16)
(1) If the set D C X* is w(X™*, X)-closed and convez, then
{f €To(X), dom f* C D} ={f e T'o(X), f>* <op} (17)
={f €To(X), fy) < f(z) +op(y — ), Vﬂ«“,ygg))(}-

Proof. (i) We have already shown the inclusion {f € I'((X), dom f* C D} C X%,
see the proof of Theorem 3.1. On the other hand, we always have —wy € X7,. Since
D # 0, we also have wx € ¥%,. This proves the inclusion (14). Let us now establish
(15). Assume that f € ¥%. There exists g : X* — R such that domg C D
and f = g*. We distinguish the cases ¢6“*(g) proper and ¢6“*(g) improper. If
0" (g9) = wx~, we have g = wx~, hence f = —wyx. If ©6¥*(g) takes the value —oo,
we infer that ¢* = (¢6“*(¢))* = wx, whence f = wy. Let us now assume that
0" (g) € T'o(X™*). It ensues that f = g* = (¢6“*(g))* € I'o(X). This implies in
turn that f* =c6"*(g), thus

dom f* = dom (¢6“*(g)) C €6**(domyg) C c6“* (D),

which ends the proof of (15). When the set D is w(X™*, X)-closed and convex,
equality (16) is an immediate consequence of the inclusions (14)-(15).
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(#4) Assuming that the set D is w(X™*, X)-closed and convex, we have dom f* C D

if and only if 0dgom s+ < op. Recalling that oqom ;+ = f* (see section 2), we
derive equality (17). Since f> = sup,cqom s (f(- +2) — f(2)), we deduce in turn
equality (18). 0

Remark 3.1. In general, the inclusions (14) and (15) are strict, as will be shown in
Example 7.1.

If X is a Banach space and if the set D C X* is closed, the class of functions
f € Ty(X) satisfying dom f* C D can be expressed via the subdifferential of f.

Proposition 3.5. Let X be a Banach space and let D be a closed subset of X*.
Then we have

{feTly(X),domf* C D} ={f €T'o(X), df(x) CD forallxze X}.

Proof. Let us first state as a lemma the following direct consequence of the Brgnsted-
Rockafellar theorem (see [5, Theorem 2]) concerning the conjugate of a function in
To(X).

Lemma 3.1 (See Theorem 2 in [5]). If X is a Banach space and if f € To(X),
then cl(dom f*) = cl(Rge (9f)).

Assume that the set D C X* is closed. From Lemma 3.1, we have for every
feTo(X)
domf*C D <= Rge(df)C D
<~ Jf(zx)c D forallxe X.
The announced equality follows immediately. O

Applying Theorem 3.1 with particular sets D, we obtain the following corollaries.

Corollary 3.1. Let X be a locally convex space and let ¢ : X — R be such that
@ # —wx. Then the following equivalence holds

NX)cé&¥ «— dom(—¢)" ' =X".
Proof. Tt suffices to take D = X* in the equivalence (i) < (4ii) of Theorem 3.1. O

Remark 3.2. Under the assumption dom(—¢)* = X*, the function ¢ cannot be
convex (see hereafter). Therefore the set £ is strictly larger than I'(X), since it
contains the nonconvex function ¢.

If dom (—¢)* = X*, we have (—¢)*(0) < +o0. Recalling that (—¢)*(0) = sup ¢,
we deduce that the function ¢ is bounded from above on the whole space X. If
moreover the function ¢ is convex, we infer from a classical result that it is constant,
say ¢ = 3 for some 3 € R. It ensues that (—¢)* = B+0;0y, hence dom (—¢)* = {0},
a contradiction. This confirms that functions ¢ with dom (—¢)* = X* cannot be
Convex.

Given a set K C X, recall that a function f : X — R U {400} is said to be
K-nonincreasing (resp. K-nondecreasing) if f(y) < f(z) (resp. f(y) > f(z)) for
all z,y € X such that y —z € K.

Corollary 3.2. Let X be a locally convex space. Let K C X be a closed convexr
cone and let ¢ : X — R be such that ¢ # —wx. Then the set £¥ contains all the
functions of T'o(X) which are K-nonincreasing if and only if —K° C dom (—¢p)*.
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Proof. Take D = K° in the equivalence (i) < (iii) of Theorem 3.1 to obtain that
{f ely(X),dom f*C K°} C&¥ <= K°C —dom(—¢p)*
— —K° Cdom(—¢)". (19)
On the other hand, observe by (18) that for f € I'g(X),

domf* C K° < f(y) < f(z)+okge(y—2z) forallz,ye X
— fly) < fz)+dx(y—x) forallz,ye X
<= f is K-nonincreasing. (20)

The announced equivalence then follows immediately from (19) and (20). O

In the sequel, when X is a normed space we will denote by Bx (resp. Bx«) the
closed unit ball of X (resp. X*).

Corollary 3.3. Let (X, ||-||) be a normed space. Let a realk >0 andlet o : X — R
be such that ¢ # —wx. Then the set £% contains all the functions of To(X) which
are k-Lipschitz continuous on X if and only if kBx+ C dom (—¢)*.

Proof. Take D = kBx- in the equivalence (i) < (4#ii) of Theorem 3.1 to obtain
that

{feTo(X),dom f* C kBx~} CE¥ <= kBx+ C —dom(—¢)"
< kBx- C dom(—y)". (21)
Then observe by (18) that for f € T'o(X),
dom f* C kBx~ <= f(y) < f(x)+kl|y—=z| forallzyecX
<= f is k-Lipschitz on X, (22)

where the last equivalence is obtained by reversing the roles of x and y. The
announced equivalence then follows immediately from (21) and (22). O

4. EQUIVALENCE BETWEEN FUNCTIONS AND SETS
Recall that for f: X — R, the epigraph (resp. hypograph) of f is defined by
epif ={(z,\) € X xR, f(z) <A} (resp. hypof ={(z,\) € X xR, f(z) > A}).

The strict epigraph and strict hypograph of f are obtained by replacing the above
inequalities with strict inequalities

episf = {(x,\) € XxR, f(z) < A} (resp. hyposf = {(z,)) € X xR, f(z) > A}).

The following lemma gives a geometrical interpretation for the inf-convolution and
sup-convolution operations. Assertion () is well known. For completeness and
convenience of the reader we provide a proof of (ii).

Lemma 4.1. Let X be a vector space and let f, g : X — R. Then we have
(1) epis(f v g) = episf + episg.
(2) hypos(f A g) = hypof + hypo.yg.
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Proof. Point (i) is classical, see for example [20, 30]. Point (ii) is deduced easily
from (7) by observing that

(z,\) € hyposf A g x, )\)Eepls[ (fAg)
is[(=f) v (—9)]
f) +epis(—g)

is(—
wa)\) € hypos(f) + hypos(g).

1ot

|
Since f¥ is defined via a sup-convolution operation, we derive the following
consequence of Lemma 4.1.
Proposition 4.1. Let X be a vector space and let ¢ : X — R.
(i) For every f: X — R, we have
hypo,f¥ = hypos(—f)+hyposp

epif¥ = ﬂ u + epip.
u€hypo < (—f)

(ii) For every g : X — R, the following equivalences hold
g€ &E? <= hyposg=U+hyposp forsomeU C X xR

< epig = ﬂ u+epip for some U C X x R.
uclU

Proof. (i) Let f, ¢ : X — R. Recalling that f¥ = ¢ A (—f), we deduce from
Lemma 4.1 (i7) that

hypo s f¥

hypos(—f) + hypos¢
= U u + hypo s¢.
u€hypo 4 (—f)
Taking the complement of each member of the above equality, we infer that
epi f¥ = ﬂ u + epip.
u€hypo (—f)

(ii) Let g : X — R. If g € £%, there exists f : X — R such that g = f®. In view
of (i), we obtain that hyposg = U + hyposp with U = hypos(—f). Conversely,
assume that hyposg = U + hypo sy for some U C X x R. Then we have

hyposg = | J (2,2) +hypose
(z,\)eU
= |J hypoue(-—z)+ A
(z,\)eU
= hYPOs[ sup <P('*=’17)+)\]
(z,\)eU

Hence we deduce that g = sup(, yep(¢(- — *) + A), which shows that g € £¢.
This proves the first equivalence of (ii). For the other equivalence, it suffices to
take the complement of the sets arising in each member of the equality concerning

hyposg. U
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Given a set A C X, the previous result suggests to consider the class Z" of
subsets of X defined as follows'

8 ={C* Cc X}, where CM = mx—i-A.
zeC
By convention?, we take (A = Nyep® + A = X for every set A C X. This implies
that X € ZA for every A C X. It is immediate to check that ZX = {X}, while
7% = {}, X}. A set D C X belongs to the class Z" if it is equal to some intersection

of translated sets from A. It ensues immediately that the class Z% is stable under
translation and intersection.

Ezample 4.1. Take r > 0 and A = rBx. The class Z"Bx corresponds to the class
studied by Vial [34] under the terminology of r-strongly convex sets. More generally,
for a closed convex set A C X, the sets of the form C* are called A-strongly convex.
The A-strongly convex sets are thoroughly studied by Polovinkin [24], under an
additional condition on the set A (which is assumed to be generating, see [24] for
more details).

The definition of C* is directly linked to the star-difference of sets. For every
C4, Cy C X, the star-difference of C7 with C5 is the set C4 * C5 given by

C12Cy= () C1—=
zeCls
We deduce immediately from the above definition that C* = A £ (=C) for every
C, A C X. The star-difference of sets was used in [26] in the context of differen-
tial games. See also [12] for the links between the star-difference of sets and the
deconvolution operation, also called epigraphical star-difference.

Given C' C X and A C X, the next proposition gives several expressions for the
set C1.

Proposition 4.2. Let X be a vector space. For any sets C C X and A C X, we
have
(i) CA={reX,z-CCA}={ze€X,CCax—A};
(1) X\ CA=C+ (X \A) or equivalently CX\M = X'\ (C + A).
(iii) (X \ A)X\C =N,
Proof. (i) It suffices to observe that

reC® — YueC zecu+A
— YuelC,z—ucAl
— x-CCA
— CCz—A.

(i) From the definition of C*, we deduce immediately that

X\Ch = [Ju+(X\A)=C+(X\1),
ueC

We draw the attention of the reader to the fact that the notation C* must not be confused
with that of the set of maps from A into C.
21 particular, we obtain 09 = X.
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which is the first equality in (é¢). From this equality with X \ A in place of A, we
obtain that X \ CX\A = C' + A, or equivalently C¥\A = X'\ (C + A).
(7i1) We infer from the previous assertion that

X\ [\ = (x\8) + 0= X\ O,
whence the equality (X \ A)¥\¢ = CA, O

The elements D of Z* can be characterized by the equality (D~*)* = D. This
is the subject of the next proposition.

Proposition 4.3. Let X be a vector space and let A C X. For any set D C X, the
set (DM s the smallest element of I containing the set D. As a consequence,
the following equivalence holds true

De1d — (D™M*=D.
Proof. Let S be the subset of X defined by
S = m x4+ A.
zeX, z+ADD

We clearly have S € Z% and S D D. Now let any S’ € T* with S’ > D. By
definition, there exists some C' C X such that S’ = () .- 2 + A. The inclusion
S’ D D implies that  + A D D for every x € C and therefore

§'=()z+AD (1 =z+A=S

zeC ze€X, z+ADD

This proves that the set S is the smallest element of Z* containing D. Recall now
from Proposition 4.2 (i) that condition x + A D D is equivalent to x € D~*. We
deduce that
S= ) z+A=(DM™N
zeD—A
This finishes the proof of the first assertion. The second assertion is an immediate
consequence of the first one. O

Let us write the expression of the double envelope (D~*)* by using the star-
difference operation

(DA

AE (D)
= A= (D))
= AX(AZD). (23)
In view of Proposition 4.2, the complement of the set (D~")" can be expressed as
X\(D™A = DA+ X\A
= (=X \AYYP X\ A
= ((X\D)Z(X\A)+X\A (24)
From equalities (23)-(24) and Proposition 4.3, we deduce that
De1h

T
D=AX(AZ%D)
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)
X\D=((X\D)X(X\A)+X\A.
The last equality amounts to saying that the set X \ D is exactly (X \ A)-regular
in the sense of [18].
With the notations introduced above, for f, g : X — R, the results of Proposi-
tion 4.1 can be restated as

epi f# = (hypo,(—f))'®
and
g €E¥ «— epig € I°P'¥,

This shows that the study of ¢-envelopes amounts to that of the class Z¢?'¥. Con-
versely, given a set A C X, the class Z? can be fully described via the §-envelopes.

Proposition 4.4. Let X be a vector space and let A C X.
(i) For every function f: X — R, we have®

f(SA = - lgl(f I+ 5(dom A (25)

As a consequence, the equality (6¢)°> = 6ca holds for any nonempty set
ccX. B
(i) For every function g : X — R such that g # twx, we have

ge& «— g=pB+0cn for some € R and some C # (.

Proof. (i) For every function f : X — R and every 2 € X, the definition of fo»
gives
for(x) = sup{da(z —y) = f(y)} = sup {dalz —y)— f(v)}.

yeX y€dom f
First assume that © — dom f C A. For every y € dom f, we then have z — y € A,
whence dp(x — y) = 0. It ensues that

fx) = sup —f(y) =sup(~f) = —inf f.

yEdom f X X

Now assume that x — dom f ¢ A. In this case, there exists y € dom f such that
r—y ¢ A. We then have 6;(z — y) = +o0o, whence fo4(z) = +oco. Finally, we
obtain for every z € X

S | —infx f ifz—domfCA
f @) = { +o00 otherwise.

Condition z—dom f C A is equivalent to x € (dom f)* in view of Proposition 4.2 (4).
Formula (25) follows immediately. For the last assertion, it suffices to take f = d¢.
(ii) Let g € £ be such that g # +wyx. There exists f : X — R such that
g = f%, hence we deduce from (i) that g = —infy f + O(dom f)a- Since g # ftwx,
we have infx f € R and dom f # (). It suffices then to take § = —infx f and
C = dom f. Conversely, assume that g = 8+ dca for some 8 € R and some C' # ().
Assertion (i) then shows that g = f94 for the function f defined by f = —8 + ¢,
hence g € £%. O

3If inf x f = +oco we have dom f = @, hence (dom f)* = X and 6(dom na =0. Therefore the
addition in the right-hand side of (25) is well-defined.
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Remark 4.1. The previous proposition shows that for every C, A C X with C # ()

(60)™ = (=bc) A 6a = Gca. (26)
It is interesting to compare this formula with the following one
(6c) 7% = (=8c) & (=64) = —bc4as (27)

that is obtained as a consequence of the equality dc1a = dc WV Oa-

Corollary 4.1. Let X be a vector space. For every set A C X and every set D C X
such that D # () and D # X, the following equivalence holds

op €EM = DeITr

In fact, the implication from the left to the right is true as soon as D # 0, while
the reverse one is true if D # X.

Proof. First assume that 6p € £% and that D # (. There exists f : X — R such
that §p = f°*, hence we deduce from Proposition 4.4 (i) that 6p = —infx f +
d(dom )2~ Since D # @, we have infx f = 0 and D = (dom f)* € TA. Conversely,
assume that D € Z? and that D # X. This implies that D = C* for some C # 0),
and hence by Proposition 4.4 (i) again 6p = §ca = (6¢)% € £%1. O

Let us now study the class £7%*. From the generalized conjugation point of
view, the case ¢ = —d, is a special instance of a coupling functional ¢: X xY — R
of the type ¢ = —d¢, where G is a subset of X x Y. The corresponding conjugation
operator, which arises in quasiconvex analysis, has been considered in many papers,
see for example [17, 31, 35].

Proposition 4.5. Let X be a vector space. Let A be a nonempty subset of X and
let f: X — R. Then we have

(4)
fe& ™ — f=supinf f(- —y+2). (28)
yeA ZEA

This means equivalently that for every x € X and every A < f(x), there
exists y € A such that f(x —y+ 2) > X for every z € A.

(i) If f € E7°% and if A+ A C A, then f is A-nondecreasing. Conversely, if
f is A-nondecreasing and if 0 € A, then f € £,

Proof. (i) The equivalence (7) <= (8) yields
JEET = f=(fm)T
On the other hand, we have
ST = sup =0 (=€) < (- =€) = sup —f(- =€) =~ inf f(-+2)

fex —£eA

and hence

(FC9=) 7" = sup — FEW= (- —y) = sup inf f(- —y + 2).
yEA yeA ZEA
We deduce immediately the equivalence (28).
Since the inequality (f(_‘SA)*)_éA < f is always satisfied, we infer that f € £ if
and only if for every x € X,

sup inf f(xz —y+2) > f(x).
yEA ZE€EA
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The last assertion of (i) follows immediately.
(ii) Assume that f € £79 and that A + A C A. Let £ € A. In view of (28), we
have for every x € X

flz+8)

sup inf f(x +&—y+2)
yeA ZEA

= sup inf x—y+2
yegz,eﬁAf( y+2)

> sup inf f(z—y+2) since{+ACA
yeA 2’ €A

= fl@).

Since this is true for every £ € A, we infer that f is A-nondecreasing.
Conversely, assume that f is A-nondecreasing and that 0 € A. For every y, z € A,
we have

fOe—y) < f(—y+2) < f(-+2).

It ensues immediately that

su -—y) <supinf f(-—y+2) <inf f(-+ 2).
yelzf( Y) yegzeAf( y+2) < inf f(-+2)

Since 0 € A, we obtain sup,c, f(- —y) = inf.en f(- +2) = f, and hence f =
sup,ep infoen f(- —y + 2). In view of (28), we conclude that f € £, O

Remark 4.2. When A + A C A and 0 € A, the equivalence
fe& % <« fis A-nondecreasing
can be recovered by using the subadditivity of the function d,, see section 6.

Proposition 4.6. Let X be a vector space and let A, D C X.
(1) The following equivalence holds

—dp &N = X\De1M\A
(1) If moreover A # 0, we have
dp€EM = DeIX\\

Proof. (i) First observe that the equivalence trivially holds if A = (). Now assume
that A # (). Recall that

-4
“op & = —dp=((=op) M) T (29)

Further, note by (4) that

(=0p) 7 = (=dp) 0 = (3a)"
= 0(_pyp from formula (26) and the nonvacuity of A.

In view of formula (27), we deduce that

_5 B
((—5D)(_6A)7) = (5(7A)D) "= —0(—A)P+A-
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Coming back to (29), we infer that

dp€EN = D=(-MN"+A

— D=(X\D)"W L A see Proposition 4.2 (iii)
—

X\A
X\D= ((X \ D)_(X\A)> , in view of Proposition 4.2 (i)

— X\ DeIX\ ¢f Proposition 4.3.
(27) Assume that A # (). By arguing as in (), we find
(0p) " = (p) " = =dp-a,
and hence by (4) and (26)

_6A B

((5D)(75A)7) = (=0p_n) """ = (62)°P" = 6pp-n.

Recalling that
-5
op € £ Sp = ((6D)(—5A)_) A’
we deduce that
SpEE™ = D=AP"

<= D=(X\(D- A))X\A by Proposition 4.2 (4i%)
—
<~

X\A
D= (D*(X\A)) by Proposition 4.2 (i)

D e IX\A, see Proposition 4.3.
O

Combining Corollary 4.1 and Proposition 4.6, we derive the following corollary
giving various characterizations of Z* via the classes £ and £79x\a,

Corollary 4.2. For every set A C X and every set D C X such that D # () and
D #£ X, the following equivalences hold

DeT* <= dp c &% = —dx\p € E N = §p e £,

Proof. The first equivalence is a consequence of Corollary 4.1, under the assump-
tions D # () and D # X. The equivalence D € I <= —dx\p € E-9x\a follows
from Proposition 4.6 (i) applied with X \ D (resp. X \ A) in place of D (resp.
A). If A # X, the equivalence D € T» <= §p € £79%\4 is a consequence of
Proposition 4.6 (ii) applied with X \ A in place of A. If A = X, the equivalence
becomes D € IX <= §p € £7“%X. Since Z¥ = {X} and £7% = {-wx}, the

equivalence amounts to D = X <= 0p = —wx. The condition D = X is not
realized by assumption, while the condition dp = —wx is never realized. It ensues
that the equivalence trivially holds true if A = X. O

For a function f : X — R and r € R, the notation [f > r] (resp. [f > r]) denotes
the set {z € X, f(x) > r} (resp. {z € X, f(x) > r}). We adopt the corresponding
notations for the sublevel sets. Adapting Proposition 3.3 to the framework of sets,
we obtain the following statement.

Proposition 4.7. Let X be a locally convez space. Let A C X and £* € X*. Then
we have

() [(€%) > 0" = [(¢%,) < —oxia(—€9)].
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(13) If A # X, the following equivalence holds
[(€*,) <0] eTd —= ¢c —domo x4
Proof. (i) Set C = [(f’ﬂ > 0] and observe that
zeC? r—CCA
X\AcCcz-X\C
X\AC{yeX (€y) = ()}
Vy e X\ A, () =2 (€ @)

(e ) > (€', )

—ox\a(=€7) = (£, z).

Freeee

Ttem (7) follows immediately.

(i7) First assume that ox\s(—£*) € R. Recall from (i) that the set [(£*,-) <
—ox\a(—&")] belongs to Z*. Let £ € X satisfying” the equality (£*,&) = —ox\a(—£").
We then have

(€, =€) <0] = [(¢",) < —oxa(-€")] € T
Since the class T is stable under translations, the set [(5*, )< O] also belongs to
Z%. Now assume that ox\a(—&") is not finite, or equivalently ox\x(—§*) = +oo
since X \ A # 0 by assumption. Let us determine the set ([(¢*,-) < 0] _A)A.
Remark that
. —A . —A
. —A
= [(—5*, < —U_(X\A)(f*)} in view of (i).

Since o_(x\a)(§*) = ox\a(—&*) = +oo, it ensues that [(f*,> < O]_A = (), thus

implying that

. ~A\A .
From Proposition 4.3, we conclude that [(f*, )< O] ¢ T, which ends the proof of
the announced equivalence. ([

Let us denote by C(X) the class of nonempty closed convex sets of X.

Theorem 4.1. Let X be a locally convex space. Let A C X be such that A # X.
For every cone Q C X*, the following equivalence holds true

{CeC(X),domoc CcQ}CcT? — QcC —domox .
Proof. Let Q C X* be a cone and assume that
{C e C(X), domoc C Q} c T . (30)

Let £ € Q. Setting C' = [(£*,-) < 0] € C(X), we have 0¢ = 0r, ¢+, and hence
domoc =R £ C Q. In view of (30), it ensues that C € Z*. We then deduce from
Proposition 4.7 (ii) that £* € —domox\,. Since this is true for every £* € @, we

4If ¢* = 0, we have ox\A(=€*) = 0 because X \ A # @ by assumption. In this case, the
equality (£*,£) = —ox\a(—&") is satisfied by every £ € X.
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conclude that Q@ C —domox\x.
Now assume that @ C —domox\s and let C' € C(X) be such that domoc C Q.
Then ¢ € T'o(X) with dom ., C @, and since

Q C —domox\y = —domd}\A = —dom(—(—éX\A))*v
by Theorem 3.1 we have 6c € £79x\4 (keep in mind —dx\a # —wx since A # X).

Proposition 4.6 (ii) yields that C' € I* as desired. Finally, we have shown the
inclusion (30), which ends the proof. O

Applying Theorem 4.1 with Q = X*, we immediately obtain the following result.

Corollary 4.3. Let X be a locally convex space. Let A C X be such that A # X.
Then, the following equivalence holds true

C(X)CIA < dOI’HUx\A:X*.

5. A PREORDER RELATION ON F(X,R) BASED ON ¢-ENVELOPES

Let X be a vector space and let F(X,R) be the set of extended real-valued
functions on X. We define the relation ~ on the space F(X, R) as follows: for
every p, ¢ : X — R

h~ ¢ <= there exist £ € X and o € R such that ) = p(- — §) + «
<= 1 is a p-elementary function.

Clearly, the relation ~ is reflexive, symmetric and transitive, hence defines an
equivalence relation. The objective of this section is to determine suitable® subsets
G of F(X,R) such that the following implication holds true for every ¢, ¢ € G

pe&fandpel? = Y~o. (31)
5.1. The coercive case. For any function ¢ : X — R, the deconvolution function
¢ ©  defined by (¢ © ¢)(x) = sup,_,_,(¢(y) ~ ¢(2)) can be expressed as a -

envelope via the equality ¢ © ¢ = (¢_)¥. The next lemma shows that this function
is subadditive. Recall that a function f : X — R is said to be subadditive if for
any z, y € X,

flz+y) < f2)+ fy).

Lemma 5.1. Let X be a vector space and let f, ¢ : X — R. For any z, 2’ € X,
we have

fe) < (pop)@ —a) + f2(a).
Moreover, the function ¢ & ¢ is subadditive.

Proof. Fix x, ' € X. Tt is immediate to check that for every y € X,
o(a’ —y) = fy) < le@ —y) — oz —y)]+ ez —y) = f)]-

Taking the supremum over y € X and using [21, Proposition 4.a] we deduce that

e’ < suplp(a’ —y) - o(z —y)] + suplp(z —y) = f(v)],
yeX yeX

= (pop)(a' —z)+ f?(2),

5The implication (31) is not true for all o, 3 € F(X,R), see a counterexample in subsection 5.3.
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which yields the desired inequality. Further taking f = ¢_ in the above inequality
and using the identity (p_)? = ¢ © ¢, we obtain

(o)) < (o9 —x) +(pO¢)(a),
hence the function ¢ & ¢ is subadditive. (|

If the space (X,] - ||) is normed and if the function ¢ satisfies the coercivity
property lim ;400 ©(2)/||2]| = 400, the following lemma shows that ¢ © ¢ = 400
on X \ {0}.

Lemma 5.2. Let (X,]|-]|) be a normed space and let o : X — R be an estended
real-valued function. Assume that ¢ # +wx and lim|z)| 40 @(z)/||z| = +oo.
Then we have ¢ © ¢ = +0o on X \ {0}.

Proof. Let us argue by contradiction and assume that there exists u # 0 such that
(0 © p)(u) < +oo. Let us fix T € dom and observe that for every n € N,°

(T +nu) - o(T) < (pOp)(nu)
< n(pSp)(u) since p S p is subadditive.
It ensues that
@) < —p(®) + (9 © P)(w),

and taking the upper limit as n — +o0o, we deduce that

1
limsup —¢(Z + nu) < (¢ © ¢)(u),

n—+4oo N
which contradicts the fact that lim,)_ 400 @(z)/||z|| = +oo. Finally, we obtain
that ¢ © ¢ = 400 on X \ {0}. O

Theorem 5.1. Let X be a vector space and let ¢, 1 : X — R be such that ¢ € £
and ¢ € EY.

(i) If o © =400 on X \ {0}, then we have ¢ ~ .
(ii) Assume that (X, |- ||) is a normed space. If limjg) 400 ©(2)/[z|| = 400
(resp. lim 4400 ©(2)/||2]| = —00), then we have 1 ~ .

Proof. If ¢ = twx, it is immediate to check that ¢» = ¢. From now on, let us
assume that ¢ # fwx. Since ¢ € €% and ¢ € Y, there exist f, g : X — R such
that —¢ = (—¢) v f and —p = (—¥) v ¢. It ensues that

—p=(-p)V(fV9). (32)

Now observe that

(—o)z—y)+(fv9)(y) > —p(x) foralz,yeX
(fv9W) =plx—y) - ) foralzyeX

(—p)v(fveg) =>—p =
<
= (fvgly) > sg@((so(x —y)~p(x) forallye X
<

fvg=>lpoy_.

6N denotes the set of positive integers.
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(1) Assume that p©p = 400 on X\ {0}. We then deduce from the above inequality
that

fvg=+oco on X\ {0}. (33)
If f<7g = wx, we infer from (32) that ¢ = —wx, thus implying in turn that
Y =—wx. If fVg# wx, equality (33) shows that dom (f v g) = {0}. Recalling
that dom (f <7 g) = dom f + domg, we deduce that dom f + domg = {0}. Hence
there exists £ € X such that dom f = {¢} and domg = {—¢£}. We infer that

Y= (-9) v f=(-0)( =&+ [ (34)

and

—p=(-¢)vg=(=¥)(+& +9(=¢). (35)
If f(¢) € R, we obtain from (34) that ¢ = ¢(- — &) — f(£) and therefore ¢ ~ . If
g(=¢&) € R, equality (35) shows that ¢ = (- + &) — g(=£), and hence ¢ ~ . On
the other hand, if f(§) = g(—&) = —o0, we deduce from (34)-(35) that

—p < (=) =& and  —o < (=¢Y)(-+§),

thus implying that ¢ = (- — £) and therefore ¢ ~ ¢.

(ii) First assume that lim|,- 1o ©(z)/||lz| = +00. We infer from Lemma 5.2 that
YO ¢ =400 on X \ {0} and we conclude with (7).
Now assume that lim|,||— 400 ¢(7)/[|2]| = —00. From Lemma 5.2, we deduce that
(—p) & (—p) = +o0 on X \ {0}. Recalling that

(=p)o(=p) = (¢ ) " =" =l )]_=lrovl,

we infer that ¢ © ¢ = 400 on X \ {0} and we conclude again with (7). O

Let us define the relation < on F(X,R) by
Y=p <= YPec&”

The relation = is clearly reflexive, and also transitive in view of Proposition 3.2 (ii).
It is compatible with the equivalence relation ~, i.e.

ey, P~y and Y= = P2y
It ensues that we can properly define the relation < on the quotient set (X, R)/ ~.

The relation < so defined on F(X,R)/ ~ is clearly reflexive and transitive, hence
it is a preorder. Let us denote by G, G’ and G” the following respective sets

g:{f:X%R,fef:+oo onX\{O}},

G = {f XS EJmf(x)/ 2] = +oo} ,

|| —+
¢'={f:X >R, lim _f)/le] = oo}

Theorem 5.1 expresses that for every ¢, ¥ € G (resp. G', G”), we have

v, oY = YP~o.

Hence the induced relation < on the quotient set G/ ~ (resp. G’/ ~, G"/ ~) is
antisymmetric, thus giving rise to an order relation.



23

Let us now specialize the result of Theorem 5.1 in the case of sets. We define
the equivalence relation ~ on P(X) by

C~D <= thereexists £ € X such that D = C +¢,
along with the preorder relation < on P(X) by
C<D < CeIP.
Recall that the star-difference C' X C is defined by

CrC=[()C-z=(-0F.

zeC

By applying Theorem 5.1 with indicator functions, we obtain the following corollary.

Corollary 5.1. Let X be a vector space and let T, A C X be such that A € I
and T € IA.

(i) If T X1 ={0}, then we have A ~T.
(i1) Assume that (X, || -]|) is a normed space. If the set T (resp. X \T) is
bounded, then we have A ~ T,

Proof. If T € {0, X} (resp. A € {0, X}), it is immediate to check that A = T.
Let us now assume that I' ¢ {0}, X} and A ¢ {0, X}. In view of Corollary 4.1, the
assumptions A € ZV and I € T2 imply that 6o € £ and op € £%.

(i) Assume that I' 2 ' = {0}. Then, by (5) and Proposition 4.4 (i) we have

or ©0r = ((S,F)gr = (5(,F)F = 51"f1" = 5{0}.

By applying Theorem 5.1 (i) with ¢ = ér and 1) = da, we obtain that 6o ~ dr and
hence A ~ T

(#4) First assume that I' is bounded. Then the indicator function dr is coercive
and we deduce from Lemma 5.2 that dr © ér = +o00 on X \ {0}. This implies that
I £T = {0} and we conclude with (7). Now assume that X \ T is bounded. From
what precedes, we have (X \T') £ (X \ T') = {0}. Observing that

DAL= (-I)F = (X\T)7 W = —[(=X\D)*\] = —[(X\I) = (X \T)],
we infer that I' X T = {0} and we conclude again with (7). O
Let us denote by Q, Q" and Q" the following respective sets
Q={CcX, CcXc={0},
Q' ={C c X, C is bounded},
Q" ={C c X, X\ C is bounded}.
The above corollary expresses that for every I', A € Q (resp. @', Q"), we have
A<T, T=XA = A~T.

Hence the induced relation < on the quotient set Q/ ~ (resp. Q'/ ~, Q"/ ~) is
antisymmetric, thus giving rise to an order relation.
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5.2. The case ¢, ¥ € —Tg(X). Let us first state a result that will be a key
ingredient for the next theorem.

Lemma 5.3. Let X be a vector space, let D C X be a convex set and let us denote
by Aff (D) the affine space generated by D. Assume that a real-valued function
h: D — R is both convex and concave. Then there exists a unique affine function
h: Aff (D) — R such that hjp = h.

For a proof of this result, the reader is referred to [33]. By extending affinely the
function % to the whole space X, we deduce from the above result that there exists
a linear function £ : X — R along with a € R such that h =£p + a.

In view of stating the next theorem, given a locally convex space X recall that
the Mackey topology 7(X*, X) on X* is defined as the finest locally convex topology
T on X* such that the topological dual of (X*,T) coincides with X. If (X, - ||)
is normed, this topology is exactly the one associated with the dual norm || - || x~
provided that (X, - ||) is a reflexive Banach space.

Theorem 5.2. Let X be a locally conver space. Let ¢, v : X — R be functions
such that 1 € £ and p € EY. Assume that either
-the space X is finite-dimensional, or

-one of the functions (—¢)* and (—)* is 7(X*, X)-continuous at some point and

finite at this point.

Then we have (—p)** ~ (=)**. If each of the functions —p and —¢ has a con-
tinuous affine minorant, then €o(—p) ~ ¢o(—v). In particular, if —p € To(X) and
—1p € T'y(X), then we have ¢ ~ .

Proof. By assumption, we have —¢ = (—¢) v f and —p = (—¢) v g, for some f,
g : X — R. Taking the conjugates, we obtain that

(=) = (=) + 7 and (=¢)" = (=¢)" +g" (36)

First observe that if one of the functions (—p)*, (—¢)*, f* or g* is equal to —wx-,
then equalities (36) imply that (—¢)* = (—1)* = —wx~. This implies in turn that
@ =1 = —wx and the conclusion is satisfied. From now on, let us assume that
the functions (—¢)*, (—¢)*, f* and g* differ from —wx~«. From the first equality
of (36), we deduce that dom (—¢)* C dom (—)*, while the second equality of (36)
yields dom (—¢)* C dom (—1%)*. Finally, the domains of (—¢)* and (—1)* coincide
and both functions are finite on their common domain D. If the set D is empty,
then (—p)* = (—¢)* = wx-. This implies that (—¢)** = (—¢¥)** = —wx, hence
the conclusion is trivially satisfied. Without loss of generality, we now assume that
D # (). By combining both equalities of (36), we obtain

(=) =)+ +g"
It ensues that f* + ¢* = 0 on D. Hence the function f*|p is finite-valued on D
and both convex and concave. By applying the previous lemma with h = f* 5, we

obtain that there exist a linear function ¢ : X* — R and « € R such that f* = ¢+«
on D. Coming back to the first equality of (36), we deduce that

(=) = (=¢)" + L+ a



25

Observe that the above equality holds true on the whole space X*, since the func-
tions (—p)* and (—v)* are equal to +o0o outside D. Taking the conjugate of each
member, we find for every £ € X

(0)"(©) = sup [(@",€) ~ (~¢)"(a") ~ €a”) ~ a]. (37)
Let us now show that the linear function ¢ is 7(X*, X')-continuous on X*.

Lemma 5.1. Under the assumptions of Theorem 5.2, the function £ : X* — R is
7(X*, X)-continuous on X*.

Proof of Lemma 5.1. If the space X is finite-dimensional, the assertion is obvious.
Now assume that the function (—¢)* is 7(X*, X)-continuous at some T* € X* and
finite at this point. There exist a 7(X*, X)-neighborhood W of T and M € R such
that (—p)* < M on W. We deduce from (37) that for every £ € X,
&) =
&) —

(=)™ = sup [(z* (=¢)*(z%) = l(z") — o]
z*eW

> sup [(z" ((z")] =M —a.
z*eW
Let us argue by contradiction and assume that ¢ is not 7(X*, X)-continuous on
X*. Since the linear function (-, £) — ¢ is not 7(X*, X )-continuous on X*, the above
supremum equals +oco. It ensues that (—¢)** = wx, and hence —) = wx. Re-
calling that —p = (=) 7 ¢, we deduce that —p = wx. This implies in turn that
(—p)* = —wx~, a contradiction with (—¢)*(Z*) € R. We conclude that the linear
function ¢ is 7(X*, X)-continuous on X*. Since ¢ and ¢ play symmetric roles,
the same conclusion holds true if the function (—v)* is assumed to be 7(X*, X)-
continuous at some £* € X* and finite at this point. ([

From the previous lemma and the definition of the Mackey topology 7(X*, X),
there exists € X such that ¢(z*) = (*, x) for every 2* € X*. In view of (37), we
deduce that

(0)"(€) = swp [(a",€ =) = (=) (@) —a = (=9~ ) —a.
Since this is true for every £ € X, we conclude that (—¢)** ~ (—¢)**. If the
function (—¢) (resp. (—v)) admits a continuous affine minorant, we have (—p)** =
co(—¢) (resp. (—¢)** = co(—)). We infer that ¢o(—w) ~ co(—¢). The last
assertion of the statement is a direct consequence of what precedes. [

Remark 5.1. If the normed space (X, || - ||) is reflexive, the 7(X*, X)-continuity

assumption on (—¢)* (resp. (—)*) amounts to the continuity assumption with
respect to the dual norm || - ||x+.

Theorem 5.2 implies that the relation < defines an order on the following set
{p e -To(X), (—¢)"is7(X* X)-continuous at some point}/ ~ .

If the space X is finite-dimensional, the relation < is an order on the set (—I'¢(X))/ ~.
By applying Theorem 5.2 with the opposite of indicator functions, we obtain the
following corollary.

Corollary 5.2. Let X be a locally conver space. LetT', A C X be such that A € TV
and T' € T?. Assume that either
-the space X is finite-dimensional, or
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-one of the functions ox\r and ox\a is 7(X*, X)-continuous at some point.

Then we have co(X \T') ~ (X \ A). In particular, if the sets X \T' and X \ A
are closed and convex, then I' ~ A.

Proof. From Proposition 4.6 (i), condition A € ZU (resp. T' € T? ) is equivalent

to —dx\a € E79x\r (resp. —dx\r € £79x\a). By applying Theorem 5.2 with

¢ = —dx\r and 1) = —dx\a, We obtain the existence of { € X and a € R such that
e0(dx\a) = [E0(0x\r)](- = &) — o

We immediately deduce that ¢o(X \ A) =co(X \I') + £. The last assertion of the

statement is a direct consequence of what precedes. O

5.3. A counterexample. Let us start with a preliminary result.

Lemma 5.4. Let X be a topological vector space and let G be a dense additive
subgroup of X. Assume that K C X is an open set such that K + K C K and
0 € cl(K). Then we have

(i) Forall&, &' € X,
GN(K+ O+ [GN(K+E)]=GN(K+£+¢).
(1) If in addition cl(K) N —cl(K) = {0}, then
GN(K+&§)=(GnNK)+¢ = ¢=¢.

IfG # X and £ € X\ G, there is no & € X such that GN (K + &) =

(GNK)+¢.
Proof. (i) Let us fix £, £ € X and let us prove the inclusion from the left to the
right. Observe that

GN(K+]+[GN(K+E)cG+G
and
GNK++[GN(K+E)]C(K+&)+(K+¢).
Since G+ G C G and K + K C K, we deduce that
[GN(K+]+[GN(K+E) CcEN(K+£+E).
Now let us establish the reverse inclusion. Let z € G N (K + £ + &'). Observe
that the open set K + ¢ + ¢ — x contains 0. Recalling that 0 € cl(K), we have
(K+&6+& —2)N—K #0, hence (K +&—xz)N (=K —¢') # (. Since the set K is
open, the set (K +¢& —xz) N (—K —¢&') is open. By using the density of G in X, we
deduce that
GN(K+&—z)Nn(-K =¢) #0.
Since G = —@G, the above property can be rewritten as
[GN(K+&—a)n[-GN(-K-¢&)]#0,
which is in turn equivalent to
0e[GN(K+&—a)]+[GN(K+E)).

Recalling that z € G, we have G = G —x, hence GN(K +¢—x) = [GN(K +&)] —z.
In view of the latter inclusion, we conclude that

re[GN(K+9]+[GN(K+E)).
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The inclusion
GNK+E+E) CGN(K+ O +[GN (K +¢))

is proved.

(#4) Let us assume that GN (K +¢&) = (GNK) 4+ ¢ for some &, & € X. We deduce
that GN (K 4+ &) C K +¢'. By using the openness of the set K + ¢ along with the
density of G in X, we easily infer that K + ¢ C cl(K) + £'. This implies in turn
that cl(K) + & C cl(K) + & and since 0 € cl(K), we obtain £ — ¢ € cl(K). By a
symmetric argument, we find ¢’ — ¢ € cl(K), hence £ — &' € ¢l (K) N —cl(K). Since
cl(K) N —cl(K) = {0} by assumption, we conclude that £ = ¢’.

Now let £ € X \ G and assume that there exists &’ € X such that G N (K + &) =
(GNK) + ¢. From what precedes, we have ¢ = £ and hence GN (K +¢) =
(G+ &) N (K +£). On the other hand, the assumption £ € X \ G implies that the
sets G and G + ¢ are disjoint. We deduce that G N (K + ¢) = (), a contradiction
since the nonempty set K is open and the set G is dense in X. (]

Let us now build an example of sets I', A C X satisfying A € Z' and I" € 7%,
but with A and I" not equal up to a translation. We are given an open set K C X
such that K + K C K and cl(K) N —cl(K) = {0}, along with a dense additive
subgroup G C X such that G # X. Define the sets C, U, V C X respectively by

C=GNK; U=GN(K+E); V=Gn(K -,
where £ € X \ G. In view of Lemma 5.4 (i), the set D = C' + U satisfies
D=GN(K+¢ and D+V=GNK=C.

Lemma 5.4 (ii) shows that the set D is not translated from C. Defining the com-
plementary sets ' = X \ C' and A = X \ D, we have

A=X\(C+U)=UX\=ple1" (38)

and
T=X\(D+V)=VX\P=y2 12 (39)

From what precedes, the set A is not translated from I". The above counterexample
for sets obviously furnishes a counteraxample for functions. Indeed, we deduce from
(38)-(39) that the indicator functions dp and da satisfy 6o € £°F and op € £%4,
but the functions dr and da are not equal up to a translation.

By particularizing the above sets G, K C X, one obtains various counterexam-
ples. If X = R, one can take G = Q, K =]0,4o00[ and £ € R\ Q. On the other
hand, if X is infinite dimensional, one can assume that G is a dense subspace of X
and that K is an open convex cone such that cl(K) is pointed. This furnishes a
counterexample with convex sets C', D C X.

6. CASES OF EITHER SUPERADDITIVITY OR SUBADDITIVITY OF ©

Let us first recall that a function ¢ : X — R is said to be superadditive (resp.
subadditive) if for all z,y € X,

ez +y) > (@) +ely) (resp. p(x+y) < (@) +oy)).

Let us start with a preliminary result.



28 A. CABOT, A. JOURANI, AND L. THIBAULT

Lemma 6.1. Let X be a vector space. Let h,k : X — R and assume that k(0) = 0.
Then we have

h=hAk <= h(x)>hly) +k(z—y) foralzyecX

< h(y) <h@)+ (—k)(y—2) foralz,ycX
<~ h=hv(-k.).
As a consequence, the function k is superadditive if and only if k = k A\ k, which is

in turn equivalent to k = k<7 (—k_).

Proof. If h = h Ak, then the definition of h Ak entails that h(z) > h(y) +k(z —y)

for all z,y € X. Conversely, if this inequality holds true for every =,y € X, we
have

hz) > sup h(y) + k(z —y) = h(z) + k(0) = h(z),

for every « € X. This implies that h(z) = (h A k)(x) for every x € X and the first
equivalence is proved.
For the second equivalence, observe that for all z,y € X

hz) > h(y) +k(z—y) <= h(y) < h(z) +(=k) (@ —y) = h(z) + (k) (y - 2).
The proof of the third equivalence follows the same lines as the first one. For the

last assertion, observe that & is superadditive if and only if k(x) > k(y) + k(z —y)
for all x,y € X. It suffices then to use what precedes with h = k. O

Through the above lemma, the following theorem provides, in particular, various
characterizations of the class £¥ when ¢ is superadditive.

Theorem 6.1. Let X be a vector space. Let ¢ : X — R be a superadditive function
satisfying p(0) = 0.
(a) For a function g : X — R, the following assertions are equivalent

(i) g€ &%;

(it) g=g A g;

(iii) g(x) > g(y) + oz —y) forallz,y € X;

(i) g(y) < g(x)+ (—p_)y—x) foralz,ye X;
(v) g=9v (—¢-);

(vi) —g € &9 B
(b) For every function f : X — R, f<7(—p_) is the greatest p-envelope that
is magorized by f, while f I\ ¢ is the lowest p-envelope that is minorized

by f.
(¢) The following inclusion holds true =% C £¥-.

Proof. (a) Let us assume that g € £9. Then there exists f : X — R such that
g = ¥ = (—f)Ay. Using the superadditivity of ¢ and the last assertion of Lemma
6.1, we have

gheo=((-flhp)hp=(-f)A(plho)=(-f)Dp=g.

This shows that (i) = (i7). Conversely, if g = g A ¢ then g = (—g)¥ and clearly
g € £%. The equivalences (ii) <= (i1i) <= (iv) <= (v) follow directly from
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Lemma 6.1. For the equivalence (v) <= (vi), observe that

9=9V(=p.) = —g=(=9) Ly,
and invoke the equivalence (i) <= (ii).
(b) Let f: X — R. Observe that

(fv(=e))v(=¢) = fFv(=¢-)V(=¢-))
fv(=(p- L))
= fwv(—¢_) by Lemma 6.1 since ¢_ is superadditive.

In view of the implication (v) = (éi) in (a), we deduce that

V(=)= (e ) Do=((=f)De )" =(f)".

Hence f 7 (—p_) coincides with (f¥-)?, which is by property (6) the greatest
element of £¥ that is majorized by f. Replacing f (resp. ) with —f (resp. ¢_)
and taking the opposite, we deduce that f A ¢ is the lowest element of —£¥~ that
is minorized by f. It suffices then to recall that £9~ = —&¥, see the equivalence
(i) <= (vi) in (a).

(c) Since ¢ € £?, we have —p € —E¥ = £¥-. In view of Proposition 3.2 (iii), we
infer that £7¢ C £¥-. O

Ezample 6.1. Assume that (X,| - ||) is a normed space. For £ > 0 and « €]0,1],
take ¢ = —kJ| - [|*. Observe that for all x,y € X
[z +yll* < (el + D <l + vl (40)

It ensues that the function || - ||* is subadditive, hence ¢ is superadditive. From
Theorem 6.1 (a), we deduce that

fe& ™ — fa)> fly) —klz—y|® forallz,yeX. (41)
By reversing the roles of x and y, we immediately obtain

fe& ™ —  fl@)< fly) +E|z—y|® forallz,ye X. (42)

If f(y) = +oo (resp. f(y) = —o0) for some y € X, we deduce from (41) (resp. (42))
that f = wx (resp. f = —wx). On the other hand, if the function f is finite-valued,
we infer from (41)-(42) that | f(z) — f(y)| < k|lz—y||* for all z,y € X. This implies
that

M= {f: X 5 R |f(z) = f@)| < klz — yl|* for all 2,y € X} U {wx, ~wx}
{f: X =R, fis a-Holderian with constant k} U {wx, —wx}.

From Theorem 6.1 (b), we deduce that f <7 k|| - ||* (vesp. f A (=k| -]|%)) is the

greatest (resp. lowest) p-envelope that is majorized (resp. minorized) by f. Since

the map || - ||* is even, Theorem 6.1 (c) shows that FII'I® ¢ g=FIII",
Now assume that o = 1. From what precedes, we obtain that

EFIN={f:X = R, fis k-Lipschitz continuous} U {wx, —wx }.

The Pasch-Hausdorff regularization of f, defined by I (f) = f</k||-||, is the greatest
function of £€7*I'l that is majorized by f. On the other hand, f A (—k| - ||) is
the lowest function of £ *II'l that is minorized by f. The inclusion ¥ Il ¢ £ Il
shows that the k|| - ||-envelopes are either k-Lipschitz continuous or equal to +wx.
The convexity of || - || implies that k|| - ||-envelopes are also convex, therefore the
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inclusion ¥l ¢ £=F Il is strict. This ensures that the inclusion in (c) of the
above theorem generally fails to be an equality.

As regards the function ¢ = —k|| - ||* it is also worth mentioning that, for
n(z,y) = ||z — y||* with « > 0 (even with more general coupling functions) and
taking

d:={r—ony):reR o>0,ye X},

a lower semicontinuous function on the normed space X is shown in [7, Theorem
4.2] to be ®-convex (i.e., a pointwise supremum of functions in ®), whenever it
is bounded from below by a function in ®. The latter property with a = 2 was
previously proved in [29, Theorem 2]. The function (z,y) — —k||z—y||* is also used
as a particular important example of coupling functions arising in the framework
of generalized conjugacy in many papers, see for example [23, p. 204].

Remark 6.1. Given a nonincreasing convex function 6 : R, — R such that 6(0) = 0,
one can easily check that the function (]| - ||) is superadditive. Hence the previous
example can be generalized by taking ¢ = 6(]| - ||).

Example 6.2. Let X be a vector space. Let A C X be a set containing the origin
and such that A4+ A C A. The function d, is clearly subadditive. This implies that
the function ¢ = —d, is superadditive. By Theorem 6.1 (a) it follows that

fe&™ = [f@)=fly)+(-0n)(w—y) forallz,yeX
— flz)>fly) ifz—yeA
<= f is A-nondecreasing.

This and Theorem 6.1 (b) entail that f 7 d_p (resp. f A (—da)) is the greatest
(resp. lowest) A-nondecreasing function that is majorized (resp. minorized) by f.
Further, Theorem 6.1 (c) says that £ ¢ £(=92)- = £79-2 hence the functions
of £% are A-nonincreasing. In fact, this can be recovered directly by using the
characterization of £%4 given by Proposition 4.4 (ii).

7. CASE ¢ € I'(X)

7.1. Expressions of g-envelopes as Legendre-Fenchel conjugates. Let us
start with the following elementary lemma.

Lemma 7.1. Let X be a locally convex space. For every function f: X — R, we

have (£)_ = (£.)".

Proof. Tt suffices to use the definition of the Legendre-Fenchel conjugate. For every
& € X*, we have

(f)-(€) =()(=¢") = sup{(=¢",z) — f(2)}

rxeX
= sup{(",y) — f(—y)}
yeX
= jg@({@*,y) — o)} =(f)"(€).
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Theorem 7.1. Let X be a locally conver space. Let us assume that ¢ € T'(X) and
let ¥ : X* — R be such that ¥* = @. Then we have for every function f: X — R

fr=w=0)" (43)
Moreover the following equivalences hold
ge&¥ — g=@=-h)* forsomehe'(X")
= g=@W=@W=g)")".
Proof. For every x € X,

fe(x) = sup{p(z—-y)~ f(v)}

yeX

= sup{ sup {<€*,w—y>—¢(£*)}ff(y)} since ¢ = 1"

yeX | erex+

= sup sup {({z—y)—v(E) - f(y)}

yeX £reX*

= sup sup{({",x —y) — (&)~ f(y)}
EreX*yeX

= swp fsup(en )~ 1) - (€ + (6700}
erex~ lyex

= sup {f"(=€) — (&) + {0}
erex

= (6=01) @

= <¢ - (ff)*)* () in view of Lemma 7.1.

For the first equivalence, recall that g € £% if and only if there exists f : X — R

*

such that g = f¥. Then use the equality f¢ = (1/} = (f,)*) and the fact that the

range of the Legendre-Fenchel transform is equal to I'(X™), see, e.g., [20].
For the second equivalence, observe that

geE? = g=(9")"
= g= {(1/)_ ~(9-)") ] from formula (43)
= g= {((1/1 ~g)") } by Lemma 7.1
= g= (1/) = (= g*)**)* from formula (43) again.

O

Remark 7.1. Since ¢ € I'(X) by assumption, we have ¢** = ¢, hence we can take
1) = ¢* in the statement of Theorem 7.1.

Remark 7.2. Formula (43) can be recovered partially by using a formula on the
conjugate of the difference of functions. Recall that for ¢ : X — R U {+oo} and
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h e FO(X)a
vzt € X*, (¥ = h)*(z*) =  Sup h*{w*(x* +y") =R (y")}
= (¥*eh")(@"). (44)

This formula is due to Hiriart-Urruty [11]. It was established first by Pshenich-
nyi [26], assuming that both 1 and h are finite-valued convex functions. Now let
p € To(X) and f € Ty(X). By reversing the roles of X and X* and by using
equality (44) with h = (f_)* and ¢ : X* — R U {400} such that ¢* = ¢, we find

W =(f)) = va(f)”
= pof =[%

Hence we recover formula (43) in the case where both functions ¢ and f are in
o (X).

The next corollary says in particular that the g-envelope of a function coincides
with the p-envelope of its lower semicontinuous convex hull whenever ¢ € I'(X).

Corollary 7.1. Let X be a locally convex space and ¢ € I'(X). Then we have for
every function f: X — R and every function g : X — R satisfying cof < g < f,

f? = (f)? = g*.

Proof. For the first equality, it suffices to use Theorem 7.1 and the fact that the
functions f and ¢of have the same Legendre-Fenchel conjugate. On the other hand,
since cof < g < f, we see that f¥ < g¥ < (cof)?. Recalling that f# = (cof)?, the
second equality immediately follows. (I

For every set D C X*, we define as in section 3 the classes ¥p and X}, by
Sp={f: X*—>R,domfC D} and 3} ={f* feZp}
In the same vein, let us define the classes 5 p and i*D by
Sp ={f:X* -R,domf =D} and f]}jz{f*, fEf]D}.
The following proposition allows us to characterize the classes i*D and X7}.

Proposition 7.1. Let X be a locally convex space and let D C X* be such that
D = {a},i € I} for some set I. Then for every function f : X — R, we have
f€ i*D (resp. ¥73,) if and only if there exists a family (o;)ier C RU {400} (resp.
R) such that f = sup;c;(al, ) + .

Proof. Assume that f € f]*b (resp. ¥%). By definition, there exists g : X* — R
such that f = ¢* and domg = D (resp. domg C D). Hence we have

f = sup (z%,-) — g(z") = sup(a;,-) — g(a;).
x*€D iel

By setting o; = —g(a}) for every i € I, we obtain f = sup;c;(a},-) + o; with

a; € RU {400} (resp. R).
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Conversely, assume that there exists (a;)ie; C R U {+00} (resp. R) such that
f =sup;es{al,-) + ;. Then we have

f = sup[ sup (af,~>—|—az}
z*€D -{iel,af=x*}

= sup [(az*, Y4+ sup az}.
z*€D {i€l,af=x*}

Defining the function h : X* — R by

sup a; if z*eD
h(;zj*) = {iel,af=x*}

—00 if z*¢ D,
we obtain
f = sup(z*,) + h(z")
x*eD
= sup (z",-) + h(z").

r*eX*
We conclude that f = (—h)* with dom(—h) = D (resp. dom(—h) C D), hence
fexy (resp. feXy). O
Ezample 7.1. Take D = {a}, -+ ,a}} C X* for some n > 1. The previous proposi-

tion shows that, for every function f : X — R,

fery = fzsﬁp(af,-)—i—ozi for some o, -, o € R. (45)
i=1

On the other hand, if f € T'o(X), the following equivalence holds true
domf*CD <<= domf*C{a;} forsomeie{l,---,n}

because the set dom f* is convex. Since f* is proper, this is in turn equivalent to

f* = 0{ary — @ for some a; € R. Taking the conjugate, we find f = (aj,) + a.

It ensues that the set {f € I'o(X), dom f* C D} coincides with the set of affine

continuous functions with slopes in D = {a},--- ,a’}. This yields an example for

which the inclusion (14) is strict. By applying again Proposition 7.1, we obtain
that

f € Z:O(D) — f = sup <J)*, > + Qi (46)
z*€co (D)

with a,« € R for every z* € co(D). The comparison of (45) and (46) clearly shows
that the inclusion X7, C Z:O(D) is strict as soon as the set D = {a},--- ,a’} is not

a singleton. This easily implies that the inclusion (15) is strict for such a set D.

The next result gives several upper bounds (in the sense of inclusion) for the
set £, respectively when ¢ € I'(X), ¢ € X% and ¢ € X7,.

Corollary 7.2. Let X be a locally convez space and let ¢ € T'(X).

(i) The following inclusions hold true

ec N Chmeloxt)C () Ziome (47)
{¥, p=1*} (s p=1*}
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(i) For every subset D C X*, we have
pESYH = E£YCSHU{-wx} if o # —wx
peX, < €&YCXp.
(i4i) Assume that there exist families (aj)ier C X* and (a;)ier C R U {+o00}
(resp. R) such that
p = sup(a;, ) + ai.
iel
Then for every g € €9\ {~wx} (resp. g € £%), there exists (Bi)ier C
R U {400} (resp. R) such that
g = sup(a;,-) + Bi.
iel
In particular, if the set I is finite, every p-envelope is polyhedral.
Proof. (i) Let ¢ : X* — R be such that ¢ = *. Assuming that g € ¥,
Theorem 7.1 shows that g = (¢» — h)* for some h € T'(X*). If h = —wx~«, we have
Y—h = wx~ and therefore g = —wx. If h # —wx~, we see that dom (¢»=~h) = dom 1,
hence g € X7, ;- We deduce the inclusion £# C 3, ,,U{—wx}. Since this is true
for every function 1 : X* — R such that ¢ = 9*, the first inclusion of (47) follows.
For the second inclusion, it suffices to notice that X3, U{-wx} C X4,

(#4) Let us fix D C X* and assume that ¢ € 5\]}‘7 Then there exists ¢ : X* — R
such that ¢ = ¢* and domv = D. We deduce from the first inclusion of (47) that

E% C Bhomy U{~wx} =Zh U{~wx}.

Conversely, if £¥ C fl*DU{—wX} and if ¢ # —wx, then we obtain ¢ € f]*D according
to the inclusion ¢ € £¥. The proof of the second equivalence is analogous and left
to the reader.

(iii) Let (af)ier € X* and (a;)ie; € R U {+o00} (resp. R) be such that ¢ =
sup;er(as,-) + ;. Let us set D = {a, i € I}. Proposition 7.1 shows that ¢ € f)})
(resp. X%). If g € €2\ {—wx} (resp. g € £¥), we deduce from (i7) that g € f)})
(resp. ¥73,). By applying Proposition 7.1 again, we derive the existence of (53;)ier C
R U {400} (resp. R) such that g = sup;c;(a},-) + B;. Finally, if the set I is finite
and if g is a w-envelope, then either g = twx or the function g is the supremum

of a finite collection of continuous affine functions. We then conclude that g is
polyhedral. O

By applying the second equivalence of Corollary 7.2 (i4) with D = X*, we obtain
that ¢ € I'(X) if and only if £¥ C I'(X). Corollary 7.3 below shows that in this
case the set €7 is strictly included in I'(X'). Notice that for ¢ € I'og(X) satisfying a
suitable condition (named generating condition), the functions of the class £¥ have
been studied in [24] under the terminology of ¢-strongly convex functions.

Following Theorem 7.1 and Remark 7.1, we have g € £¥ if and only if g =
(p* = h)* for some h € I'(X*). Let us now have a look at the class of the functions
equal to (¢* = h)* for some h : X* — RU {+o0o} not necessarily in I'(X™*).

Proposition 7.2. Let X be a locally convex space. Assume that p € To(X) and
g € To(X).
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(i) If g = (p* = h)* for some h : X* — RU {400} , then we have g°>° = ¢,
which is equivalent to c1*(dom g*) = cl*“*(dom p*).

(1) If domg* = domep*, then g = (p* = h)* for h: X* = RU {+o0} given by
h =" =g".

Proof. (i) Assume that g = (¢* = h)* for some h : X* — RU {+o0}. By definition
of the Legendre-Fenchel transform, we obtain

g = sup {{&)+hE) - ()}

5* exX*

= sup {(& )+ AE) - (E)}) (48)

£*edom p*

Observe that the function h cannot take the value 400 on domp* (otherwise we
would have g = wx). Therefore the values —p*(£*) and h(£*) are finite for every
&* € domy*. By taking the recession function of each member of (48), we obtain

9% = sup  [{&") +h(E) — (€))7
&*€dom p*
The recession function of the affine map (&*, -)+h(&*)—¢*(£*) is equal to (£*, -), thus
implying that g°° = SuPg+cgom o+ (¥, ") = Odom o+ - Recalling that ogom o+ = ¢*°, we
deduce that g>° = ¢°°, which is in turn equivalent to the equality cl**(domg*) =
cl”*(dom*), see [20].

(74) Assume that dom g* = dome*. It is easy to check that for every a* € X*,

* ¥ *\ g*(l‘*) if x*edomg*
(0" = ("~ g")(x )_{ +o00 if x* ¢ domg*.

*

It ensues that ¢* = (¢* = ¢g*) = g*. Since g € T'o(X) by assumption, we have
g = ¢g**, hence g = (p* = (¢* = ¢*))*. The function h = p* = g* takes its values in

R U {400} because dom g* = dom ¢*. O

* -

Combining Theorem 7.1 and Proposition 7.2, we derive a necessary (resp. suffi-
cient) condition for a function g € T'g(X) to be a g-envelope.

Corollary 7.3. Let X be a locally convex space. Assume that p € To(X) and
g € T'o(X).

(1) If g € E¥ then g™ = p*>°.

(i¢) If domg* = dome* and ¢* = g* € To(X™*), then g € £¥.

Proof. (i) If g € €%, we deduce from Theorem 7.1 that g = (¢* = h)* for some
h € T(X*). Since g € T'y(X) by assumption, we have h # —wx~, hence the function
h does not take the value —oco. Proposition 7.2 (i) then implies that g = p™.

(#3) If domg* = domp*, Proposition 7.2 (ii) shows that g = (¢* = h)* with h =

©* = g*. Since h € Tx(X*) by assumption, we conclude by Theorem 7.1 that
ge&®. O
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7.2. Klee envelopes. Let (X, || - |) be a normed space and let f : X — R be an
extended real-valued function. For any reals A > 0 and p > 1, we define the Klee
envelope of f with index A and power p as

1
) = sup (mnx g f<y>) .

In other words, we have k) ,f = f¥ with the function ¢ : X — R defined by
o(x) = I%HQCHP- Applying Theorem 7.1 with ¢ = p%\H - ||P and denoting by || - || x-
the dual norm on X* we obtain the following result.

Corollary 7.4. Let (X, |- |]) be a normed space. For any A > 0, p > 1 and for
every function f: X — R, we have

A1 :
m,pf:( — |- 3(*—<f>*) , (49)

where q > 1 is the conjugate exponent of p. Moreover the following assertions are
equivalent

(1) g is a Klee envelope with index A and power p;

(i) g = (A"q’l - 1% — h) for some h € T(X*);

_1 _1 . Hoky K
(iii) g = (251 - 1% = (X1 - 1% —97) ) -
These assertions are satisfied whenever the following stronger condition is fulfilled

. a-1 * *
(iv) g e T(X) and >‘q |- % —g* e T(X™).

Proof. Tt suffices to apply Theorem 7.1 with ¢ = p%\|| || and ¢ = p* = %ﬁlﬂ %
Let us now establish the implication (iv) = (i7). Assume that g € T'(X) and that

%ﬁlﬂ 1%~ — g* € T(X™*). The function g* can be written as g* = %71|| % —h

for some h € T'(X™*). Since g € I'(X) by assumption, we have g = ¢g**. Hence we
_ *

deduce that g = (%H [ h) and assertion (i) is proved. O

Corollary 7.5. Let (X,||-|) be a normed space. For everyp > 1 and every C C X,
the farthest distance function Ac = sup,cc || - —y| satisfies

Lar = (51 1 - oc) -
Proof. Observe that
aupbe = sup {1yl = dc) | =sup 2|yl = SaL.
yex (P yec P p
It suffices then to apply formula (49) of Corollary 7.4 with f = dc and A=1. O

Additional properties of the Klee envelopes can be obtained in the case when
(X,]| -] is a Hilbert space and p = 2.

Theorem 7.2. Assume that X is a Hilbert space endowed with the scalar product
(+,-) and the corresponding norm || - ||.
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(a) For every A > 0 and every function f: X — R, we have

maf = (517 -0) (50)
= (=5l I7) (55) + 5l 17 G1)
ka2 (Faz f) = (f - %H : ||2> N + %H [ (52)

(b) For A >0 and f: X — R the following assertions are equivalent
(i) f is a Klee envelope with index A and power 2;
(it) f= 31> —h)" for some h € T(X);
(i) = (3002 = G- 12=1)7) s
() f— a5l II* € T(X);
(v) feD(X) and 3||- || — f* € D(X).

Proof. (a) For the equality (50), it suffices to apply Corollary 7.4 with p = 2. For
the equality (51), observe that for every z € X,

onaf@) = sup { e =yl = 1)}
Yy
1 1 1
= sup {GrllelP + 5ol = o) - 10

= (=551 12) o+ gl

By iterating we deduce that

1 * . 1
malmad) = (mal= o0l 12) (=5) + 550 1

(= 20) ()] (5) #3001

Lo\ 1,
(7550 ) + 5501,

which proves the equality (52).

(b) We now show that assertions (i) to (v) are equivalent. The equivalences

(i) <= (i1) <= (#i1) are consequences of Corollary 7.4 applied with p = 2. Let us
show the equivalence (i) <= (iv). Observe that f is a Klee envelope with index

A and power 2 if and only if f € £° with ¢ = 55| - ||2. From the equivalence

(7) < (8) and the fact that ¢_ = ¢, this is in turn equivalent to f = (f¥)?®. Since
(f?)% = ka2 (ka2 f) and using the equality (52), we infer that

f is a Klee envelope with index A and power 2

¢
1 - 1 ) sk
£ g5l = (1= 550-1)
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)
f= 5l I2 € Tx),
2\
Hence the equivalence (i) <= (iv) is proved. Let us now show that (iv) = (v). If
f— 5|l - [[* = £wx, then assertion (v) is trivially satisfied. Hence we can assume
that f = 55|+ [> 4+ h with h € [o(X). This clearly implies that f € T'o(X). Taking

the conjugate, we obtain that f* %H - || 7 h* since the classical qualification
condition is satisfied. It ensues that for every x € X,

* o . é o 2 *
= e {Gle -+ no)]

— A 2 : >\ 2 *
= Sllall+ int {-re) + S+ 00}
Therefore,

gl =@ = s {Mew) - Sl - )}

yeX
* )\ :
(1 51-12) v

This clearly implies that 3| - [|> — f* € To(X) and (v) is proved. Let us finally
observe that the implication (v) = (i¢) has been established in Corollary 7.4.
As a conclusion, we have shown the equivalences (i) <= (ii) < (iii) < (iv)
along with the implications (iv) = (v) == (i), which clearly establishes that all
assertions (i) to (v) are equivalent. O

The equalities (51) and (52) have been previously established by Wang [37]
respectively in Proposition 4.5 and at the end of the proof of Proposition 4.13. As
noticed in [37, Proposition 4.13] those equalities directly yield, for f proper and
lower semicontinuous, that rx2(k2f) = f if and only if f — 55| - [|? is convex.

Taking f as the indicator function of a set C' gives the following corollary.

Corollary 7.6. Assume that X is a Hilbert space. For every C C X, the farthest
distance function Ac satisfies

1 1 * 1 S|
A2 =(Z]-I1P=-0_ =(d_c—=|>? =112,
S A% (2” || Uc) ( c=3l-17) +30-1

Proof. It suffices to apply formulas (50)-(51) of Theorem 7.2 with f = d¢ and
A= 1. O

7.3. Case of a positively homogeneous function . In this subsection, we as-
sume that X is a locally convex space and that the function ¢ € T'g(X) is positively
homogeneous, i.e. ¢ = op for a nonempty set D C X*. By applying Theorem 7.1
with ¢ = dp, we immediately obtain the following result.

Corollary 7.7. Let X be a locally convex space. Take p = op for a nonempty set
D C X*. Then we have for every function f: X — R,

f?=(6p = (f2)")" = sup {(&", ) + [ (=€)}

§*eD
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Moreover,
ge&¥ < g=(0p—h)"=sup{(&,)+nh(E)} forsomehel'(X")
£*eD
— g=(0p—=(6p—=g")")".
Let us now particularize to the case of a normed space (X, ||-||) and take ¢ = ||-||.

Corollary 7.8. Let (X, ||.||) be a normed space. For every function f : X — R, we
have

ki1 f = (OBy. —(f2)")" = sup {(&,-)+ f(=¢")}

E*EBx*

= (s = (f2)7)" = sup {{&") + (=€)}

E*ESx*
Moreover,
g is a Klee envelope with index 1 and power 1

v

g=(0gy. —h)" = g*se%p {{EF, )+ h(E)}  for some h € T(X™)
i

9= (0By. — (0By. —g")™)"
i

g=(0sy. —h)" = S {(€ ) + (&)} for some h € T(X™)
e
)

9= (Fsx. = (Isxs —97)")"

Proof. For the equalities £11 f = (5]]3;)(* = (f,)*) and k11 f = (5Sx* = (f,)*) ,
use Corollary 7.7 respectively with D = Bx« and D = Sx~. The characterizations
of Klee envelopes with index 1 and power 1 follow immediately. ([l

Assuming that f = §c, we have
k1,100 = sup{|| - —z|| = dc(x)} = sup || - —z| = Ac,
zeX zeC

where A¢ is the farthest distance function. Taking into account the previous corol-
lary, we then obtain

Ac = (5]]1%)(* - 070)* = (68)(* - Ufc)*~

It is interesting to compare this expression with the one of the signed distance sgd
defined by sgd(-,C) :=d(-,C) — d(-, X \ C), for which it is known that sgd(-,C) =
(0s. +00)", see [22].

Consider now the case of a finite set D = {aj,...,a} € X* for n > 1. By
applying Corollary 7.7, we obtain the following result.
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Corollary 7.9. Let X be a locally convez space. Take p = 0 {4z oxy withaj,... a; €
X* andn > 1. Then we have for every function f: X - R
? =sup(af, ) + f*(—a;).
i=1
Moreover,

ge&¥ — g=suplal,:)+h(al) for someheT(X*).
i=1

8. CASE ¢ € —T'(X)
8.1. Links between ¢-envelopes and Legendre-Fenchel conjugates.

Proposition 8.1. Let X be a locally convex space and let p, g : X — R be extended
real-valued functions.

(i) If g € £%, then there exists h € I'(X*) such that (—g)* = (—¢)* +h. If in
addition g € —T'(X), then —g = ((—¢)* + h)*.

(i7) Assume that X is normed. If ¢ € —T'(X) and if there exists h € I'(X™)
satisfying the equality —g = ((—p)* + h)* along with the condition 0 €
int (domh — dom (—p)*), then g € £¥.

Proof. (i) Since g € £%, there exists f : X — R such that g = f¥, hence —g =
(=) f by (3). Taking the conjugate of each member, we find (—g)* = (—¢)*+ f*.
Hence the expected equality holds with h = f* € I'(X™*). If in addition g € —TI'(X),
we have —g = (—g)**, hence we deduce from what precedes that —g = ((—¢)*+h)*.
(i1) Assume that —g = ((—@)*+h)* forsome h € I'(X™). If h = —wx- orif (—¢)* =
—wx+, then —g = (—wx+)* = wx and the inclusion g € £¥ trivially holds. Now
assume that h # —wx+ and (—¢)* # —wx+. Since 0 € int (dom h —dom (—p)*), the
functions (—p)* and h are proper and according to the fact that X™* is a Banach
space, we have
—g = (=) VA
= (—¢)v h* Dbecause ¢ € —T'(X).
We conclude that g = ¢ A (—=h*) = (h*)¥ € E%. O
Corollary 8.1. Let X be a normed space and let ¢ € —T'o(X) be such that
dom (—¢p)* = X*. For every g € —T'(X), the following equivalences hold true
ge&? < (—g9)" —(-p) eI(X7)
— —g=((—p)"+h)" for someheTI(X").
Proof. Fix g € —T'(X). Since dom(—¢)* = X* and —¢ € I'((X), the function
(—p)* is finite-valued on X*, so the implication
ge&?¥ = h:=(-9)" — (—¢)" e I'(X")
follows from Proposition 8.1 (7). Recalling that g € —I'(X), the right-hand inclusion
implies in turn that —g = ((—p)* + h)*.
Now assume that —g = ((—p)* + h)* for some h € T'(X*). If domh # 0, the

qualification assumption 0 € int(domh — dom (—¢)*) is automatically satisfied.
We then deduce from Proposition 8.1 (ii) that ¢ € £¥. On the other hand, if
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domh = (, then we have h = wx+ and hence —g = (wx~)* = —wx. Then the
inclusion g € £¥ trivially holds. ([

8.2. Moreau envelopes. Let (X,| - |) be a normed space and let f : X — R
be an extended real-valued function. For A > 0 and p > 1, we define the Moreau
envelope of f with index A\ and power p as

1 1
—inf [ =1 - —qlIP — . |P i
expf nf (p)\ll yl| +f(y)> p/\ll (v

Observe that —ex ,f = (,]%” : ||P) A (—f) = f#, with the function ¢ : X — R
defined by ¢ = —p%\H -||P. Tt ensues that g is a Moreau envelope with index A and
power p if and only if —g € £¥, for ¢ = —p%\” -||P. By applying the results of the
previous subsection with ¢ = —p%H - ||P, we obtain the following statement.
Corollary 8.2. Assume that (X, ||-||) is a normed space. Let A >0, p > 1 and let
q be the conjugate exponent of p.

(1) If g is a Moreau envelope with index A and power p, then the function

g = A 4. € T(X7).

(i¢) If moreover g € T'(X), the following equivalences hold true

g is a Moreau envelope with index A and power p

)
- 1% € T(X™)
)

A1 .
g=< p ||'||q*+h) for some h € T'(X™).

Aa—t

*

i

Proof. (i) It suffices to apply Proposition 8.1 (i) with ¢ = —p%\” - || and to recall

* -1
that (- I7) " = 22 ..
(#3) The equivalences follow from Corollary 8.1 applied with ¢ = —p%H P O

When X is a Hilbert space, we obtain a more precise characterization of Moreau
envelopes with power 2, as shown by the following proposition.

Proposition 8.2. Assume that X is a Hilbert space endowed with the scalar product
(+,+) and the corresponding norm || - ||.

(a) For every A > 0 and every function f: X — we have

R,
_ 1 2 e 1 2
exal == (14 550-12) (5) + 351 P (58)
The A-prozimal hull of f defined by haf = —ex2(—exaf) is given by
1 P N
_ _ - . — -2 4
val=erad) = (£4 351 12) = 5l 64)

(b) A function f : X — R is a Moreau envelope with index A\ and power 2 if
and only if [ — 55| - ||* € —=T'(X).
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Proof. (a) For every z € X, we have

exaf) = it {5l = olP + 1)

g {5l + ol - S + )}

(54 551 17) @)+ gl

which proves the equality (53). By iterating we deduce that
. 1
(cerad+55017) (3) = gl 1
1, Nz 1,
(r+301) )] ) -5l

(r+ 550 12) = 55112
which proves the equality (54).

(b) Observe that f is a Moreau envelope with index A and power 2 if and only
if —f € €9 with ¢ = —5| - [*>. From the equivalence (7) < (8) and the fact
that ¢ = ¢, this is in turn equivalent to —f = ((—f)¥)¥. Since ((—f)%)¥ =
—exa(—ex2 (—f)) and using the equality (54), we infer that

—ex2 (—exz f)

f is a Moreau envelope with index A\ and power 2

)
faal = (f+nﬁw

)
—f+*\| I* € T(X).
)

f—*ll I € ~T(X).

O
The coupling functional (z,y) — —5x[lz — y||* was considered in [7, Section 5]
in the framework of generalized conjugacy. Equalities (53)-(54) were established
by Penot and Volle [23, p. 206] and Martinez-Legaz [17, p. 182-184]. These
equalities were also observed in [30, Example 11.26(c)] and [37, Lemma 3.3]. The
characterization (b) above has been noticed in the aforementioned references, and
it amounts to the previous characterization in [7, p. 288] of Q°-convex functions
with ¢:=1/(2\).
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